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RAISING MULTIWAVELET APPROXIMATION ORDER THROUGH
LIFTING*
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Abstract. Given a pair of biorthogonal, compactly supported multiwavelets, we present an
algorithm for raising their approximation orders to any desired level, using one lifting step and one
dual lifting step. Free parameters in the algorithm are explicitly identified, and can be used to
optimize the result with respect to other criteria.
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1. Introduction. A refinable function vector of multiplicity v and dilation factor
m is a vector ¢(0) of r real-valued functions

(@)
(1.1) V(@) =|
)

which satisfies a matriz refinement equation

(1.2) O (x) = vm > b (ma — k).
keZ

The sequence H®) = {h;o)}kez of coeflicient matrices is called the mask of the

g)) are nonzero and that all gb;O) have

function. We assume that only finitely many h
compact support.

We call ¢(0) a multiscaling function if it generates a multiresolution approximation
(MRA) [21] of L?(R). This means that there exists a sequence of subspaces V}, j € Z,
of L?(R) with the following properties:

1. V} C ijJrla
2. N Vi=A{0}, U,V =L*R),
3. fe)eVje flx—mIk)eV;, kezZ,
4. f(z) € V; & f(mz) € Vi,
5. {gbgo) (x — k) : 4,k € Z} forms a Riesz basis of V.
In detail, property 5 means that there exist constants 0 < A < B so that

2
(1.3) A Nl < | Y@ -, < BY llesl
J J J

for any sequence of coefficient vectors {c;} with }, llejll3 < oo. The superscript *
denotes the transpose.
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Other function vectors ¢>(”), v=1,...,m— 1, are called multiwavelet functions
it {qﬁgy) (x — k) : 4,k € Z} form Riesz bases of other spaces WO(V) so that

VeoaWl @ - eaw{™ =1
and
{me/2¢§u)(mex—k) 2k tezv=1,...,m—1}

forms a Riesz basis of L?(R).
These multiwavelet functions satisfy refinement equations

(1.4) ¢ (@) = Vim Y 1 ¢ (ma — k).
k

We again assume that all coefficient sequences are finite and all multiwavelet functions
have compact support.

In the standard literature, the word “wavelet” sometimes means an individual
wavelet function, sometimes scaling function and wavelets together. To avoid ambi-
guity, we refer to the entire collection ¢ = {qb(”) :v=0,...,m—1} as a multiwavelet
and to the individual qﬁ(”) as multiscaling functions or multiwavelet functions.

The properties of refinable function vectors, multiscaling functions, and
multiwavelet functions with dilation factor m = 2 are discussed in many papers.
Some of the earliest occurrences are [1], [9], [11], [12]; more recent treatments include
[4], [6], [14], [18], [25], [26], [28]. It is straightforward to extend these results to the
case of general m, following the one-dimensional case which is discussed, for example,
in [16], [27], [33]. _

Two multiwavelets ¢, ¢ form a biorthogonal pair if they satisfy the biorthogonality
conditions

(1.5) /qbéﬂ) (x)qgéy)(m — j)dx = 0,000k,

where § is the Kronecker delta.

One of the properties of a multiscaling function which has great practical interest
is the approzimation order [15], [17], [22], [23]. ¢” has approximation order p > 1 if
all powers of x up to p — 1 can be locally written as linear combinations of its integer

translates. That is, there exist vectors y,(cj) € R" such that for j =0,...,p—1

(1.6) 2 =y @ — k).
k

Since we assume compact support, the sum is finite for each fixed =, and there are no
convergence problems.

This paper considers the following problem: Given a biorthogonal multiwavelet
pair ¢, (;~5 and integers p > 1, p > 1, find an algorithm to generate from them new
multiwavelets ¢ 0w, Pnew With approximation orders p, p, respectively.

One known way to raise approximation order is through the use of two-scale
similarity transforms (TSTs) [24], [25], [28], [29], [30]. Our approach uses lifting. As
a systematic strategy for creating new multiwavelet functions, this approach dates
back to [5], and in the more general context of stable multiscale representations to [2].
Under the name “lifting,” these techniques were later applied in [3], [7], [8], [20], [33],
[34]. Details can be found in section 3.
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Compared to TSTs, the lifting approach has the following advantages:

1. lifting produces a complete new multiwavelet pair; TST produces only a new
multiscaling function;

2. lifting uses no matrix division or singular matrices;

3. lifting generally produces shorter new masks than the TST algorithm.

The outline of this paper is as follows.

Sections 2, 3 introduce notation and summarize needed results from the literature.
The main result can be found in Theorem 4.1 at the end of section 4. The proof is
constructive, and forms the basis for a numerical algorithm. An alternative approach,
based on a suggestion in [34], is presented in section 5. Implementation details for
both algorithms are stated in section 6. Section 7 contains some examples.

2. Representations of multiwavelet masks. The results in this section are
well known. Proofs or appropriate references can be found, e.g., in [2], [5], [6], or [25].

Throughout this paper, all calculations are based on the masks H, H alone. In
terms of masks, the biorthogonality conditions (1.5) are represented as

(2.1) SRR = 8,080;1.

k
Here and in the remainder of this paper, I denotes an identity matrix of appropriate
size.

The existence of a biorthogonal pair of masks does not automatically guarantee
the existence of a corresponding pair of MRAs. This raises the question of whether the
new masks produced by our algorithm actually represent multiwavelets in the sense
described in the introduction, or merely the coefficients of filter banks for signal pro-
cessing applications. We will address this question in section 6.3.3, using the notation
of [2], [5], which we briefly introduce at this point. (The multiscale representations
discussed in [2] actually cover more general cases than described here.)

There are various conditions given in the literature (see, for example, [4], [10],
[14], [19], [25]) which can be checked to see whether a given H(®) gives rise to a
refinable function vector d)(o) and an MRA. This corresponds to the concept of a
(uniformly) stable basis in [2].

Given ¢(O), the multiwavelet functions d)(”), v =1,....,m — 1, always exist
by (1.4). They form a stable completion of o0 if

{6 (x—k):v=0,....m—1,j,k € Z}

forms a Riesz basis of Vj.
If

{me/ZgbgV)(mex—k) 2k tezv=1,...,m—1}

forms a Riesz basis of L?(R), this is called stability over all levels.

In section 6.3.3, we will refer to these concepts as stability of ¢(O), stability of ¢,
and stability over all levels, respectively.

The information contained in a mask H can be represented in various forms. We
present here the two forms used in this paper.

The symbol of a function mask H*) is defined as

(2.2) HO(¢) = \/—% S heie, e R,
k
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In terms of symbols, the biorthogonality conditions (2.1) can be expressed as either

m—1

27 ~ 2
2. H®) k) AW k) =6,,1
(23) ;;) (“mk) E+ k) =0
or
el 2m 2m
(2.4) > HW* (5 + k) H® (5 + €> = Oped,
=0 m m

where for complex-valued functions the superscript * stands for the complex conjugate
transpose.

A mask H satisfies condition E if H(®)(0) has a simple eigenvalue of 1, with all
other eigenvalues less than 1 in modulus. Condition E is automatically satisfied if
the mask generates an MRA of L?(R) with compactly supported basis functions [19],
[25].

The polyphase representation P(€) is the block matrix

Hé?;(g) Hg © ... H%?i_l(g)
(2.5) P(¢) = H, | () H; | (5) Hm_zl(,g) 7
gm e B L (e

where the polyphase symbols H ff’) (&) are defined by

(26) H (€)=Y byl e ™.
k

The normalization is chosen so that biorthogonality is equivalent to

(2.7) PEPE)" =1I.

The determinants of P(€), P(€) are trigonometric polynomials. If H, H both have
finite length, the determinants must be monomials.

If a multiwavelet has approximation order p, as defined in (1.6), then necessarily
(see [15], [22], [23])

J .
(2.8) v’ =3 (;) T

=0
for some vectors y¥) € R", y(® =£ 0, and
I /i , , o _
(2.9) > (ﬂ) (i) ~'m*y DI~ ) (Hk) = dory*
=0

for j=0,...,p—1and k=0,...,m—1. D denotes the differentiation operator. We
take (2.9) as the definition of approximation order for masks.
If Y () is any vector of trigonometric polynomials with

(2.10) DiY(0)=:i9yW,  j=0,...,p—1,
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then another way to express (2.9) is

. 2 ] .
(2.11) DI |HO* (¢ 4 —”k)y(mg)] ‘ = 60x DY (0) = dopi 7y9).
m £=0

The following theorem states that the approximation order of H can be deter-
mined by examining H. It is a crucial step for the development in section 4. A partial
result (the “only if” part for v = 0) was earlier derived in [32]. A similar result for
multivariate wavelets can also be found in [13].

THEOREM 2.1. Assume H, H are biorthogonal masks. Then H has approzimation
order p with vectors ﬂ(J) if and only if

i
(2.12) > (i) P DI HO (0)g®) = 6o, m/ g

s=0
forj=0,....,p—1,v=0,....m—1.
Proof. Assume Y (€) satisfies (2.11) for the dual mask:
T o0~ .
(2.13) D’ {H@)*(g + %k)Y(mg)] ‘ = 60k DY (0).
£=0
Take = 0 in (2.3) and multiply by Y (mé):
m—1 o ~
(2.14) > HY (5 - —k) HO* (5 + —k) Y (mé) = 8, Y (mé).
m
k=0

Differentiate j times and evaluate at £ = 0:

j m—1 .
. 2 2 ~
So,mIDIY(0) = ( ) DI—*H (k) D* [H(O)*(f + —ﬂk)Y(mf)} ’
m m _
(2.15) Tt 0
- (]) DI=*H")(0)D*Y(0),

s=0 k=1 s
which simplifies to (2.12). O

-0
Remark. If the dual multiscaling function d)( ) has approximation order p, this
implies that the multiwavelet functions have p vanishing continuous moments, that
is,

(2.16) / 29\ () dz = 0

forj=0,....p—-1,k=1,...;r;andv=1,...,m— 1.

Equation (2.12) for v = 1,...,m — 1 can also be derived from the vanishing
moment condition (2.16). Thus, Theorem 2.1 is a strictly algebraic version of the
statement “the dual multiscaling function has approximation order p if and only if
the multiwavelet functions have p vanishing moments.”
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3. Lifting. The following theorem forms the basis for the lifting procedure.
THEOREM 3.1. If P;, P are polyphase matrices for two multiwavelets with the
same multiscaling function, they are related by

(31) P©=( 1oy ale) ) PO

where L is of size (m — 1)r x r, M is of size (m — 1)r x (m — 1)r. If both masks have
finite length, det(M(&)) is a monomial.

For wavelets of multiplicity 1 and dilation factor 2, this theorem dates back to [36].

As a general technique for creating stable refinable bases, the theorem was first
used (in a periodic setting) in [5]. The most general version is given in [2], in the
context of stable multiscale representations. A multiscale representation generalizes
the concept of MRA by allowing each of the nested subspaces V; to have its own
basis ®;, not necessarily generated by translates and dilations from a small number
of scaling functions. It is shown that any two stable completions of the same ®; are
related in a manner similar to (3.1). (Polyphase matrices are not available in the
general multiscale case, so the notation is different).

In the scalar case, Sweldens called (3.1) with M = 1 a lifting step [7], [33], [34],
and showed that any wavelet can be built from the trivial polyphase matrix P(§) = I
by a finite combination of lifting steps and dual lifting steps:

(32) N R LG

We also ignore M, since it has no effect on the scaling functions or dual scaling
functions and their approximation orders. Thus, we define a multiwavelet lifting step
as

33 Re©=( o 3 )PO=| . e
Lm0 (g) 1

where each L(*) (€) is an r X r matrix trigonometric polynomial. The effect on the
dual is

(3.4 Pt = ()P0

In terms of the function symbols, our definition of multiwavelet lifting is equivalent

to
e (6) = HO(€),
(35 (@ =HV©+ LV mOHOQ), v=1,..,m—1,
T H () = BO®E) - S L (m HV(©),

H (&) = HM)(€), v="1,...,m—1.
In terms of multiscaling and multiwavelet functions, we have

few(@) = ¢ (),

¥) (g = ¢ :C)—i—ZkL,(:)(,b(O)(x—k), v=1,...,m—1,

3.6 SoM - e = (v
386 5O V6 - St S 1 - k),
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Different but related multiwavelet lifting procedures are described in [8], [32].
Lifting for multivariate wavelets is discussed in [3] and [20].

4. Raising approximation order by lifting. In this section, we show how a
single lifting step can be used to raise the approximation order of the dual multiscaling
function to any desired level, while leaving the multiscaling function and its approxi-
mation order invariant.

In the scalar case, the idea of using lifting to raise the dual approximation order
goes back to Sweldens’ original papers [33], [34]. In the multiwavelet setting, different
implementations appear in [8], [32]. Similar ideas can also be found in [13] (for
multivariate wavelets) and [2] (for general multiscale approximations).

Let H, H be a biorthogonal pair of masks, with H satisfying condition E.

Remark. As pointed out above, condition E is automatically satisfied for com-
pactly supported stable ¢(O), so it is a desirable property anyway. This is the reason
why we impose condition E instead of the slightly weaker conditions we actually need.

Given any trigonometric matrix polynomial

(4.1) L&) =) Lie ™,
k

we define its discrete moments as

(4.2) Ay =Y KL,=#DLO), j=01,....
k

If the coefficients Lj are nonzero only for k = kgo,...,kg +n — 1, and N > 1 is
arbitrary, then L; and Ay are related by

(4.3) (Agy.. ., An—1) = (Ligs- - -+ Ligan—1) A,

where A is a block Vandermonde matrix with blocks of size r x r

(4.4) A (ko +1)°1 (ko + 1)1 (ko + DN
(ko+n—1°T (ko+n—1D -+ (ko+n—1)N"1T

Let M ](V) denote the jth discrete moment of H®). It follows from differentiat-
ing (3.5) and evaluating at £ = 0 that the new moments after lifting are given by

© o
(4.5) My ; = M;™, o
v v ] E v 0
MY =M+ <$> m* A M

s=0

We want to satisfy the dual approximation order conditions (2.12) of order p. We do
this first for v = 0, where the conditions are

J .
(4.6) > (i) MO G =migh,  j=o0,...5-1L
s=0
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We can rewrite this in the form

© _ 5O,

4 =L,
79 = (1) Y <i) MOGW, =12, 51,

s=0

(4.7)

Condition E is sufficient to guarantee solvability.
After the ﬂ(J ) have been determined, define

7 .
(4.8) =m™ Z( )M(” g,
By (4.6),

(4.9) zgo) =g

for j=0,...,p— 1. By (2.12), H has existing approximation order § if and only if

v _
(4.10) =0
forvr=1,....m—1land j=0,...,4— 1.
Next, we satisfy the remaining conditions (2.12) for v = 1,...,m — 1, which are
AT
(4.11) 3 <s> MY, G —o.
s=0

Substitute (4.5) to obtain

s=0 s =0 (
j it ,. .y
= (J) (J ) AW O 5o
E s j—s—4
(4.12) (=050 ,
i(]) S (T 0 )
= m A; < )M Y7 s
=0 é s=0 $ !
. J j
=mJZ<K>A§”’ G-
=0
or
L5 ) (v)
(4.13) Z(» APGIO = W),

£=0

For each fixed v, this can be solved by choosing Ag-y) successively for j =0,...,p—1
to satisfy

Jj—1
(4.14) A(V) (0) ( ) V) (J 0
=0
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The solution is not unique, except in the scalar case.

The matrix A in (4.3) is nonsingular for N = n = p, so we can always find a
trigonometric polynomial L*) (&) of length p or less with an arbitrary starting index
ko and prescribed moments Agu), 7=0,...,p—1.

We summarize the results of this section in the following theorem.

THEOREM 4.1. Assume H, H are biorthogonal masks with approximation orders
q, q, respectively, with H satisfying condition E. Then for any p > 1 it is possible
to find trigonometric polynomials L) (&) of length at most p, so that the new masks
Huew, Hnew produced by the lifting process (3.3) have approzimation orders q, p,
respectively.

If Hyew satisfies condition E, we can follow the first lifting step with a dual lifting
step that produces new masks with approrimation orders p, p, respectively, for any
p=>1l

It is shown in section 6.3.3 below that if H satisfies condition E, it is always
possible to preserve it during the lifting step.

5. A modified approach. In the procedure in the previous section, it is neces-
sary to impose all p conditions, even if the original H already has some approximation
order ¢. A modified algorithm, suggested in the scalar case in [34], can be adapted to
the multiwavelet case.

The motivation is the following. As stated in (3.6) above, the effect of lifting on
the multiwavelet functions is described by

(5.1) (@) = ) (2) + 3 LY (w — ).
k
Sweldens [34] proposes to replace this by
(v) _ A4) W) ) (X _
(5.2) () = () + 3T (k).

since this preserves existing vanishing moment conditions (2.16).
In our setting, this suggestion amounts to choosing

(5.3) LW(&) =TM (H™ (&)

for some shorter trigonometric polynomials 7). It is easy to verify directly that this
approach will preserve the existing approximation orders for masks.

THEOREM 5.1. If H, H are biorthogonal masks, and Hpew, Hpew are produced
by lifting with

(5.4) LW(&) =TM(H™ (),

then ﬂnew has at least thg same approximation order as H.
Proof. Assume that H has approximation order ¢ or, equivalently (see (4.10))

(5.5) 2 =0

J
forr=1,....m—1land j=0,...,4— 1.
Differentiate (5.3) and evaluate at £ = 0 to get

14

v L v v
(5.6) A =30 (S) 1M,

s=0
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where T are the moments of T (). Thus, forv =1,...,m—landj=0,...,4—1,

jié v (v ~ (£

J oJi— . .
AN (T=8\ ) 1 s(0) =
o 33 (1) (7)) reane
ANEAN (v) (v)
N Z <s> m! Y20 =0 = —257,

so (4.13) is satisfied. 0

The calculations in (5.7) also provide the equations for determining T;V). As
in (4.13), we need

=0
J j _

59 =3 (1)l

s=0

J=q ;.

-3 (3)mnesy

s=0 §
for j = ¢q,...,p — 1. These equations can again be solved successively for T§V) and
then Ty}, j =0,....5 — .

The modified algorithm is faster than the original one. However, it frequently
results in longer new masks than the original algorithm. This is illustrated by the
examples in section 7.

6. Algorithms. The following algorithms are implementations of the procedures
outlined in the previous two sections. They can be used to find suitable lifting factors
of any desired length, with free parameters explicitly identified.

Assume that H, H are biorthogonal masks, with H satisfying condition E.

6.1. Algorithm 1. Given integers p > 1, n > 1, kg arbitrary, we want to find
matrix trigonometric polynomials of length n with starting index kg

k() +7’L—1 )
(6.1) L= Y Le™
k=ko

so that the new dual mask Hpew produced by the lifting process (3.3) has approxi-
mation order p.
Step 1. Compute the moments

v 1 i (V)
(6.2) MY = —> " kihy
J vm -

forvr=0,...,m—1and j=0,...,p—1.
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Step 2. Compute the vectors 'g(j), zgu) forvr=1,....m—1land j=0,...,p—1
from

. ) -1,

] S

Step 3. Form the matrices

kST kST k§*1{
64) A= (ko * 0 (Ko * D (ko + .1)1’_1] |
(ko+ﬁ—1)01 (k0+n'—]_)1[ (kOJrn;l)ﬁﬂI
(5) "™ (o) g () g®? (7)) 57D
Ha® g0 - (THge
(65 Y= (2)a® - ()" |
(1)
and
zél) zg_l
(6.6) Z = : _ :
2Zm ngl—l)
The equations (4.13) are equivalent to
(6.7) LAY = -7,

where L contains the desired coefficients of L*)(¢)

(1) (1)
Lk‘ro T Lk0+15—1
(63 P
(m—1) (m—1)
Lko e Lko-i-ﬁ—l

Step 4. Perform a singular value decomposition (SVD)
(6.9) AY = USV*.

Here U is of size nr x nr, ¥ is of size nr x p, and V is of size p x p. Let s be the rank
of X, then

(6.10) ¥ = ( 251 8 )
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with ¥1; nonsingular and of size s X s.
Substitute the SVD into (6.7), multiply by V on the right, and partition all
matrices corresponding to the partitioning of X

(6.11) (o @ () ) == @V avh).
o1 (L) = —(2V),

0=(ZV)s.

If (ZV')a # 0, the system is unsolvable. Go back to the start and increase n.
Otherwise, the solution is

(LU); = —(ZV )51,

(6.13)
(LU)2 = arbitrary.

The general solution is then
(6.14) L = (L)1, (LU),)U™.

The free parameters are the elements of (LU)q, of which there are r(nr — s)(m — 1).
Step 5. Assemble the L(*)(¢) and perform the lifting.
Step 6. If required, verify that Hyew satisfies condition E or other properties. If
necessary, use optimization on the free parameters to satisfy these conditions.

6.2. Algorithm 2. Given integers p > 1, n > 1, kg arbitrary, we want to find
matrix trigonometric polynomials of length n and starting index kg

ko+n—1

(6.15) TW(E) = Y Tee
k=ko

so that the new dual mask Hpeyw produced by the lifting process (3.3) performed with
LW (&) = TW (6)H™)(€) has approximation order p.

Steps 1 and 2 are the same as in Algorithm 1.

The existing approximation order § of H is the largest number § for which zg.'/) =0
forallv=1,...,mand j =0,...,¢— 1.

Step 3. Form the matrices

KQT kAT e kb
(6.16) A (ko +1)°1 (ko +1)'1 e (ko +1)P=9=1T
(k‘o-ﬁ-’n—l)ol (k0+n—1)1l (k0+n_1)ﬁ—d—1l
iy as() (a1y, a1 s0) 1y 51 5(0)
(g)mizg” (% )1mq+lz(<§;r1 (pol m? lzz(3—)
G+ 5 ~(v D— ~_9 ~(v
(6.17) YW = (1) m7zg e (M) mPET,
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and

(6.18) 20 = (2, 20).

The equations (5.8) are equivalent to the sequence of equations

(6.19) TW AY®) = _ 7z ()

forv=1,...,m — 1, where T) contains the desired coefficients of T'(*) )
(6.20) TV = (1, T, ).

Step 4. This step is repeated for each v =1,...,m — 1.
Perform the SVD

(6.21) AY®) — sy o),

and proceed as in Step 4 of Algorithm 1.
The free parameters are the elements of (T*)U*)),. Their total number is

(6.22) rZ(nr — sy =nr(m —1) - ’I“Z s,

Steps 5 and 6 are the same as in Algorithm 1.
6.3. Further comments.

6.3.1. About the implementation. In Algorithm 1, it is possible in Step 3 to
solve the equations for all v simultaneously, since Y is independent of v. This is not
possible in Algorithm 2. As Example 2 in section 7 illustrates, the ranks s*) may
vary with v.

In order to obtain dual approximation order p, we need to impose conditions on
Ag»y), j=1,....,p—1. We can always find a suitable L(*) of length p, but we want
L") of length n, with n < p in general. Setting the higher moments to 0 does not
result in shorter L(*). Instead, we incorporate the matrix A into the algorithms, and

solve for L;D) directly.

6.3.2. Choosing n, kg. Choosing n as small as possible results in the shortest
possible new wavelets, which is usually desirable. Since each approximation order
condition amounts to 7 scalar equations, and each Lgy) contains 72 coefficients, dual

approximation order p should require a smallest possible n of
(6.23) n = ceil(p/r).

This cannot be guaranteed (there are counterexamples), but (6.23) gives a good es-
timate. In particular, constant L(*), which does not increase the support lengths of
the functions, will in general be able to achieve approximation order r already.

Larger n could be used if extra free parameters are desired.

The starting subscript ko of L(*) affects both the support length and the centering
of the new multiwavelet (see formulas (3.6)). Numerical experiments indicate that the
new dual wavelets tend to be smoother if kg is chosen so that the scaling function
and new dual scaling function are approximately centered around the same point (see
Example 1(c) in section 7).

The algorithms could easily be generalized to allow different n, kg for each v.
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6.3.3. Stability. We now address the question raised in section 2, regarding
the stability properties of the new masks Hpew, Hnew (see section 2). The complete
answer is not known, but we offer some observations.

1. Stability of ¢(0) is preserved. Stability of J)(O) is not preserved in general, but
we may be able to preserve it by choosing a suitable L (possibly of higher degree).

The first part is obvious, since ¢§3§W = ¢,

It is shown in [7] (for scalar wavelets) that any polyphase matrix can be completely
factored into lifting steps. Since lifting steps are reversible, this means that any
polyphase matrix can be converted into any other by multiple lifting and dual lifting
steps. Obviously, stability can get lost in the process.

~(0
However, we can always preserve condition E for d)( ), which is a prerequisite for
stability. By (3.5), line 3,
m—1
~r(0 v)x (v
_Mé)_ZAé)M£)~

v=1

(6.24) JLUASY

If we choose A(*)(0) = 0, then Méo) = Mflglv,o, and condition E remains valid. This
approach may require increasing n.

In most of the numerical examples we tried, condition E was preserved automat-
ically. In the remaining cases, a simple change in the free parameters was sufficient,
with no increase in n needed. 0

We conjecture that stability of ¢~>( ) can also be preserved, but the necessary
additional conditions on L are not known.

2. Stability of ¢ is preserved.

If L has finite degree, and {qi)(”)} form a stable completion of ¢, so do {d)g”e)w .
This follows from Proposition 3.1 in [2].

3. It is not known whether stability of q~5 or stability over all levels for ¢ and q;
can be preserved.

6.3.4. Free parameters. Free parameters that occur during the lifting process
can be used for numerical optimization. One defines a function that takes the free
parameters as input, calculates the new masks produced by a lifting step with these
parameters, and then calculates some objective function which is to be maximized or
minimized.

In Example 1(c) in section 7, we used the Sobolev smoothness estimate from [18]
as the objective function, to produce the smoothest possible new dual scaling functions
for given n and k.

7. Examples. We illustrate our algorithms with some numerical examples.

Example 1. This example has dilation factor m = 2, multiplicity » = 2. We start
with cubic Hermite splines as the original scaling function [31]. A basic completion
to a biorthogonal pair of masks has the symbols

44 82 + 422 6 — 622

1 —14 22 —144z—22
(7.1) 0 8
’ 472 0
. 1 2
H(z) = — 0 8z ’

dr | —24+4—-222 1422
3 — 322 144z + 22
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where z = exp(—i€). The original dual approximation order is 0. H satisfies condition
E, H does not.

(a) Raise the dual approximation order from 0 to 2.

Algorithm 1 can achieve this with n = 1, and no free parameters. For ky = 0, the
result is

(72 wa=1(% 5)

16 + 32z + 1622 24 — 2422

Hoow(2) = 1 —4 4+ 422 —4 4+ 16z — 422
new 64 9— 1624722 —27+60z—32%2 |’
1—22 33 — 4z + 22
(7.3) ) )
—4 4+ 82 + 12z —24 2z

i (2) = L 33 — 60z 4+ 2722 16 + 4z + 1822
new 162 —8+ 16z — 822 —4 4422

12 — 1222 4416z + 422

The new masks have length 3. Any other choice of kg results in longer masks.
Algorithm 2 gives identical results, since H(")(z) is a multiple of the identity.
(b) Raise the dual approximation order from 2 to 4, starting with the Hpew from

(a)

Algorithm 1 can achieve this with n = 2, and no free parameters. The shortest

new masks have length 5, for kg = —1, and are generated by lifting using
1 —12+ 12z —63 — 117z
(74) Le) =2 < 2 -2z 9+ 21z )

Algorithm 2 requires only n = 1, with no free parameters, but the shortest new

masks (also for kg = —1) have length 7. The lifting factor is
75 L) = —729 4+ 11522 — 42322 —729 — 39962 + 13522
’ T 13824z 81 — 160z + 792> —567 + 6362 — 3922 )’

which is produced from

1 —-72 81

(¢) Raise the dual approximation order from 0 to 2 (starting again with the
original H, 7—2) with free parameters, and optimize for smoothness.

The algorithm described in [18] can be used to determine a lower bound on the
Sobolev exponent s of a multiscaling function. The shortest dual scaling function
with approximation order 2 derived in (a) is in the Sobolev space W~12294 50 it is
not even an L2-function.

If we apply Algorithm 1 with n = 2, there are 4 free parameters. The shortest
new scaling function symbols have length 5 for kg = —1 or kg = 0.

For kg = 0, the coefficients of Hpew and ﬁnew are centered at 2 and —1, Tespec-

tively. Numerical optimization of the Sobolev exponent yields a smoothest Hpeyw in
W —0.7877_
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For ky = —1, the centers are 0 and 1, which is a better fit. The smoothest Hyew
is in 08289 which matches the result of [30], [32]. This Hpew satisfies condition E,
and could be used as the basis for a further dual lifting step.

Example 2. This example has dilation factor m = 3, multiplicity » = 1. We take
#© to be the characteristic function of [0,1], i.e., the Haar scaling function, with
approximation order 1. A completion with dual approximation order 1 is

1 3432 +322
H(z)=-| V3(-1+2z-2%) |,
\/g(—l—z+2z2)

(7.7) ) 1 o 2
H(z) =3 V3(=1+2)
V3 (-1+22)
Condition E is satisfied by the original masks. Since r = 1, it is automatically
preserved.
We want to raise the dual approximation order to 3.
Algorithm 1 requires n = 3, with no free parameters. The choice ky = —1

produces the shortest new masks of length 9

8123 + 812* + 812°

1
Hpew(2) = 138 \/§(1+z+z2 — 2023 45224 — 2925 4 26 +z7+28) ,
- T\ VB (4442 +42% — 2623 — 2624 4 552° — 526 — 527 — 528)

’ ) —4— 24522 + 2623 + 2924 4 2625 + 526 — 27 — 428

Hnew(2) = = V3 (—2723 4 272%) ,
8l V3 (=2723 + 272°)
using
_ 1 1—22+ 22

Algorithm 2 requires at least n = 2, and produces new masks of length 12. There
is one free parameter, in 7 only.
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