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Combindorial Matrix Theay

! Studiespatternsof entriesin a matrix rather than values

' In sone apgications, only the sign of the entry (or
whether it is nornzero) is known, not the numerical value

! Usesgraphs or digraphsto desaibe patterns

! Usesgraph theay and combinatorics to obtain reailts
about matrices

' InverseEigenvale Problem of a Grgph (IEPG)
assaiates a family of matricesto a graph and studies
spedra
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Algelraic Graph Theay

Usesalgebra and linea algelya to obtain reaults about
graphsor digraphs
Groupsusal extensivelyin the study of graphs

Spedral graph theory usesmatrices and their
eigevaluesare usedto obtain information about
graphs.
Spedbc matrices

' adjacency Laplacian, signlesd.aplacian matrices

' Normalized versionsof these matrices
Colin de Verdieretype parameers assaciate familiesof
matrices to a graph but till use the matrices to obtain
information about the graph
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Conrections between these two approaches haveyielded
resultsin both directions.
Terminology and notation

' All matricesare realand symmetric

' Matrix B = [bj]

' #(B) is the orderedspedrum (eigenvalues) of B,

repeatedacarding to multiplicity, in nondecr@sing
order

' All graphs are simple
! GraphG = (V,E)
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InverseEigenvale Problem: What sets of real numbers
$1,...,3n are possibleas the eigenvalies of a matrix
satisfyirg givenproperties of a matrix?
InverseEigenvale Problem of a Grgph (IEPG): For a
givengraph G, what eigenvauesare possiblefor a
matrix B having nonzro o!-diagonal entries
detemined by G?
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The graph G(B) = (V,E) of n! n matrix B is
vV ={1,..,n},
P E={ij:bj=0andi*= j}.
' Diagoral of B is ignaed.

Example:
& G(B)
2 #1 3 5 1 2
g #1 0 0 0.
% 3 0 #3 o
5 0 00 4 3

The family of matricesdescibed by G is

S(G) = {B:BT = B and G(B) = G}.
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Toolsfor IEPG

IEPG

' B isirreducibleif and only if G(B) is conneced

' Any (symmetric) matrix is permutation similar to a
block diagond matrix and the spectrum of B is the
union of the spectra of theseblocks

' The diagond blocks caregpond to the conneted
components of G(B)

' It is custonary to assumea graph is connected (at least
until we cut it up)



B(i) is the principal submatix obtained from B by
deleing the it row and column.

Eigenvalue interlacing: If $1 $ 8488$ $,, are the
eigavaluesof B, and % $ 444$ % 1 are the
eigevaluesof B(i), then

$:9 % $ $.% a8 % 1 $ $,

[Parter 69], [Wiener 84] If G(B) is a tree and
multg ($) % 2, then there is k suchthat
muItB(k)($) = multg($) + 1
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Ordered multiplicity lists

! If the distinct eigenvales of B are $‘1 < &< $1r with
multiplicities mq, ..., my, then (mg,...,m;) is called
the orderedmultiplicity list of B.

Determining the possble ordered multiplicity lists of
matrices in S(G) is the orderedmultiplicity list problem
for G

The IEPG of G can be solved by

solvingthe ordered multiplicity list problemfor G

proving that if ordered multiplicity list (mg, ..., m;) is
possible, then for any real numbers % < ada< %, there
is B & S(G) having eigenvdues%, ..., % with
multiplicities mq, ..., m;.

If this case IEPGfor G is equivalentto the ordered
multiplicity list problemfor G
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[Fiedler 69], [Johrson, Leal Duarte, Saago 03],

[Barioli, Fallat 05]

The possible ordered multiplicity lists of matricesin S(T)
have been determinedfor the following familiesof treesT :

! paths

' double paths

! stars

! genegalized stars

! double generaized stars
For T in any of thesefamilies, IEPGfor G is equvalentto
the ordered multiplicity list problemfor G

It was widely believed that the ordered multiplicity list
problem was always equivalent to IEPG for trees
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Examppe ey
[Barioli, Fallat 03] For the tree Tgg leEhe (g

IEPG

the ordered eigenvalue list for the adjacency matrix A is

sothe ordered multi plicity list (1,2,4,2,1) is possble.
But if B & S(Tgr) hasthe bve distinct eigervalues
$h < $b < $5 < ¢, < $& with ordered multipl icity list
(1,2,4,2,1), then $4 + $5 = $ + $.
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possibility multiplicity of an eigenvdue.
H Al A —_ Minimum Rank
' maximummultiplicitiy M(G) = B[ga(\é) multg ($)
' minimumrank mr(G) = min rank(B)
B"S (G)
I M(G) is the maximum nullity of a matrix in S(G)
b M(G) + mr(G) = |G|

The Minimum Rark Problemfor a Graph is to determine
mr(G) for any graph G.



Examples
Path: mr(Py) = n# 1.

&
9(0. 00
( 2 ( 0 0.
0(?. 0 0.
/oooo...?((
000 ( 2

( is nonzero,? is indeprnite

Commplete graph: mr(K,) = 1

H
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e

e

e
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Minimum rank

Let G have n vertices.

It is easyto obtain a matrix B & S(G) with
rank(B) = n# 1 (trandate)

It is easyto have full rank (use large diagoral)
If G is the disjoirt union of graphs G; then

mr(G) = ) mr(G)

Only conneded graphs are studied

If G is conrected,

mr(G) = 0i! G is single vertex

mr(G) = 1i! G=K,, n%2

mr(G) = n# 1if and only if G is a path [Fiedler69]
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Combinatorial

Minimum Rark Problemfor Trees Lt
Theay
LetT beatree "( T) isthe maximum of p# g suchthat Lesie Hogben

thereis a set of q verticeswhosedeletionleaves p paths.
Theaem (Johnson,Leal Duarte 99)

IT[# mr(T)=M(T)="(T) Tres
A relatedmethod for computing mr(T) directly appeaed
ealier in [Nylen 96].

Numerous algarithms compue " (T) by using
high degree (% 3) vertices

The following algorithm works from the outsidein. v is an
outer high degree vertexif at most onecomponent of T # v
contairs high degree vertices.

Delete eachouter high degreevertex. Repeat as needed.



Exampe
Computemr(T) by computing "( T) = M(T).
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Exampe
Computemr(T) by computing "( T) = M(T).
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Exampe
Computemr(T) by computing "( T) = M(T).

N

3
1
hd 6
e——9
-/ °
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Exampe
Computemr(T) by computing "( T) = M(T).

N

[ J
[ J
1 3
[ ] [ ] 5 [ ] 6
e——9
e o [ ] o
o— ! *————©

Combinatorial
Matrix Theory and
Spectral Graph
Theay

Ledie Hogben

Basic properties
Trees

Specipc Matrices
Relationships

u(G), ! (G)
(G)
Forbidden minors

mr graph catalogs



Exampe
Computemr(T) by computing "( T) = M(T):

the six vertices{1, 2, 3,5, 6, 7} were deleted
there are 18 paths

M(T)="(T)=18# 6= 12

mr(T) = 35# 12= 23

NS

Combinatorial
Matrix Theory and
Spectral Graph
Theay

Ledie Hogben

Trees



Combinatorial
Matrix Theory and
Spectral Graph

Theay
Adjacency matrix . Lesiie Hogben
1 ifi) j
' A(G) = A= [a] where gy = ifi.).)}
b#H(A) = (&, &)
ExampleWs # &
2 3 O 1 l 1 1 SpeciPc Matrices
1010 L
A=%110 1 0
0 1 0 1
5 4 11010

(&1,82,83,84,85) = (#2,1# 5,0,0,1+ 5)
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' If two graphs have dile rent spedra (equivaently,
di'erent chaacteristic polynomids) of the adjacency
matrix, then they are not isormorphic

' However, nonrisomaphic graphs can be cospedral

Example I<H m

p(x) = x8# 7x*# 4x3+ 7x%+ 4x# 1

Ledie Hogben

SpeciPc Matrices

Spedrally determinedgraphs:

' Complek graphs Empty graphs
! Graphs with oneedge  Grgphsmissingonly 1 edge
' Regula of degree 2 Regula of degree n-3

' Knn,....n mKhn



Laplacian matrix
' L(G)=L = D# A(G) where
D = diag(deg(1), ..., dedgn)).

PHL)=(C1'n)

ExampleWs

# &
2 3 4 #1 #1 #1 #1

#1 #1 3 #1 0.
1 0 #1 3 #A
#1 #1 0 #1 3

§#1 3 #1 0 #1
L =

5 4

(‘1,"2,"3"4"5)=1(0,3,3,5,5)
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! isonmorphic graphs must havethe same Laplacian
spedrum (i.e., Laplecian characteristic polynomial)

' norrisomaphic graphs can be Laplacian cogpectral

' [Schwenk 73], [McKay 77] For aimost all trees T there
is a non-sonorphic tree T #that has both the same
adiacencyspedrum and the samelLapdcian spedrum

I forany G, "' 1(G)=0

I algebraic connectvity: ' 2(G), second smallest
eigsvdue of L

' vertex connectivity: (v(G), minimum number of
verticesin a cutsda (G = Kp)

' [Fiedler 73]' 2(G) $ (v(G)

Example' 2(Ws) = 3= ((Ws)
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Signles Laplacian matrix
' |L|(G) = |[L] = D + A(G) where
D = diag(deg(1), ..., degn))
bO#(IL) = (Ba,- - )

ExampleWs # &

’ 3 41111

13101

L|=21 1 3 1 O

1 0 1 3 A

. . 11013
$

$__ _
(M1, M2, 3, Ma, ps) = (1, 2527, 3,3, 217)
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Normalized adacency matrix Lesle el
' A= D 'A D "where
D = diag(deg(1),...,dedgn))
L #(A) = (&g, ..., &n)

ExampleWs # 2
0 %éj %t %& %éj Specipc Matri
2 3 $ 2 3 213 2 3 213: pecibc Matrices
3 ? 3 ? 3.
o A=EE 3 0 b o
/05% 0 3 0 3 (
5 SR I I

(81, &2, &3, &4,85) = (#3,#3,0,0,1)



Normalized Laplacian matrix

!|l:

5! lL 6! 1

(N CET|

ExampleWs

ﬁﬁ_‘l—‘

—

T
gk o

N
w

.

N
-_— W

'
("1,%2,% 3,

2 3
1

5 4

#3%5 #5%5
1 #3
1

#3 1
0 #3
1

#3 0
‘)= (0,11

T4,

-
-

onN
w

#
1

1

#3

Wl

45
'3 3
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Normalized Sigriess Laplacian matrix

AL = ()
2 3
ExampleWs !

# ° 4
1 & 4 4
$ 2 3 213 2 3

) 23 } 3 ?
L = E% 3 1 3
o ? 3 }

25 3 0 3

P

N
w

= Wk O wik

(1, B2, Bs, s, 1s) = (3,3,1,1,2)

Ro

~—~
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Relatiorships between A, L, |L|, A, L, [L| and their spectra

Let G be a graph of order n.

P A+ L=
| SO&n s *lk=1
L+ L= 2

| SOl ka1 + k=2
ExampleWs eigenvalue relationshis
(85, &4, &3, &2, 81) = (1,0,0,# 3, #3)
(ulatstats) = (011 % 9
(s, g, B3, B2, 1) = (21,1, 5, 3)

3 3
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Let G be an r-regula graph of order n.
L+A=1xl,s0"x=r# & k+1
IL1# A=rl,s0ux =1+ &

A= %A, SO & = %&k

L =1L, s0ty=1

LI = FILI, so

k
1
r

Hk
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A,L, LI, A, L, [L| and the incidence matrix

Let G be a graph with n verticesand m edgss.

incidencematrix P = P(G) isthe n! m 0,1-matrix

with rows indexed by the vertices of G and columns

indexed by the edges of.G

P = [pv] where _ 1 if eisincdent with v
= Pre Pe™ 0 otherwise

lLI=PPT , ,

L= DYy D'=(D'P)Y D P

L = PP whereP*is an oriented incidence matrix.

L= D' D'=( D 'PH D PH

L,|L|,L,[L| are all postive senidePnte

all eigevalues ' i, uk,! k, Uk are nonregative.
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The spedral radiusof B is) (B) = . m%() |$|

A, |L|,A,|L] %0 (nonnegative)

Theaem (Perron+orbenus)

Let P %0 be irreducible. Then
' )(P) > 0, Relaionships
' )(P) is an eigenvdue of P,
! eigevdue ) (P) has a postive eigenvetor, and

' )(P) is a simple eigenvale of P (multiplicity 1).
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Let G = K, be conneded.
L #(ILD) * [0,2] and iy = 2= ) (L)
L #(A)* [#1,1]and &, = 1= )(A)
Co#(l)y* [0,2]and 1= 0
! 0 < l 2 $ 2 Relationships
L gt g 2and! = 2if and only if G is bipartite
| n 1 _
' i=zg i =N

+=



Colin de VerdiereOgraph parameters

Colin de Verdiere debred new graph parameters u(G)
and ! (G)

' minar monotone

' boundM from below

' usethe Strong Arnold Property
Unlike the specibcmatrices originally usal in spectral
graph theary, these paramders involve families of
matrices

Closeconnetions with IEPG and minimum rank
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A mina of G is a graph obtained from G by a sequence of Lesie Hogben
edgedeleions, vertex deletions, and edgecontractions.

A graph parameter * is minor monotoneif for every minar H
of G, *(H) $ *(G).
X fully annihilates B if

1. BX=0
2. X has 0 where B has nornzero
3. all diagond elementsof X are 0

1(G), I (6)

The matrix B has the Strong Arnold Property (SAP) if the
zeromatrix is the only symmetric matrix that fully
annihilates B.



Seefvan der Holst, Lovasz, Shrijver 99] for information
about SAP

SAP comes from manifold theory.

Rg = {C:rankC = rankB}.

Sg = S(G(B)).

B has SAP if and only if marifolds Rg and Sg intersect
trans\ersaly at B.

Transversalintersetion allows perturbation.
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H(G) = max{null(L)} suchthat
1. L is a generdized Laplacian matrix

2. L has exacty one negative eigewvalue (with multiplicity

(L & S(G) and o! -diagonalentries$ 0)

one)

3. L has SAP

Theaem (Cdin de Verdiere90)

M is minor monotone

H(G) $ 1if and onlyif G is a path
HU(G) $ 2if and only if G is outerplanar
HU(G) $ 3if and onlyif G is planar
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For any graph,

H(G) $ M(G).
If G is not planar then 3< p(G) $ M(G) is sonetimes
usefulfor small graphs

To study minimum rank, generdized Laplaciars and
number of negative eigenvduesare not usualy relevant
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Example

I Kgzz22 is planar but not outer planar, sop(Kz22) = 3

(no generalzed Laplacianof Kz 2 2 has rank 2)
! ml’(Kz,z,z) = 2 and MéKZ,Z,Z) =4

K222

ke =

0
1

1

1

P ORRO

#1 O
1 1
#2 #1
#1 O
1 1
0 1

P ORROPR
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1(G) = max{null(B)} suchthat
1. B & S(G)
2. B is positive semi-debnie
3. B has SAP

[Colinde Verdiere]! is minor monotone
For any graph ! (G) $ M(G)
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To study minimum rank, positive semi-debnie is not usudly Lesio gieT
relevant.
Example
! No positive semi-debPnte matrix in S(K3,3) has rank 2
so! (K2,3) =2
' mr(Kz3) = 2and M(Kz3) = 3
# &
K23 00111
1 0 O 1 l 1: u(G), ! (G)
s : rankB=§1looo!=2
1 1 0 0 o
2 11000
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' To study minimum rank,
postive senmi-debnite,generdized Laplacians and
number of negative eigenvduesusudly are not relevant.
! Minor monotonicity is usdul.

Demition
"(G) = max{null(B) : B & S(G), B has SAP}

Example:"(K222) = 4= M(K222) becausethe matrix B B
has SAP

Example:"(Kz3) = 3= M(K3,3) becausethe matrix B has
SAP



For any graph G,

w(G) $ "(G)
1(G)$ "(G)
"(G) $ M(G)

"(Pn) = 1= M(Pn)
"(Kn) = n# 1= M(Ky)
If T isanon-pah tree,"(T) = 2.
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Theaem (Barioli, Fallat, Hogben 05)
" is minor monotone.

Forbidden minors
Since " is minar monotone, the graphs G suchthat "(G) $ k
can be characterized by a bnite se of forbidden minars.

"(G) $ 1if and onlyif G contains no K3 or K1 3 minar.

Ksﬁ » Klj/I\
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Theaem (Hogben, vander Holg 07)
"(G) $ 2if and only if G contains no minor in the T3 family.

Ledie Hogben

T3 family

Basic properties
Trees
K
K4 2,3
Specipc Matrices
Relationships
H(G), ! (G)
(G)
T 3 Forbidden minors
mr graph catalogs




Minimum rank problem

Minimum rank is characterizedfor:
! trees [Nylen 96], [Johrson, Leal-Duarte 99]
! unicyclic graphs [Barioli, Fallat, Hogben 05]
' extreme minimum rank:
mr(G) = 0,1, 2: [Barrett, van der Holst, Loewy 04]
mr(G) = |G| # 1, |G| # 2: [Fiedler 69],
[Hogben, van der Holst 07], [Johnson, Loewy, Smith]
Reductiontechniquesfor

! cut-set of order 1 [Barioli, Fallat, Hogben 04]
and order 2 [van der Holst 08]

' joins [Barioli, Fallat 06]

Combinatorial
Matrix Theory and
Spectral Graph
Theay

Ledie Hogben

mr: Recent Results



Combinatorial
Matrix Theory and
Spectral Graph
Theay

Minimum rank graph catalogs Lesie Hogben
' Minimum rank of many familiesof graphs determined
at the 06 AIM Workshop.
! On-line catalogs of minimum rank for small graphs and
families deweloped.
' The ISU group determinedthe order of all graphs of
order7.

Minimum rank of families of graphs
http://aimath. org/pastworkshops/catalog2.html

mr graph catalogs

Minimum rank of small of graphs
http://aimath. org/pastworkshops/catalogl.html


http://aimath.org/pastworkshops/catalog2.html

Thank You!
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