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ABSTRACT. We consider a one-dimensional two-phase Stefan problem, modeling a
layer of solid material floating on liquid. The model includes internal heat sources,
variable total mass (resulting e.g. from sedimentation or erosion), and a pressure-
dependent melting point. The problem is reduced to a set of nonlinear integral
equations, which provides the basis for an existence and uniqueness proof and a new
numerical method. Numerical results are presented.

INTRODUCTION

In this paper, we study the temperature distribution in a thick layer of dense
matter, floating on a deeper, denser layer. The materials of the two regions are
polymorphs of each other. The problem of the equilibrium of the column of matter
due to a disequilibrium of both the buoyancy and the thermal state is called a Ste-
fan problem. The most familiar example of the Stefan problem is that of the history
of a cake of ice floating in water after the surface of the ice has received a fresh
snowfall. A geophysically derived example concerns the possibility that the Mo-
horovicic discontinuity is an isochemical phase transformation boundary between
a denser mantle phase below and a lighter crustal phase above; the desequilibrium
may arise, for example, from erosion or sedimentation at the surface or by a change
in the thermal state in the mantle. The two examples differ especially in the sign
of the slope of the pressure-temperature curve for the phase transformation. In
this paper we assume that the pressure-temperature curve for the phase bound-
ary interface is linear but make no specification of the sign. We shall assume that
the total mass in the two regions is a continuously differentiable function of time.
The elevations of the phase boundary and the free surface are to be determined as
functions of time.

Concerning the large literature on the Stefan problem, we mention only some
papers which we consider particularly relevant for our purpose, namely those of
Friedman [2], Rubinstein [6], MacDonald and Ness [3], O’Connell and Wasserburg
[5], and Mori [4]. Rubinstein provides a broadly based review of the history of
the Stefan problem. Papers [3] and [5] elucidate the geophysical importance of
the problem: in them, the set of partial differential equations has been integrated
numerically. Mori [4] treats the numerical solution of a similar problem in great
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detail. His numerical example provides a convenient test problem for our method.
Friedman’s approach to Stefan problems [2] is a refinement of Rubinstein’s heat
potential technique; it will be followed here in converting the problem into one
involving a set of integral equations.

Our problem will be formulated precisely in the next section, but first, we make
two remarks. We consider here the presence of internal sources depending non-
linearly, not only on x and ¢, but also on the location of the phase boundary.
Furthermore, the total mass of the two media in our problem is not a constant.
In the particular case of constant mass, the total height of the two media is not
constant in view of the difference of densities, and this fact is taken into account in
our consideration. The present paper is a nonlinear analogue of [1].

The remainder of the paper is divided into five sections. In Section 1, we formu-
late the problem in mathematical terms. In Section 2 we represent the solution by
heat potentials. Section 3 is devoted to converting the free boundary value problem
into one involving a set of three nonlinear integral equations. Section 4 establishes
the existence and uniqueness of the solution for small times, using the contraction
principle. Section 5 gives numerical results for two test problems. The last para-
graph consists of some concluding remarks about the solution and some possible
extensions of the problem.

FORMULATION OF THE PROBLEM

Let Ti(x,t) be the temperature distribution in the lower layer, hereafter called
region 1, and T5(z,t) be the temperature in the upper layer, called region 2; the
subscripts on quantities describing the properties of the respective media are self-
explanatory. The problem is considered as one-dimensional in the space variable
T.

We propose to solve the following free boundary value problem (1)-(9)

T, 0T
W:klﬁ+ﬂ’ 0<J§<S(t),t>0, k1 >0 (1)
0T oT:
83322 Zkga—;—FFQ, S(t)<$<7”(t), t>0, ko >0 (2)

where F; = Fi(x,t,s(t)).

The unknown functions are s(t), r(t), Ti(x,t) and Ta(z,t), which are to be
determined from (1)—(2) and from the conditions to follow. Equations (1) and (2)
are the equations of thermal diffusion for the two media with diffusion coefficients
ki?, k5 2. The thickness of the lower layer is s(t); that of the upper layer is r(t) —
s(t).

Let p; and ps be the respective densities. The elevations r(t) and s(t) are
connected by the relation describing the total mass in the two layers:

palr(t) — s(B)] + prs(t) = m(t), ¢ > 0. (3)

We assume that m(t) is continuously differentiable on ¢ > 0.
Further conditions in our free boundary value problem are the following. The
temperature in the two regions is continuous across the phase boundary at all
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times. The temperature at the phase boundary occurs so frequently that we denote
it specially by g¢(t):

Ti(s(t)) = To(s(t)) = g(t), t=0. (4a)
The temperature at the phase boundary must lie at all times on the pressure-
temperature relation, which is — as noted — assumed to be linear.

9(t) = Bu(r(t) — s(t)) + - (4b)
Top and bottom temperatures are assumed to be given

T:(0,1) = f(2), ()

To(r(t),t) = h(t). (6)

In many cases, the temperature at the uppermost surface is a constant, which
we can take as zero without loss of generality. For example, if the upper layer were
ice, the surface of the ice is assumed to be at its melting point at zero pressure.
If the upper layer is the earth’s crust, we may take the upper boundary to be the
sediments at the bottom of the oceans, for example, which we assume to be in
equilibrium with the bottom water.

The last of the continuity conditions concerns the flux of heat transported across
the interface between the two media; this heat flow is different on the two sides of
the boundary by virtue of the influence of latent heat of transformation arising from
the conversion by one phase into another as the boundary shifts. The relation is

T T
PO T (1), 0) + 3 T2 5000, 1), @
>0, v >0, t>0,

where v = ¢, /(k?AL), with ¢, the specific heat at constant volume, AL the latent
heat; the diffusion coefficients k=2 have been introduced above.
The initial conditions are

s(0) =b>0,
r(0) =c>b,
o ®)
1($,0)—¢1 J?), nggl%

To(x,0) = ¢2(z), b<z<ec.
The following regularity conditions (9) are to be satisfied by our data:
(1) ¢1(z) and ¢o(z) are C* in their domains of definition, ¢1(b) = ¢2(b).
(2) f(t), h(t) are C*! on t > 0, continuous on t >0, £(0) = ¢1(0), h(0) = ¢2(c).
(3) Fi(z,t,s(t)) is continuous in the three variables jointly, with an z-derivative
F; 2(z,t,s(t)) that is continuous in the three variables and uniformly Lip-
schitzian with respect to the third variable s(t).

By a solution of our free boundary problem (FBP) on 0 < t < b, we mean
functions T4 (x,t), Ta(z,t), s(t) and r(t) such that T} (z,t), Ta(x,t) satisfy (1) and
(2) respectively, s(t) and r(t) are related by (3), s(t) satisfies (6) and such that
the conditions (4) through (9) are satisfied; we impose the further condtion that
T 2(s(t), 1), To 5(s(t),t), and T 5 (r(t)) be continuous on 0 < ¢ < b (which implies
by (6) the Lipschitz continuity of s(t) and of r(t)); and finally we assume that
T;(x,t),i = 1,2, is so smooth as to admit representation by heat potentials as given
in the following section.
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REPRESENTATION BY HEAT POTENTIALS
Let

ok 1
o2t )i

o (=) oo ()]

O<z<s(t), 0<T<t

Gi(z,t,&,7)
(10)

Let T3 (&, 7) be a solution of (1), with x, ¢ replaced by &, 7. The following Green’s
identity holds

10 0 1
——=[G1T1 ¢ — G111 — —(G1Ty) = —
w2 ag[ 1T = Greh] = 5-(GiTh) w2

Using the identity d§ = $(7)dr (where the dot indicates differentiation with
respect to the variable concerned, here and henceforth) on the melting line and
integrating Green’s identity for G; and T} in the domain

G Fy

0<¢<s(r), O<e<T<t—¢ €>0,

we obtain, by letting e — 0
b
Ti(e.t) = [ (€)1 (r.t:6.0)de
0
t
+ k:l_Q/ Ty ¢(s(7), 7)G1(z, t; s(T), T) dT
0

t
— k:l_Q/ g(17)G1 ¢(m, t; s(T), T) dT
0

¢ (11)
+/ 9(T)G1(z, t; (1), 7)8(T) dT
0
t
+ k:l_Q/ f(1)Gre(z, 60, 7)dr
0
t  ps(T)
_kl_Q/ / Gl(x7t;§7T)Fl(§aTas(T)) dnga
o Jo
0<z<s(t), t>0.
We now turn to medium 2. Let
Ky 1 k3(z — &)
. _ - — . 12
GQ(x7t7§7T) 277'1/2 (t—T)l/Q exp ( 4(t—T) ( )
Once again, an identity, similar to that above, holds
1 0 0 1
— —[GTs ¢ — ToGa ¢l — —(G2Tn) = — G F: 13
k%@g[ ola ¢ 2G2 ¢] 87'( oT5) 72 22 (13)
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where T (&, 7) is a solution of (2) with z, ¢ replaced by £, 7. Integrating (13) in the
domain

S(r)<E<r(r), 0<e<T<t—e

and letting € — 0, we obtain

Ty(r,1) = /b " 5a(6)Ca (e, 1:€,0) de

t
+ky? | Toe(r(r),7)Golw, t;r(r),7)dr

t
MT)Goe(x, t;r(T), 7)dr
0

J
_ k2—2/
+/O h(T)Ga(z, t;r(T), 7)i(T) dT

_/0 9(7)Ga(z, t; s(), 7)8(T) dT

- k;2_2/0 Ty ¢(s(1), 7)Go(z, t; s(T), T) dT
+ k:2_2/0 g(17)Ga ¢(z, t; s(T), T) dT

t pr(T)
- k2_2/ GQ(x7t;§7T)F2(§7T7S(T)) dnga
0 Js(r)

st) <x<r(t), t>0.

THE INTEGRAL EQUATIONS

In deriving the integral equations, we shall make use, without explicit mention,
of Lemma 1 in Friedman [2] on boundary limits of singular integrals. (The term
1p(t) is replaced by $k3p(t) or $k3p(t).) We first set some notations:

v1(t) =T 5 (s(t),t), t>0, (15)
vo(t) =T 5 (s(t),t), t>0, (16)
vg(t) =To 5 (r(t),t), t>0. (17)
Then, by (15), (16) and (6), we have
s(t) = —m /0 v1(7)dT + 72 /0 vao(T)dr + b. (18)

Consider (11). This equation becomes, after differentiation with respect to x
and rearranging,
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b .
Tua(ont) = [ Gu(OMi (156,00 dg
’ t
+k1_2/ v1(T)G1 z(z, t; 8(T), ) dT
0
t
—|—/ g(T)N1(z, t; s(1), 7) dT
0

t
—/ f(T)Nl(x,t; 0,7)dr (19)
’ t
+k1_2/ {Nl(x,t; s(7), T)Fi(s(T), 7, 8(7))
0
— Ny (s, t; O,T)Fl(O,T,S(T))} dr
t  ps(T)
_ kl—Q/O /O Ni(z, t;€,7)F1 (€, 7, 8(7)) dE d,
where
. _k 1
Nl(x7t7§77—)__2ﬂ_1/2 (t_T)l/Qx (20)

o () ()

We next consider (14). This equation becomes, after differentiating with respect to
x and rearranging

Toalet) = [ da(€)Gae.ti6,0)de

k2 /O " vs(F)Ga.a(o, (), 7)

- /O )Gl (7)) dr

— k52 /O t v2(7)Gax(, t; s(T), 7) dT o
- /O " 4G, t (), T) dr
+k2—2/t{FQ(r(T),T,s(T))GQ(x,t;r(T),T)

~ Fy(s(r), 7, 8(7)) Gl £ 5(7) ) dr

r(T)
- k / /(T) G2 J? t g’ F275(§7T73(T)) d§ dr.
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Letting x — s(t) — 0 in (19) gives after some rearrangements

b .
=2 [ (N s(0). 156,00 ¢

0
+okr? /O (1) Grals(t), £ s(7),7) dr
+ 2/0 g(T)N1(s(t), t; s(7), 7) dr
_2/thN15t ),t;0,7)dr (22)
2ky / {Ni(s(t). 1 5(r), 7)1 (s(r), 7, (7))

— Ni(s(t),t;0,7)F1(0,7,5(7)) } dr

) t ps(T)
—2k;1_/0 ; Ni(s(t), 66, 7)F1,¢(&, 7, 8(T)) dEdT.

Now let x — s(t) + 0 in (21). We then get after some rearrangements:

0=2 [ bae)Ga(e(0) 16,00
4 2k;2 /O " oa(7)Ga.a (5(8), £ (), 7) dr
p /O J(7) G (s(2), £ 7(7), 7) d
B 2k;2_i /O oa(F)Gaa (5(0),: 5(7), 7) dr -
o /O () Ga(s(t), & s(7), 7) dr
12k / (B(r(r), 7, (1) Gals(t)s (), 7)
— Fa(s(7),7,5(7))Ga(s(t), t; s(), 7) } dr

T(T)
— 2ky / / ), 68, T)Fo (€, T, 8(7)) dE dr.
(1)
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Finally let © — r(t) — 0 in (21). We then get
9 / " 0a(€)Ga(r (), £ £, 0) de
b
2k ? /O v3(7) G (r(1), £ 7(7), 7) d
_ 2/0 h(F)Ga(r(t), £ v(r), 7) dr
ok /O vp(1)Ga,a (r(t), £ 8(7), 7) d

i (24)
9 /O G(P)Ca(r(t), £ 5(r), 7) dr
+2ky / {Fy(r(r), 7, 5(r)Ga(r(t), t: (7). 7)
— Fy(s(r), 7, 5(r)Ga(r(t), t; s(r), 7)} dr
r(7)
—2k5 ST (&, 7, (s(7)) dE d.
//(T) £),€, 7)Fac(€, 7, (s(r)) d€

The FBP reduces to solving the set of integral equations (22)—(24) in vy (t), va(t),
v3(t) with s(t) related to vy (t) and vo(t) by (18) and with r(¢) related to s(t) by
(3).

Remark: In some applications, the boundary condition T} ,(0,¢) is given in-
stead of f(t) = T1(0,t). The above approach is still valid if the Green’s function
(G1 in region 1 is replaced by Ni, leading to similar formulas.

Likewise, at the upper boundary, vs(t) may be given instead of h(t) = Ta(r(¢), ).
In this case, equation (24) is replaced by a similar equation for h(t), derived from
(14) by letting & — r(¢).

Details are omitted.

EXISTENCE AND UNIQUENESS OF SOLUTION FOR SMALL TIMES

Consider the system of integral equations (22)—(24) subject to (3) and (18). We
shall seek solutions vy (t), va(t), vs(t) continuous on some interval 0 < ¢t < o. To
this end, it is found convenient to rewrite (22)—(24) in operator form as follows:

v="Uv, (25)

where
v = (Uly V2, U3)7

26
Uv = (Uyv, Ugv, Usv), (26)

Urv, Uz, Usv being functions defined by the right hand sides of (22), (23), (24)
respectively. We shall show that, under suitable conditions, U is a contraction on a
closed ball of E, for some small ¢ > 0, where E, is the Banach space consisting of
functions v(t) = (vi(t), v2(t), v3(t)) with v;(t) continuous on 0 < t < ¢. Once this
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is done, we have a solution of (22)—(24), denoted by v (which is just a fixed point
of U, i.e., v = Uw). To be precise, our space E, is equipped with the norm

3
lollo = supwi(t)], (27)

the sups being taken on 0 <t < o. Let
M = 4(sup |1 (x)| + sup [$a(s)]) + 1,

0<z<b b<z<LO.

We shall consider the closed ball B, (0, M) of E, consisting of the v in F, with
[vlle < M. (28)

It can be shows that for small £, and G2 (cf (4b)) and small ¢ > 0, U is a contraction
of By(0, M). The details of the proof, which are lengthy and tedious (although
standard), are omitted. It will be sufficient to point to some basic ideas behind the
proof. First, we take o > 0 so small that for v in B, (0, M) the corresponding s(t)
and r(t) satisfy

b/2 <s(t)

(4c—b)/3 <r(t)

(c+2b)/3

3c/2 (29)

<
<
for0<t<o.

For o > 0 such that (29) holds, it is readily seen that the functions defined by
the integrals (22)-(24) are “well-behaved” in ¢t. Next, the smallness of §; and (3 is
required for U to be a contraction on B, (0, M)), in view of terms like kg(t)$(t) in
(22). It is found, in working with the details that we have to take o > 0 even smaller
than prescribed in (29). From now on we shall take 51, Sz and o > 0 so small that
U is a contraction of B, (0, M) into itself. Then there exists a unique fixed point v
of U in B(0, M), i.e., v = Uv, which can be computed by successive approximation,
by the contraction principle. We then compute s(t) and r(t) in terms of v4(t) and
va(t) for 0 < t < o, using (13) and (3). From these s(t) and r(t), we compute
Ty (z,t) and To(x,t) from (11) and (14) respectively and thus we have a solution
to our problem. The solution of the system (22)-(24) (and hence of our FBP) is
unique. If wi(t), wa(t), ws(t) is another solution on 0 < t < g7 with 0 < 01 < 0,
say, and with ||w||,, < Mj, then since U is a contraction on By, (0, M + M) for
some 0 < og < 01, U has a unique fixed point in By, (0, M 4+ M), which means
that v(t) = w(t) for 0 <t < 1. Note that the solution depends continuously on f
as f varies in the space of continuous functions on [0, o]. This is a consequence of
the continuous dependence of the operator U(v; f) on f as f varies in the space of
continuous functions on [0, o].

NUMERICAL RESULTS

The existence and uniqueness proof in the preceding section suggests that suc-
cessive iteration should provide a numerical method to solve the problem. This
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approach turned out to be quite feasible. To simplify programming, we did not
include internal heat sources in the examples.
The algorithm is as follows:

Step 1 Pick an upper time limit 7" and make an initial guess for vy, vs, v3. We
used v; = v;(0), where the initial values are calculated from ¢1, ¢o.

Step 2 Calculate s from (7), r from (3), g from (4b).

Step 3 Update v; from (22)—(24).

Step 4 Iterate steps 2 and 3 until the change from one iteration to the next becomes
smaller than a given cutoff.

Step 5 Calculate Ty ,, T, at the upper time limit from (19) and (21). Integrate
to obtain 71, To. (Alternatively, Ty, T could be calculated directly from
(11) and (14)).

Since several of the integrals involve singular functions, we used SINC function
methods, in particular the formulas for interpolation, numerical integration and
indefinite integration. These methods are detailed in Stenger [7] and the references
listed there. Typically, the error in SINC methods decays like O(exp(—cN~1/2)),
where c is a positive constant and 2/N 43 is the number of discretization points used.
An error estimate of this type holds whether or not the function has singularities
at the endpoints.

Convergence was quite rapid for small values of the time step T, but became
worse for larger T" and eventually disappeared. In example 1, the method converged
in 4 or 5 iterations for T' = 0.25, 8 iterations for 7' = 0.5 and 15 iterations for T' = 1.
These values were independent of the number of discretization points used.

To find solutions for larger time, we repeated the above algorithm several times,
using the final values of T;(x,t) as the initial values for the next step. In both
examples we used T = 0.25, with 20 steps in example 1, 14 steps in example 2.
(In example 2, the free boundary reaches the left endpoint in step 15 and makes
further computations meaningless.)

A rough measure for the accumulated error is the calculated value of Tu(r(t), t)
for the final ¢, which can be compared with the known function h(t). With N = 10
(i.e. 23 discretization points) for interpolation and non-singular integrals in both
the x and ¢ direction, and N = 30 for singular integrals, this error was of the order
of 0.006 in example 1, 0.0007 in example 2. (All other values are of order 1). With
lower accuracy (N = 3 for non-singular, N = 20 for singular) this error increased to
about 0.044 in example 1, 0.2 in example 2. However, the values of s(t) calculated
with different N match much more closely in example 2. In fact, the graphs of the
two curves are almost indistinguishable.

Example 1 (see figure 1) was taken from Mori [4]. In our notation, the values
used are m(t) =2, ¢1(x) = ¢2(x) =1 —z, f(t) =1, h(t) = —(3/8)(cos(nt) + 5/3)
for t € [0,1], h(t) = —1/4 for larger t, b=1,c¢=2,p1 = p2 =1, 71 = 0.1, 72 = 0.3,
B1 = B2 = 0 (that is, the melting temperature is zero independent of the pressure),
k? = 0.3, k2 = 0.1. The lower curve is the more accurate one.

In example 2 (see figure 2), we used the following values: m(t) = 1.94+0.5¢(3—1),
P1(x) =3 —x, ¢2(x) =4 —2x, f(t) =3—-05t h(t) =0,b=1,c= 2, p1 =1,
p2 = 09,71 =01, 7% =02, 3 = —1, fo = 3 k¥ = 0.25, k3 = 0.0625. The
effect of these choices is roughly as follows: $(0) is negative, so the free boundary s
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decreases initially. A temporary large mass increase in the upper layer then forces
s upward, since the melting point g depends strongly on m. Finally, a rapid drop
in the bottom temperature f makes s decrease, until it reaches the bottom.

A full treatment of geophysically important problems, similar to that of [3] and
[5], is outside the scope of this paper and the expertise of the authors. However, we
believe that the methods illustrated above can be adapted to full-scale problems.

CONCLUDING REMARKS

A few remarks are in order before we close. First, the two phase Stefan problem
with varying total mass, as it is treated here within the present context of geo-
physics, seems to be new. Next, our formulation of the problem takes account of
the difference in densities of the two media, which is another feature of the paper.
Finally, we note that, in view of the representation (11) and (14), our solution
Ty (x,t) and Ta(x,t) is clearly a classical solution. This is so because of the reg-
ularity properties of the source functions (and other data). If the source terms
Fi(z,t,s(t)) were not sufficiently regular, then one could think of weak solutions.
The usual method for weak solutions of multiphase Stefan problems is the enthalpy
method. But, as pointed out by Rubinstein [6], the latter method is not suitable
in the case the source functions F(x,t, s(t)) depend on s(t) as in the present case.
It occurs to us that in this case, one could approximate F(z,t,s(t)) by a family
Fe(x,t,s(t)), € > 0, of regularizing functions, and compute, e.g. by the present
method, the corresponding solutions s¢(¢). It is plausible that, under suitable con-
ditions, a subsequence s, (t) converges to an s(t) that would be a solution of our
problem (we have been thinking of s(¢) as the main unknown). We propose to
discuss this matter more fully, elsewhere.
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