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Abstract

Motivated by a problem from number theory about the relationship between Fermat
curves and modular curves, a new class of loops is introduced, the Catalan loops. In the
number-theoretic context, these loops turn out to be abelian precisely when the Fermat
curves and modular curves coincide. General Catalan loops arise on certain transversals
to diagonal subgroups in special linear groups over rings with a topologically nilpotent ele-
ment. The transversals consist of products of certain affine shears. In a Catalan loop, the mul-
tiplication and right division are given by rational functions. The left division is algebraic,
corresponding to a quadratic irrationality. The left division embodies generating functions
for the Catalan numbers. Structurally, Catalan loops are shown to be residually nilpotent.

1. Introduction

Let R be a commutative, unital ring with a topologically nilpotent element e. Define

Q =
{[

1 ex

0 1

][
1 0

ex ′ 1

] ∣∣∣∣ x, x ′ ∈ R

}
.

Then Q is a right transversal to the diagonal subgroup

H = {diag(d, d−1) | d ∈ R∗}
of SL(2, R). The topic of this paper is the loop structure defined on Q, a so-called Catalan
loop. These structures arose initially from an issue in number theory, concerning the rela-
tionship between certain Fermat curves and modular curves. In that context, the ring R is
Z/2n+1

Z for n > 0, with e = 2. The motivating number-theoretic problem is described in
Section 2 (which may be skipped by readers interested mainly in the actual loops). Sec-
tion 3 recalls the way that right loops, and possibly two-sided loops, arise when one takes
a quotient of a group by a subgroup which is not necessarily normal. Section 4 shows that
with Q and H as above, the product G = Q H is a group in which Q is a right transversal
to H . The Catalan loop structure on Q is then exhibited in Section 5. In particular, Pro-
position 5·4 shows how the generating function for the Catalan numbers arises within these
loops. The final section examines the structure of Catalan loops, including a factorization
(Proposition 6·1) and a proof of their residual nilpotence (Theorem 6·2).
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2. Number-theoretic motivation

For an element e of a commutative, unital ring R, consider the exact sequence

1 −→ �(e) SL(2, R) −→ SL(2, R/eR) −→ 1 (2·1)

of groups that is induced by the ring homomorphism

R −→ R/eR; x �−→ x + eR .

In particular, �(2) is the subgroup{[
a b
c d

]
∈ SL(2, Z)

∣∣∣∣ 2
∣∣b, c

}

of SL(2, Z). Via the action of SL(2, Z) by linear fractional transformations on the upper half
plane {τ ∈ C | I(τ ) > 0}, the field of meromorphic functions for �(2) is generated by the
classical modular lambda function

λ(τ) = 16q
∏
n�1

[(1 + q2n)2(1 − q2n−1)]8

= 16q
(
1 − 8q + 44q2 − 192q3 + 718q4 + · · · )

with q = exp(2π iτ). The group �(2) is free on the generators

γ∞ =
[

1 2

0 1

]
and γ0 =

[
1 0

2 1

]

[4, section 6·5]. For a fixed integer r > 1, define subgroups G1(r) and G2(r) as the respect-
ive kernels of the homomorphisms to the circle group S1 given by

χ∞ : �(2) −→ S1; γ∞ �−→ 1 , γ0 �−→ exp(2π i/r) (2·2)

and

χ0 : �(2) −→ S1; γ∞ �−→ exp(2π i/r) , γ0 �−→ 1 . (2·3)

Define the Fermat group �(r) = G1(r) � G2(r). Set x = r
√

λ and y = r
√

1 − λ. The field
of meromorphic functions for G1(r) is generated by x over C(λ), while that for G2(r) is
correspondingly generated by y. It follows that the Fermat curve

xr + yr = 1 (2·4)

is biholomorphic to the modular curve for the Fermat group �(r).
For each positive integer n, the Fermat group �(2n) is closely related to the subgroup

�0(2
2n+2) =

{[
a b

c d

]
∈ SL(2, Z)

∣∣∣∣ 22n+2
∣∣c

}

of SL(2, Z). As recalled by Tu and Yang [6], Hashimoto observed that the Fermat curve
(2·4) with r = 2n and the modular curve X0(22n+2) for �0(22n+2) have the same genus.
When n = 1, both �(2) and �0(16) are isomorphic to the level 4 principal congruence
subgroup �(4). When n = 2, the modular curve X0(22n+2) has the defining equation

x4 + y4 = z4

with homogeneous coordinates in the complex projective plane [6]. For n > 2, Tu and Yang
show that the Fermat curve and the modular curve X0(22n+2) have distinct automorphism



Catalan loops 447

groups. Thus they identify the investigation of the relationship between the two families of
curves as an “interesting problem.”

It turns out to be more convenient to work with the conjugate

�0
0(2

n+1) =
{[

a b

c d

]
∈ SL(2, Z)

∣∣∣∣ 2n+1
∣∣b, c

}

of �0(22n+2). Note that �0
0(2

n+1) is a subgroup of �(2). Unlike �(2n), however, �0
0(2

n+1) is
not a normal subgroup of �(2) for n > 1. Defining

�2 (n) =
{[

a b
c d

]
∈ �(2)

∣∣∣∣ 2n+1
∣∣c}

and

�1 (n) =
{[

a b
c d

]
∈ �(2)

∣∣∣∣ 2n+1
∣∣b}

,

we have

�0
0(2

n+1) = �1 (n) � �2 (n).

The set

Q = {γ k
∞γ l

0 | 0 � k, l < 2n}
is a transversal to �0

0(2
n+1) in �(2). By the First Isomorphism Theorem applied to the

product

χ∞ × χ0 : �(2) −→ S1 × S1

of the characters χ∞ and χ0 of (2·2)–(2·3), Q inherits the quotient abelian group structure
�(2)/�(2n) � (Z/2n

Z)2. Interpreted as the homogeneous space �0
0(2

n+1)\�(2), however,
Q has the structure of a Catalan loop. In particular, this loop is not abelian whenever n > 2
(Corollary 6·3), precisely in the cases where the Fermat curve and the modular curve are
distinct.

3. Right loops

A right quasigroup (Q, ·, /) is a set Q equipped with binary operations of multiplication
(denoted by x · y or simple juxtaposition xy) and right division x/y such that

(x · y)/y = x = (x/y) · y

for x , y in Q. A right loop (Q, ·, /, 1) is a right quasigroup (Q, ·, /) with an identity element
1 such that 1 · x = x = x · 1 for x in Q. In a right loop (Q, ·, /, 1), the ternary derived
operation

(x, y, z)P = (x/y) · z (3·1)

satisfies

(x, x, y)P = y = (y, x, x)P

for x , y in Q [9, p. 101]. It thus forms a Mal’tsev parallelogram in the sense of [7]. Note
that the multiplication and right division may be recovered from the Mal’tsev parallelogram
by

x · y = (x, 1, y)P and x/y = (x, y, 1)P (3·2)
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for x , y in Q. A right loop (Q, ·, /, 1) is a (two-sided) loop if the equation

x · y = z (3·3)

has a unique solution y in Q for each choice of x and z in Q.
Groups are right loops, with x/y = xy−1 and (x, y, z)P = xy−1z. Now suppose that Q is

a right transversal to a subgroup H of a group G. Then a right quasigroup structure (Q, ∗, ||)
is defined by

tu ∈ H · (t ∗ u) and tu−1 ∈ H · (t ||u) (3·4)

for t , u in Q. The transversal Q is said to be normalized if the subgroup H itself is represen-
ted in Q by the identity element 1 of the group G. In this case, the transversal forms a right
loop (Q, ∗, ||, 1) [8, proposition 2·2], [9, proposition I·4·3·3]. The Mal’tsev parallelogram
(3·1) is defined directly by

tu−1v ∈ H · (t, u, v)P (3·5)

for t , u, v in Q.

4. Right transversals

Let R be a commutative, unital ring, with group R∗ of invertible elements. Let e be an
element of R such that R is complete in the (eR)-adic topology. Thus

⋂∞
n=1(eR)n = {0}, and

1 + eR ⊆ R∗ [1, section II·6], [2, section 2·6]. One might choose e as a nilpotent element of
R, or as X in the formal power series ring R = S[[X ]] over a ring S. Let E be the annihilator
of e in R. Let H be the subgroup of diagonal matrices in SL(2, R). Consider the set

Q =
{ [

1 ex
0 1

] [
1 0

ex ′ 1

] ∣∣∣∣ x, x ′ ∈ R

}
.

Define G = H Q. Note that G contains H , and reduces to H if e = 0. It will be shown that
G is a subgroup of SL(2, R). To that end, it is helpful to record the following elementary
observation.

LEMMA 4·1. Consider matrices

Ai =
[

ai bi

ci di

]

in SL(2, R), with di invertible for i = 1, 2, If b1 = b2, c1 = c2, and d1 = d2, then A1 = A2.

Proof. Since det Ai = ai di − bi ci = 1, we have

a1 = d−1
1 (1 + b1c1) = d−1

2 (1 + b2c2) = a2,

completing the desired equality A1 = A2.

PROPOSITION 4·2. The set G = HQ forms a subgroup of SL(2, R).

Proof. Since the group �(e) ={ [
1 + er11 er12

er21 1 + er22

] ∣∣∣∣ ri j ∈ R

}

of (2·1) is normal, the subset H�(e) of SL(2, R) is a subgroup. It will be shown that G =
H�(e). Certainly Q is a subset of �(e), so G = HQ ⊆ H�(e). For the converse direction,
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note that elements of G take the form[
d 0

0 d−1

] [
1 ex

0 1

] [
1 0

ex ′ 1

]
=

[
d(1 + e2xx ′) dex

d−1ex ′ d−1

]
(4·1)

with d ∈ R∗ and x, x ′ ∈ R. To express the typical element of �(e) in such a form, namely[
1 + er11 er12

er21 1 + er22

]
=

[
d(1 + e2xx ′) dex

d−1ex ′ d−1

]
, (4·2)

it suffices to take

d = (1 + er22)
−1 , (4·3)

x = d−1r12 = r12 (1 + er22) and (4·4)

x ′ = dr21 = r21 (1 + er22)
−1. (4·5)

This ensures the agreement of all but the top left entries of (4·2). The full equality then
follows by Lemma 4·1.

We will write

x = 〈x, x ′〉 =
[

1 ex

0 1

] [
1 0

ex ′ 1

]
=

[
1 + e2xx ′ ex

ex ′ 1

]

for elements of Q. Observe that in this notation, 〈x, x ′〉 = 〈y, y′〉 if and only if x − y and
x ′ − y′ annihilate e.

PROPOSITION 4·3. The set Q forms a normalized right transversal to the subgroup
H in G.

Proof. First note (0, 0) = I2. Now suppose that 〈x, x ′〉〈y, y′〉−1 lies in H . Computing[
1 ex

0 1

] [
1 0

ex ′ 1

] [
1 0

−ey′ 1

][
1 −ey

0 1

]

=
[

. . . e(x − y) − e2xy · e(x ′ − y′)
e(x ′ − y′) . . .

]
=

[
d 0

0 d−1

]

(for some d in R∗), comparison of the final two bottom left entries shows that ex ′ = ey′.
Given this, comparison of the final top right entries shows that ex = ey. Thus 〈x, x ′〉 =
〈y, y′〉.

5. Catalan loops

Consider the right loop (Q, ·, /, 1) that is defined by (3·4) on the normalized transversal
Q of Proposition 4·3. It is known as the Catalan loop, the name being motivated by Propos-
ition 5·4.

PROPOSITION 5·1. Let x = 〈x, x ′〉, y = 〈y, y′〉, and z = 〈z, z′〉 be elements of Q. Sup-
pose that p = 〈p, p′〉 is the Mal’cev parallelogram (x, y, z)P in the Catalan loop. Then

p = xλ2 − (y − z)λ and (5·1)

p′ = (x ′ − y′)λ−1 + z′ (5·2)

with λ = 1 − e2(y − z)(x ′ − y′).
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Proof. By (3·5), the Mal’tsev parallelogram is given by xy−1zp−1 ∈ H . In other words,
the matrix D =[

1 + e2xx ′ ex
ex ′ 1

] [
1 −ey

−ey′ 1 + e2 yy′

] [
1 + e2zz′ ez

ez′ 1

] [
1 −ep

−ep′ 1 + e2 pp′

]

is diagonal. The equation D21 = 0 becomes

[1 + e2z(z′ − p′)](x ′ − y′) + [1 − e2 y(x ′ − y′)](z′ − p′) ≡ 0 (5·3)

modulo E , while the equation D12 = 0 becomes

[1 + e2x(x ′ − y′)][(z − p) − e2zp(z′ − p′)]
+ [1 − e2 p(z′ − p′)][(x − y) − e2xy(x ′ − y′)] ≡ 0 (5·4)

modulo E . The congruence (5·3) reduces to

(x ′ − y′) + (z′ − p′)λ ≡ 0

modulo E . In particular, (5·2) holds in R/E . Substituting z′ − p′ ≡ (y′ − x ′)λ−1 into (5·4)
and simplifying then yields xλ − y + z − pλ−1 ≡ 0 modulo E , so (5·1) holds in R/E .

Since the identity of Q is 0 = 〈0, 0〉, the multiplication and right division in Q are ob-
tained from (5·1) and (5·2) as follows using (3·2).

COROLLARY 5·2. In the Catalan loop (Q, ·, /, 1), the multiplication and right division
are given respectively by

〈x, x ′〉 · 〈y, y′〉 = 〈xλ2
m + yλm, x ′λ−1

m + y′〉, (5·5)

with λm = λm(x, y) = 1 + e2 yx ′, and

〈x, x ′〉/〈y, y′〉 = 〈xλ2
r − yλr , x ′λ−1

r − y′λ−1
r 〉 (5·6)

with λr = 1 − e2 y(x ′ − y′).

THEOREM 5·3. The Catalan loop is two-sided.

Proof. By construction, the Catalan loop forms a right loop. Given x and z in Q, (3·3)
requires a unique solution y in Q to x · y = z, a unique element y of x−1 Hz � Q. Let d be
the unique recursive solution

d = 1 + e2 · x ′(x − z) − e4 · 2x ′2(x − z) + · · · (5·7)

to the equation

d = (1 + e2xx ′) − e2d2x ′z . (5·8)

(Thus one first solves with d = 1 modulo e2 R. Inductively, a solution modulo e2n R is
then refined to a solution modulo e2(n+1) R, for each positive integer n. For an alternative
approach, see the remarks following the proof of the theorem.) With

y = dz − d−1x (5·9)

and

y′ = (d−1z′ − dx ′) − e2x ′z′y , (5·10)
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one has [
1 −ex

−ex ′ 1 + e2xx ′

] [
d 0

0 d−1

][
1 + e2zz′ ez

ez′ 1

]
=

[
1 + e2 yy′ ey

ey′ 1

]

as an element of the transversal Q.

In the proof of Theorem 5·3, the recursive solution (5·7) may be written in the symbolic
form

d = −1 + √
1 + 4(1 + e2x ′x)(e2x ′z)

2e2x ′z
= (1 + e2x ′x) − (1 + e2x ′x)2(e2x ′z)

+ 2(1 + e2x ′x)3(e2x ′z)2 − 5(1 + e2x ′x)4(e2x ′z)3 + · · ·
of a solution to (5·8) as a quadratic equation, expanding the square root as a binomial series.
The integral coefficients that appear are the Catalan numbers [8, p. 292], [10, (2·3·9)]. Ap-
propriate substitutions in (5·9) and (5·10) yield the generating function for the Catalan num-
bers directly within the Catalan loop.

PROPOSITION 5·4. In the Catalan loop (Q, ·, /, 1), one has

〈0, −1〉 · 〈d, d〉 = 〈1, 0〉
with

d = 1 + e2 + 2e4 + 5e6 + 14e8 + · · · (5·11)

as a generating function for the Catalan numbers.

Remark 5·5. The nth Catalan number cn counts rooted binary trees with n leaves. In the
corresponding term cne2n−2 of (5·11), the power 2n − 2 of e is the number of edges in such
a tree.

6. Structure of the Catalan loop

This section deals with the algebraic structure of a Catalan loop. Here, it is best to consider
the underlying set of Q as the square (R/E)2 of the quotient of R by the annihilator E of e.
The first result is a straightforward consequence of Corollary 5·2.

PROPOSITION 6·1. Let Q be the Catalan loop.
(a) The maps

ι1 : (R/E, +, −, E) −→ (Q, ·, /, 1); x + E �−→ 〈x, 0〉
and

ι2 : (R/E, +, −, E) −→ (Q, ·, /, 1); x + E �−→ 〈0, x〉
are injective homomorphisms.

(b) Consider the respective images Qi = (R/E)ιi for i = 1, 2. Then Q1 � Q2 = {1} and
Q = Q1 · Q2.

Proof. For (a), note

〈x, 0〉 · 〈y, 0〉 = 〈x + y, 0〉 and 〈0, x ′〉 · 〈0, y′〉 = 〈0, x ′ + y′〉
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by (5·5). In similar fashion,

〈x, 0〉 · 〈0, x ′〉 = 〈x, x ′〉
establishes (b).

Proposition 6·1(b) constitutes a factorization of the Catalan loop. For what follows, recall
that the descending central series

L0 � L1 � · · · � Li � · · ·
of a loop L is the series of normal subloops of L defined recursively by L0 = L and Ln+1 =
[L , Ln] for n � 0. Here, the commutator [L , N ] of L with a normal subloop N is the normal
subloop 1[L2,ν] of L in the sense of [7, p. 42], ν being the congruence determined by N . The
loop L is residually nilpotent [4, section 5·8] – centrally ω-nilpotent in Bruck’s terminology
[3, section VI·1] – if

⋂∞
n=0 Ln = {1}. It is nilpotent (of class n) if Ln = {1}.

THEOREM 6·2. The Catalan loop is residually nilpotent.

Proof. For a natural number n, define the quotient

Qn = (R/(e2n R + E))2

of Q. Consider z, z′ in e2n−2 R, with the corresponding element z of Qn . Then for elements
x, y of Qn , one has zλm(x, y) = z, z′λm(x, y) = z′,

λm(z, x) = 1 = λm(x, z) and

λm(x + z, y) = λm(x, y) = λm(x, y + z)

in the notation of Corollary 5·2. Thus (5·5) implies

z · x = 〈
zλm(z, x)2 + xλm(z, x), z′λm(z, x)−1 + x ′〉

= 〈z + x, x ′ + z′〉 = z + x

= 〈
xλm(x, z)2 + zλm(x, z), x ′λm(x, z)−1 + z′〉 = x · z

and

(z · x) · y = (z + x) · y

= 〈(z + x)λm(z + x, y)2 + yλm(z + x, y), (z′ + x ′)λm(z + x, y)−1 + y′〉
= 〈z + xλm(x, y)2 + yλm(x, y), z′ + x ′λm(x, y)−1 + y′〉
= z + (x · y) = z · (x · y) .

Similarly,

x · (y · z) = x · (y + z)

= 〈xλm(x, y + z)2 + (y + z)λm(x, y + z), x ′λm(x, y + z)−1 + (y′ + z′)〉
= 〈xλm(x, y)2 + yλm(x, y) + z, x ′λm(x, y)−1 + y′ + z′〉
= (x · y) + z = (x · y) · z .

Thus (e2n−2 R/(e2n R + E))2 is contained in the center Z(Qn) of the loop Qn . Recall that for
a loop L , the set

{z ∈ L | ∀ x, y ∈ L , zx = xz, (zx)y = z(xy), x(yz) = (xy)z}
is defined as the center Z(L) of L [8, (3·31)].
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Induction on r yields

(e2n−2r R/(e2n R + E))2 � Zr (Qn) ,

recalling the recursive definition Z0(L) = {1} and Zr+1(L)/Zr (L) = Z(L/Zr (L)) for the
ascending central series

Z0(L) � Z1(L) � · · · Zr (L) � · · ·
of a loop L . In particular, Qn = Zn(Qn): The loop Qn is nilpotent of class n, and Qn

n = {1}
[3, theorem VI·1·2], [7, p. 43]. Returning to the full Catalan loop, this translates to Qn �(
e2n R/E)

)2
. Since

⋂∞
n=1 e2n R = {0}, it follows that Q is residually nilpotent, as required.

COROLLARY 6·3. If er ∈ E, then Q is nilpotent of class �r/2�.

The loops of a given nilpotency class form a variety, so Corollary 6·3 specifies identities
that will be satisfied by Q when er ∈ E .

COROLLARY 6·4. A finite Catalan loop is nilpotent.

Remark 6·5. Going beyond the considerations of this section, many further structural
questions about Catalan loops remain, such as a general specification of the nucleus

{z ∈ Q | ∀ x, y ∈ L , (zx)y = z(xy), (xz)y = x(zy), x(yz) = (xy)z}
of a Catalan loop Q. For n = 3, Raasch [5] found the surprising result that the nonabelian
loop �0

0(2
n+1)\�(2) (defined at the end of Section 2) is actually associative.

Acknowledgement. We are grateful to an anonymous referee for helpful comments on
an earlier version of this paper.
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