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RECOVERY OF HIGH FREQUENCY WAVE FIELDS FROM
PHASE SPACE-BASED MEASUREMENTS*

HAILIANG LIUT AND JAMES RALSTON?

Abstract. Computation of high frequency solutions to wave equations is important in many
applications, and notoriously difficult in resolving wave oscillations. Gaussian beams are asymptoti-
cally valid high frequency solutions concentrated on a single curve through the physical domain, and
superposition of Gaussian beams provides a powerful tool for generating more general high frequency
solutions to PDEs. An alternative way to compute Gaussian beam components such as phase, ampli-
tude, and Hessian of the phase is to capture them in phase space by solving Liouville-type equations
on uniform grids. In this work we review and extend recent constructions of asymptotic high fre-
quency wave fields from computations in phase space. We give a new level set method of computing
the Hessian and higher derivatives of the phase. Moreover, we prove that the kth order phase space—

. s - . k_n
based Gaussian beam superposition converges to the original wave field in L2 at the rate of e2 ~ 1
in dimension n.
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1. Introduction. In this paper we consider the equation
(1.1) Py=0, (t,z) e RxR",

where P = —ied; + H(x, —i€d,) is a linear differential operator with a real principal
symbol 7 + H (z,p), subject to the highly oscillatory initial data

(1.2) D(0,2) = Pin () = Agy ()5 @/e

where A4;, € C§°(R™) and S;,, € C*°(R™). The canonical example is the semiclassical
Schrédinger equation with the Hamiltonian H(z,p) = |p|? + V(z), where V() is a
given external potential. The small parameter € represents the fast space and time
scale introduced in the equation, as well as the typical wavelength of oscillations of
the initial data. Propagation of oscillations of wavelength O(€) causes mathematical
and numerical challenges in solving the problem. In this article we are interested
in the construction of globally valid asymptotic wave fields and the analysis of their
convergence to the true solutions of the initial value problem.

Geometric optics, also known as the Wentzel-Kramers—Brillouin (WKB) method
or ray-tracing, when applied to model high frequency wave propagation problems such
as (1.1) leads to the WKB-type system for both phase and amplitude. The phase is
governed by the Hamilton—Jacobi equation

(1.3) 0S + H(x,V,8) =0, z€R" t>0.
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RECOVERY OF HIGH FREQUENCY WAVE FIELDS 623

Solving this equation using the method of characteristics can lead to singularities
which invalidate the approximation. In general, this breakdown occurs when the
density of rays becomes infinite. This corresponds to the formation of a caustic where
geometric optics incorrectly predicts that the amplitude of the solution is infinite. The
consideration of these difficulties, beginning with Keller [13] and Maslov and Fedoriuk
[24], led to the development of the theory of Fourier integral operators, e.g., as given
by Hérmander [7].

A closely related alternative to Fourier integral operators is the construction of
approximations based on Gaussian beams. Gaussian beams are asymptotic solutions
concentrated on classical trajectories for the Hamiltonian H(z,p), and they have a
history going back to at least the late 1960s. They were initially used to study reso-
nances in lasers [1], and later to obtain results on the propagation of singularities in
solutions of PDEs [8, 28]. At present there is considerable interest in using superpo-
sitions of beams to resolve high frequency waves near caustics. This goes back to the
geophysical applications in [2] and [6]. Recent work in this direction includes [32] on
“gravity waves,” [14] and [12] on the semiclassical Schrédinger equation, and [33] and
[25] on acoustic wave equations.

An alternative to the standard WKB method is to use multivalued solutions,
{S;(t,z)}EK |, to (1.3) corresponding to crossing waves [31]. This is in sharp contrast
to the notion of viscosity solution [4] adopted when (1.3) arises in other applications.
In the last decade a considerable amount of work has been done to capture multivalued
phases associated to the WKB system numerically; we refer to review articles [5, 30]
and the references therein. Recently the level set method has been developed to
resolve multivaluedness of involved quantities in phase space as well as to compute
physical observables; see, e.g., [26, 3, 11, 27, 10, 9, 17, 18, 19, 20, 21]. The key idea,
for instance in [3, 17], is to represent characteristic trajectories by common zero sets
of some implicit level set functions, and evolve all relevant quantities in phase space;
see the review [18]. Another phase space-based approach is the use of the Wigner
transformation [34] to map solutions of the underlying wave equation to functions on
phase space. See [16, 22, 23, 31] for the application of the Wigner transformation
to the semiclassical Schrodinger equation. These phase space—based approaches are
extremely useful since they unfold “caustics.” However, at caustics, neither method
gives correct prediction for the amplitude. This has led to an effort to combine the
accuracy of beam superpositions at caustics with the level set method of computation
in phase space. This approach, with attention paid to the accuracy of the resulting
approximations, is the subject of this paper.

In this article we have two objectives:

(i) to present the construction of beam superpositions by level set methods;

(ii) to estimate the error between the exact wave field and the asymptotic ones.
The construction for (i) is based on Gaussian beams in physical space, but it is carried
out by solving inhomogeneous Liouville equations in phase space, as in [15, 14, 12].
The result is no longer a superposition of asymptotic solutions to the wave equation
(1.1)! Since it can be written as a superposition of standard Gaussian beams com-
posed with a time-dependent symplectic change of variables, the superposition over
phase space is still an asymptotic solution, as was pointed out in [15]. Here we con-
sider superpositions over subdomains moving with the Hamiltonian flow, and we show
directly that they are asymptotic solutions without reference to standard Gaussian
beams. For (ii) we use the well-posedness theory for (1.1), i.e., the continuous de-
pendence of solutions of Py = f on their initial data and f. Thus, the sources of
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624 HAILIANG LIU AND JAMES RALSTON

error in the Gaussian beam superposition for an initial value problem are the error in
approximating the initial data and the error in solving the PDE.
To be specific, our asymptotic solution is expressed as

(14) we(t7 y) = Z(TL, 6) /Q(t) Q/JPGB(ta Y, X)dX7

where X = (z,p) denotes variables in phase space R*", Q(0) is the domain where we
initialize Gaussian beams from the given data, and Q(t) = X (¢,9(0)) is the image
of 2(0) under the Hamiltonian flow. Here ¥pgp(t,y, X) is the phase space-based
Gaussian beam ansatz, and Z(n,¢) is a normalization parameter chosen to match
initial data against the Gaussian profile. Our result shows that for the kth order phase
space Gaussian beam superposition, the following estimate holds on any bounded time
interval, |¢| < T

o I =)t llze S 19°(0,) = a2 + 12005 .

Here and in what follows we use A < B to denote the estimate A < C'B for a constant
C which is independent of .

For the initial data of the form ;, = Ain(x)eisin(r)/ ¢ we need a superposition
over an n-dimensional submanifold of phase space. The asymptotic solution is then
represented as

(1.6) Y(t,y) = Z(n,¢€) /Q(t) Ypep(t,y, X)o(w(t, X))dX,

where w is obtained from the Liouville equation
Ow+ H, - Vyw—Hy - Vyw=0, w(0,X)=p—V;S5%(x).
Our result shows that

(17) 67 = )¢, )z S upp(Au)les .

We now conclude this section by outlining the rest of this paper: In section 2
we start with Gaussian beam solutions in physical space and define the phase space—
based Gaussian beam ansatz through the Hamiltonian map. Section 3 is devoted to
a recovery scheme through superpositions over a moving domain. The total error is
shown bounded by an initial error and the evolution error of order e'/2="/4_ Control
of initial error is discussed in section 4, followed by the convergence rate obtained
for first order Gaussian beam solutions. In section 5, we discuss how to use caustic
structure to obtain some better error estimates. Both convergence and convergence
rate are obtained for higher order Gaussian beam solutions in section 6. In section 7,
we present a new level set approach for construction of the phase and their derivatives.
Finally in the appendix, we derive phase space equations for all involved Gaussian
beam components.

2. Phase space—based Gaussian beam ansatz.

2.1. First order Gaussian beam solutions. As is well known, the idea un-
derlying Gaussian beams [29] is to build asymptotic solutions concentrated on a single
curve in physical space (t,z) € R x R™. This means that, given a curve  parameter-
ized by x = z(t), one makes the ansatz

(2.1) V() = AS(t, x)et*to)/e
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RECOVERY OF HIGH FREQUENCY WAVE FIELDS 625

where ®(t,x(t)) is real, and Im{®(¢,2)} > 0 for x # z(t). The amplitude is allowed
to be complex and have an asymptotic expansion in terms of e:

AS(t,z) = Ao(t, ) + €A (t,z) + -+ eV An(t, z).

We wish to build asymptotic solutions to Pi(t,z) = 0; i.e., we want Py¢ = O(€?).
Substituting from (2.1),

Py = @2/ [(9,® + H(x,8,P))Ag + e(—iLAg + (0,® + H(x,0,D))A;)] + O(€?),

where L is a linear differential operator, whose form is clear from (2.3) below. The key
step in the Gaussian beam construction is the choice of ® such that 9;® + H(z, 0, P)
vanishes to high order on 7. We are going to choose ® so that Im{®} > cd(z,~)?.
Note that

d(x,,y)refcd(m,vf/e _ O(er/2).

So we need to have 9;® + H (x, 9,®) = O(d(x,v)*). The propagation of amplitude can
then be determined by LAy = 0 to make the O(e) term vanish. We denote ®(¢, x) on
the curve v by S and the leading amplitude by A = Ag. These lead to the standard
WKB system

(2.2) 8:S + H(x,V,S) =0,

A
(2.3) 0 A+ Hy - VoA = =S [Tr(Hyp) + Tr(V2SH,)),

where Tr is the usual trace map. We then compute the Taylor series of 0;®+ H(x, ®,)
about z(t) to first and second order to obtain equations for the phase gradient and
Hessian (u, M) = (V,®, V2®) as follows:

(2.4) Owu+ Hp, - Vyu = —Hyg,
(2.5) OuM + H, - VoM + Hyy + HypM + MH,py + MH,, M = 0.
It is shown in [28] that the above construction is possible only if (x(t),p(t)), where

p(t) = Vo®(t,z(t)), is a (null) bicharacteristic curve, which is consistent with the
characteristic system for the Hamilton-Jacobi equation (2.2).

d

(2.6) 7t = Hy, x(0)= o,
d

where (x,p) = (z,p)(t; x0,po). From here on we denote the phase space variable as
X = (z,p) and Xy = (x0,po). Then the Hamiltonian dynamics can be expressed as

d
(2.8) 71X (1, X0) = v(X(t, Xo)),  X(0,Xo0) = Xo.
The phase velocity v = (Hp,, —H,) is divergence-free, i.e., divx(v) = 0. On this
curve X = X (¢, Xo), Gaussian beam components of the first order such as the phase
S(t; Xo), the Hessian M (t; Xo), as well as the amplitude A(¢; Xo) are obtained by
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626 HAILIANG LIU AND JAMES RALSTON
solving the following system of ODEs:

(29) %S(f; Xo) =p- Hp - H(ﬁ,p), S(O,XQ) = Sin(xo),

(2.10)

d

EM(t; Xo)+ Hyy + HypM + MHp, + MHp, M =0, M(0; Xo) = Min(Xo),
(2.11)

d A

EA(t; Xo) = —5 [TI‘[pr] + TI'[Mpr]] , A(O7 Xo) = Ain($0)~

The essential idea behind the Gaussian beam method is to choose some complex
Hessian M, initially so that M remains bounded for all time, and its imaginary part
is positive definite. This way the amplitude A(t; Xp) is ensured to be also globally
bounded by solving (2.11).

With these components in place, the Gaussian beam phase is constructed as
(2.12)

1
where p(t, Xo) = V. P(t, 2(t, Xo)). The leading order of the amplitude is taken as
Alt, y; Xo) = A(t; Xo).

The above construction ensures that the following Gaussian beam ansatz is an ap-
proximate solution:

Yap(t,y; Xo) = A(t; Xo) exp <£(I)(tay;X0)> .

The requirement that Im (M) be positive definite ensures that the asymptotic solution
is concentrated on y = z(t, Xo); see, e.g., [28].

2.2. Phase space—based Gaussian beam ansatz. If we regard X, to be the
Lagrangian particle marker, then the map

(2.13) X = X(t, Xo)

serves as a particle trajectory mapping: an initial domain Q € R?" in phase space
evolves in time to

(2.14) X(t,Q) = {X(t, Xo), Xoc€Q},

with the vector v = (H,, —H,) tangent to the particle trajectory in phase space. Since
the velocity field is divergence-free, the elementary properties of X (¢, X) tell us that
Vol(X (¢,92)) = Vol(Q2) = || and

OX (1, X0)\ _

In other words the map is volume-preserving and invertible.
The phase space-based Gaussian beam ansatz is thus obtained by changing X
to X through this particle-trajectory map:

(2.15) bran(ty, X) = A(t, X) exp ( 51,4, X)) ,

7
€
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RECOVERY OF HIGH FREQUENCY WAVE FIELDS 627

where

(2.16) d(t,y, X) =8t X)+p-(y—z)+ %(y —xz)  M(t,X)(y — ).

To derive the corresponding dynamics for (5’ M, fl) we need the following fact.
LEMMA 2.1 (operator lifting). Let the phase representative of w(t; Xo) be w(t, X)
in the sense that w(t; Xo) = w(t, X (¢, X)) for any t > 0. Then

d -
Ew(t; Xo) = Lw(t, X),

where L is the usual Liouville operator defined by
(2.17) L:=0,+v-Vx.
Proof. Taking differentiation of
w(t; Xo) = w(t, X (¢, Xo)) ¥Vt >0

in time, we obtain

d d
%w(t; Xo) = 0w + EX(t, Xo) - Vxw = 0w +v-Vxw. O

Changing the time derivative % to the Liouville operator £ in the Lagrangian for-
mulation of equations for (S, M, A) in (2.9)-(2.11), we obtain the PDEs for (S, M, A)
in phase space:

(2.18)  L(S)=p-H, — H(z,p), 5(0,X) = Sin(z),
(2.19)  L(M) + Hpp + HyopM + MHpy + MH,,M =0, M(0,X) = M(X),

(2.20) L‘(A):—? [ Te[Hap) + T, A0, X) = A (X)),

A method for solving the equation for M based on Riccati equations was given by
Leung and Qian (see [14, formulas (56)—(57)]). Jin, Wu, and Yang have an alter-
native way of computing M based on complex level set functions (see [12, formulas
(3.5)-(3.16)]). We give yet another method of constructing M, as well as the higher
derivatives of the phase by level set methods, in section 7. We point out that though
Yap(t,y; Xo) is an asymptotic solution to the wave equation, ¥ pep(t,y, X) is usually
not. But we shall show that its integral over the moving domain X (¢, 2(0)) remains
an asymptotic solution of the wave equation. It is this remarkable feature that al-
lows us to globally recover the original wave field from only some phase space—based
measurements!

3. Recovery of wave fields by superposition. Since the wave equation we
consider is linear, the high frequency wave field ¥ at (¢,y) in physical space is expected
to be generated by a superposition of neighboring Gaussian beams,

(3.1) Ve(t,y) = Z(n,e€) Yap(t,y; Xo)dXo,
Q(0)

where

Q(0) = {Xo, x0 €supp(Ain), po € range(9,Sm(z))}
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628 HAILIANG LIU AND JAMES RALSTON

is an open domain in phase space from which we construct initial Gaussian beams
from the given data. The normalization parameter Z(n, €) is determined by matching
the initial data o(y) so that

[tho(-) =40, )| = 0, €—0.

By invoking the volume-preserving map X = X (¢, X() and its inverse Xy =
Xo(t, X), we obtain a phase space-based Gaussian beam ansatz

Ypap(t,y, X) = Yap(t, y; Xo(t, X)).

In this description, X = (x,p) is a fixed point in phase space (independent of ¢) and
the phase function for ¥ pgp is given by (2.16). As remarked earlier, since the map is
time dependent, the above phase space—based Gaussian beam ansatz is no longer an
asymptotic solution of the wave equation. We note that their superposition over the
moving domain X (¢,€(0)) remains a correct asymptotic solution.

(3.2) Ve (ty) = Z(n, ) /Q |, Branlty, X)ix

where
Qt) = X(¢,9(0)).

This can be seen directly by using change of variables to go back to the Lagrangian
superposition (3.1).

In what follows we will construct ) pap without reference to ¥gp. While we could
still recover ¢ from ¥ pgp by coordinate transformations, we can check directly that
superpositions of ¥ pgp are asymptotic solutions. This requires only the following two
lemmas.

LEMMA 3.1. For any smooth f(t, X) and divergence-free velocity field V', one has

d f(t, X)dX :/ [0:f + Vx - (fV)]dX.
X (£,9)

(3.3) °
dt Jx .0

Our estimates are consequences of the following elementary lemma.

LEMMA 3.2. Assume that Im(®(t,y, X)) > cly — z|?, ¢ > 0, and the Lebesqgue
measure of the initial domain |Q(0)] is bounded. Let B(t,y, X) be a smooth function,
satisfying

Bl < Cly—=[*, k>0
Then we have

n

IO
L3

/ B(t,y, X)e®tv-X)/eqx
)

Proof. Using Minkowski’s integral inequality we have

<(/
Yy
. 1/2
S/ (/|B|26—21m(¢)/edy> dx
Q@) \Vy

, 1/2
<C </ |y _ x|2k672c\y71\ /edy> dX,
Q@) \Vy

9 1/2

B(t,y, X)etv-X)/egx dy

Q(t)

/ |B|e—1m(<§)/edX
Q(t)

2
Ly
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RECOVERY OF HIGH FREQUENCY WAVE FIELDS 629

continuing the estimate with the stretched coordinates y — x = ¢'/?y/, and changing
from y to y’ in the integral

1/2
gc/ e5tH </ ly’lz’“e""c'y”dy’) dX
Q(t) ’
1/2
= cloieht? ( [t ray)

which when using [Q(¢)| = [©2(0)| proves the result. O

The normalization parameter needs to be chosen to match the initial data. For
example, if initially Im(M;,) = BI, B > 0, then we need to arrange to match the
initial data against exp(—3|r — y|?/€). That accounts for

-1 ﬁ n/2
(34) Z(n’e) = </ ey'Im(Min)y/(25)dy) = (—) ~ 67”/2
y 2me

in dimension n. Taking the Schrodinger equation as an example, we obtain the fol-
lowing.

THEOREM 3.3. Let P be the linear Schré’dinger wave operator of the form P =
—iedy + H(y, —iedy), where H(y,p) = ‘p‘ + V(y), and ¢ is defined in (3.2) with
Im(M) being positive definite, and Z(n,e) ~ e 2 If Ay, € C3(RM), Siy € C3(R™),
and V € C(R™), then ¢ is an asymptotic solution and satisfies

(3.5) 1P (2, Iz < 19(0)]e3 %

Proof. We apply the operator P to both sides of (3.2) to obtain

ZPf] = (—iedy + H(y, —icd,)) / | Praslty X)ix

(3.6) = / [P[YpeB] —ieVx - (vpep)] dX.
Q(t)
By a straightforward calculation it follows that
P[wPGB] —icO, A (t X) z<I>(tyX)/e+AP[ id( tyX)/e]

_ iB(ty.X) e

L ) A
A[0,® + H(y,0,®)] — ie <atA + ETr[ag(I)])

The transport term in the integrand gives
—iGVX . (VwPGB) = eii(t,y,X)/e [—iev . VXAA + AU . Vx‘i)} .

Putting everything together, we have
(3.7)

[P—ieVx -v](Ypep) = ei®(t,y,X) /e

A[L[®] + H (y, 8, ®)] — ic <L[A] + émag«i]ﬂ .

Using 0, ® = M (t, X) and that A is a globally bounded solution to (2.20), we see that
the O(e) term vanishes. From (2.16) it follows that 9,® = p + M (y — ),

£18] = £18] ~ |pf? ~ 0.V (@) - (y — ) + 3y — @) - LTy — 2) — p- N (y — 2),
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630 HAILIANG LIU AND JAMES RALSTON
and
H(y,0,8) = V(y) + glp-+ M(y — )P
= Hlz.p) + V{y) ~ V(&) +p- By — ) + 3y — o) 52y — ).

From (2.18) we have £[S] = |p|> — H(x,p), and (2.19) yields £[M] = —d2V (z) — M>.
These together lead to
(3.8)

LI®]+H(y,0,8) = V(y)—V(ﬂr)—an(x)'(y—ﬂf)—%(y—ﬂf)-aiV(ﬂf)(y—w) = O(ly—zl).

Here the difference between V (y) and its Taylor expansion about x is evaluated, and
the estimate is ensured by the assumption V € C3(R?). Consequently, using Lemma
3.2 with k = 3,

1P las S Z(n,0)|Q0)|ed

which with (3.4) leads to the desired estimate. O

Remark 3.1. The divergence term in the integral in (3.6) gives an alternative
way of seeing that the phase space superposition is an accurate solution of the PDE.
It integrates to zero when the support of the beam superposition does not touch the
boundary of the integration domain, and hence we verify the accuracy without going
back to the Lagrangian superposition.

We now obtain the following estimate.

THEOREM 3.4. Given T > 0, let ¢ be the solution of the Schridinger equation
subject to the initial data 1o, let 1€ be the approzimation defined in (3.2) with Im(M;y,)
being positive definite, and let |Q0)| < co. If Ain € C§(R™), Sin € C*(R™), and
V € C}(R"), then there erxists a normalization parameter Z(n,e) ~ ¢ ™2 and a
constant C' such that

1@ =)t llas < 195(0,) = Yun ()22 + CIAO) 3

fort €[0,T].
Proof. Let e := )¢ — 1); then from P[¢] = 0 it follows that

Ple] = P[y*] = P[y] = P[¢°].

A calculation of [, [ePle] — ePle]]dy = ie [, [e[*dy leads to

d
e [lettwPdy=2 [ 1n( PRy < 2t )ze - [Pl
y y
Hence 2 |le(t, )|z < L[| P[¥*](,")|| 12 Integration of this inequality over [0,#] gives

B9 el < e + 1 [ NP sdr, ¢ e 0.T)

When combined with the estimate for P[¢¢] in (3.5), this gives the desired result. O
Remark 3.2. The approximation error comes from two sources: initial error
and evolution error. To improve accuracy one has to enhance the accuracy for both.
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RECOVERY OF HIGH FREQUENCY WAVE FIELDS 631

The evolution accuracy can be improved by obtaining more phase space-based mea-
surements such as higher order derivatives of phase and amplitude, which will be
sketched in section 5.

Remark 3.3. In phase space the tracking of the beam propagation is lost in the
Gaussian beam ansatz, but has been recorded through the moving domain (¢), which
can be traced back to £2(0).

4. Control of the initial error. Let K(z,7) = We E be the usual heat

kernel, satisfying limit, oK (z,7) = §(x) as distributions on R™. Then
/K(x—y,T)dx =1 Vr>0, yeR".

For highly oscillatory initial data we have

o) = An)e' S0 = [ eSO K (2= 5 o

Both the phase and amplitude in the integrand can be approximated by their Taylor
expansion when |z — y| is small, say |z — y| < €/3, and the integral will then be
O(exp(—c/€'/?)) with some ¢ < § outside this neighborhood. Let T?#[f](y) denote
the jth order Taylor polynomial of f about z at the point y. Then

(4.1) Pinly / Au(@)e IS (2 =3, £) o

which tends to i, as € — 0.

Indeed, the approximate accuracy is ensured by the following result by Tanushev
[33].

LEMMA 4.1. Let Sy, € C**2(R") be a real-valued function, let Ay, € CE(R™),
and let p € CE(R™) be such that p > 0, p = 1 in a ball of radius § > 0 about the
origin. Define

"/Jm( ) = ln(y)eisin(y)/E’
N — ol — NTE A 1T [Sin] ()] _a &
v(y;w) = p(y — )T [Ai](y)e= "+ K(z-y.3).

‘ Yin() — / L

Remark 4.1. We note that for the case k = 1 the cutoff function p is unnecessary,
and it can be shown that the initial approximation error remains of order €!/2. How-
ever, a cutoff function is certainly important when one is building beams of higher
accuracy because the higher order terms in the Taylor expansion of the phase can
change the sign of its imaginary part when one does not stay close to the central ray;
see section 5.

We take the above approximation in (4.1) as initial data for ¢(0,y) and rewrite
it as follows:

(4.2)

60,9) = Z0.6) | pen(0.9. )50~ VaSu(@)dX, Z(n,e) = ———.
Q(0) (2me)

INIEg

Then

k
2

Se2, k>1

L2

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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with A;, = A (), S, (X) = Sin(x), and Min(X) = 02Sin(z) +il. The above lemma
ensures that

(43) in () =40, 2 S V2

In order to track the deformation of the surface p — V,Sin () = 0 as time evolves, we
introduce a function w = w(t, X) such that

(4.4) Llw]=0, w(0,X)=p—VySn(x).

For smooth Hamiltonian H (z,p), w remains smooth once it is initially so. A modified
approximation is defined as

(45) ¢€(tay) = Z(n,e) wPGB(taan)é(w(th))an
Q(t)
which has taken care of the Dirac delta function in (4.2). We then have the following
theorem.
THEOREM 4.2. If assumptions of Theorem 3.3 are met, then v defined in (4.5)
is also an asymptotic solution, satisfying

(4.6) P[] (t, )2 S lsupp(Ain)|e? %,

Proof. Using the volume-preserving map of X = X (¢, Xy) and w(¢t, X (¢, Xo)) =
w(0, Xp), we have

V(t,y) = Z(n,e€) /Q(O) Yrap(t,y, X (t, Xo))d(w(t, X (t, Xo)))dXo

= Z(n,e€) 000, Yap(t,y; Xo)o(w(0, Xo))dXo

= Z(n,e) )wGB(tafﬁ X0)d(po — VaSin(20))dXo
Q0

= Z(n, 6)/ Yap(t,y; vo)dxg.
supp(Ain)

Here for simplicity we use only ¢ in the integrand instead of Xo = (g, V4 Sin(20))-
According to the Gaussian beam construction, the ¥ap(t,y; xo) are asymptotic solu-
tions for each xg, and thus superpositions of them in x( are asymptotic solutions. It
remains to verify the claimed estimate. First we see that

47 PRt (tLy)] = Z(n.e) / Pliban(t, y; z0)ldzo

supp{Ain}
= Z(n, e)/ Aty 20)G(t, y; w0 ) e P BT e
supp(Ain)

Here G(t,y; x0) = G(t,y, X (t, 0, V4 Sin(x0))), which from (3.8) has the estimate

We now repeat an estimate similar to that in the proof of Lemma 3.2 with & = 3, to
obtain
343

(4.8) < [supp(Ain)|e

Ly

/ A(t; m0)G(t, y; o) tvim0) e g
Supp(Ain)
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Hence
34 n
[P[e](t, )2 S Z(n, €)[supp(Ai)|e2 "7,

which with (3.4) leads to the desired estimate. O

Plugging estimates (4.3) and (4.6) into (3.9), we arrive at our main result.

THEOREM 4.3. Given T > 0, let ¢ be the solution of the Schridinger equation
subject to the initial data vy, = Apme™@/¢ and let © be the first order approz-
imation defined in (4.5) with initial data satisfying Sim(X) = Sm(z), Miy(X) =
028 () + iI, and Ain(X) = Apn(z) with |supp(Aim)| < oco. If A € C3(R™),
Sin € C3(R™), and V € CZ(R™), then there exist a normalization parameter Z(n,e)
and a constant C such that

(@ =)(E,)llL2 < [supp(Ain)le

Nl=
w3

fort €[0,T].

Remark 4.2. The exponent 1/2 reflects the accuracy of the Gaussian beam in
solving the PDE. It will increase when one uses more accurate beams. The exponent
—7% indicates the blow-up rate for the worst possible case due to caustics. Of course,
if the nature of the caustic were a priori known, it would be possible to obtain a better
convergence rate by taking the caustic structure into account.

5. A closer look at caustics.

5.1. Schur’s lemma. Instead of using the Minkowski inequality we shall use
Schur’s lemma to see how caustic structure may be used to obtain a better estimate.
Recall Schur’s lemma: If [Tf|(y) = [ K(z,y)f(z)dz and

sw, [ K@olty =i s, [ 1K@l = s
Y T
then

ITfllL2 < /C1Ca| fl 2
Proof. We have by Schwartz

7)) < </|Ka:y|f dx) < [ 1K@t [ |Gl

< [ 1K@ y)lfo)d.

So integrating both sides in y and taking the square root gives the result. d
We now apply Schur’s lemma to the left-hand side of (4.8). So for simplicity

[Tfl(y) = / At 20)G(t, y; w0 ) Ev30) <y
Supp(A,n)

where the imaginary part of ®(¢,y;x¢) is bounded below by ¢I, and for convenience
we will assume that |G| < |y — x(¢,z0)|¥. Then one can apply Schur’s lemma with

clzsupzofly—w,xon e/l W“‘dy—e”g/Izw —lel g,
Yy
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Calt, ) =sup, [ [y altao)|te et g,
)

In general one does not know what Cs (¢, €) will be. As long as A has compact support
Cs will be at least bounded by ce*/2. Thus the error in L? norm will be bounded by
ceb/2tn/4 a5 shown in (4.8) with the Minkowski inequality.

5.2. An example with remarkable accuracy. Below we illustrate that a bet-
ter convergence rate can also be obtained for the Schrédinger equation with quadratic
potential and quadratic phase. We consider the solution of

2
ied) =~ A, yER,

with the initial data (0, y) = exp(—i|y|?/(2¢)). Then

i 2
blt) = (1= 0 exp (-5 ).

This solution becomes a multiple of the d-function at ¢ = 1. This suggests solving
the free Schrédinger equation with initial data i = g(y)exp (—ily|?/(2¢)), where
g € C*(R"™), and evaluating the solution at ¢ = 1. Using the Fourier transform one
may express the solution as

1 )
P(t,y) = Cmicty 2 /wo Yin(z0) exp <2—6t|y - xo|2) dz.

Evaluating at t = 1, we have

1 ) , .
P(l,y) = 73 / g(xo)eﬂy»wo/edxoez\y\2/(2e) _ ce*”/Zg(y/e)eﬂyF/(%),
zo

(2mie)
where ¢ = e~™/* and § is the Fourier transform of ¢, defined by

1

g = @ /g(xo)e_img'gdﬂﬁo-

It is easy to verify that

91, )2 = 140, )l L2

—"/2 pear y = 0, but goes rapidly to zero

As e = 0, ¥(1,y) diverges (pointwise) like €
away from y = 0.

We now build a superposition of Gaussian beams approximation for the solution
of the same problem. For the Gaussian beam superposition, the phase defined by

(2.12) is

)|$0|2
2

pi—1 |Z/—330(1—t)|2.

D(t, y;w0) = (t =1 1+ (Bi— 1)t 2

—y o+ |zol* (1 —t) +

_ l=ol?

Here we are using the ray (z,p) = (zo(1—t), —x¢) obtained from (2.8); S 5 (t—1)

obtained by solving (2.9) with Si, = —|z¢|?/2; and M = %I from solving (2.10)
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with M, = (Bi — 1)I. Note that we have chosen 5 > 0 for the initial beam width.
For the amplitude we get

(1+ (8i — D)™ 2A(t, 2o(1 — 1)) = A0, 20) = (o).

So, setting y(t; xo) = (1 — t)xo, we obtain

Alt,y(ts20)) = (L+ (Bi — 1))~ ?g (o).

If we do the superposition with the normalization, we end up with

“(t,y) = i " 1 i — 1)t 2 g(wg) et Ym0/ € .
vt = (=) [ [+ 6= () 0

If we evaluate that at ¢t = 1, it becomes

n/2 .
¢E(17y): <£> / [ﬂz] n/2 ( )e;'[ y-zo +13 \2\ ]dxo

2Te o

= ce 24y /e)e B DIvI/(28e)
— g[z(l,y)e"y' /(2B€)

This shows that at the caustic y = 0, both become the same. We can see the error
Y(l,y)(l—e —lyl? /(289)) when measured in L? norm:

e_”/ g (E) f (1 _ e—\y\?/(fwe))z dy
€
= 13 (1= /e g,
That implies the following:

(a) For any g € L? the Gaussian beam approximation converges to the true
solution (at ¢ = 1), but there is no uniform estimate on the difference in terms of the
L? norm of g (an example of strong but not uniform convergence).

)IE [1a(2)*(1 + |2[*)2dz < oo, ie., if g € H?, then the norm of the difference
is O(e)

Actually, in the current example it can be verified that the evolution error is zero,
so the initial error should propagate in time. If we look at the initial error of the
Gaussian beam approximation, we have

n/2 , 2
0. = w0091 = [ () [ stamle ez — gty
Y Zo

_ (LY /

2me y

Set K (y) = (27T )M/ 2e” sl Direct integration shows that K = (27r)’”/2e’6‘5‘2/(26).
If we apply Parseval’s theorem, we obtain

150, ) = (0,172 = llg — (2m)" 23 - K|

2
(5.1) _ /|g () (1= 1) gz,

[9(1,) = (1, )12

dy

2
dy.

/ (g(x0) — g(y))e 200 da

Zo
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which is the same error as that evaluated at t = 1. We point out that for the initial
phase of general form, the initial error is still O(¢'/2?) unless a higher order expansion
of the phase is used.
There are two conclusions that one can draw from the preceding.
THEOREM 5.1. Under the assumptions of Theorem 4.3 and the assumption that
the potential is a quadratic function, then for t € [0,T] we have the following:
o If Sy is a quadratic function and A, € H?,

(¥ =)t )l S e
o If Sy, € C? and Ay, € CF,

(= ) ()l S €2,
Proof. Tt follows from (3.8) that for quadratic potentials
Pyl =0.

Then the total error is governed by the initial error only. For quadratic potentials
and A;, € H?(R™) we obtain the O(¢) error as shown in (5.1). For the general phase
function the claim follows from Lemma 4.1 with k£ = 1. O

6. Higher order approximations. The accuracy of the phase space-based
Gaussian beam superposition also depends on accuracy of the individual Gaussian
beam ansatz. Gaussian beams can be constructed to satisfy the Schrédinger equation
modulo errors of order €V, for arbitrary N, by computing higher order terms in the
spatial Taylor series for the phase and amplitude about the central ray. If we refer to
the construction in previous sections as the first order Gaussian beam solution, then a
kth order Gaussian beam solution will include the Taylor series up to (k4 1)th order
for the phase, and (k — 1 — 21)th order for the lth amplitude A, for I =0,..., [552].

Let X = X(t; Xo), with x = x(¢; Xo), denote the bicharacteristic at time ¢ > 0,
which originates from Xy. Following [33] we define the kth order Gaussian beams as
follows:

L2 )
(61) drantas Xo) = ply o0, X0) | Y- et Xo) | exp (200,05 X0)).
=0

where p is a cutoff function such that on its support ® still has a positive imaginary
part. The phase is determined as

1
q)(tay7X0) = Z a(y—x(t,XO))aafj‘(I)(t,a:(t,XO)),
la|<k+1

where 0,®(t,x(t, Xo)) = p(t,Xo), @, 2(t,Xo)) = St Xo) from (2.9), and
D2®(t, x(t, Xo)) = M(t, Xo) from (2.10). For 3 < |a| < k+1, 95®(t, x(t, Xo)) are
permutable families. The amplitude is given by

Aty Xo)= > i!(y—x(t,XO))aagAl(t,x(t,Xo)).

|| <k—1—21

The equations for these phase and amplitude Taylor coefficients are derived recur-
sively, starting with the phase and then progressing through the amplitudes. At each
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stage (phase function, leading amplitude, next amplitude, etc.) one has to derive the
Taylor series up to sufficiently high order before passing to the next function in the
expansion (see the appendix).

By invoking the volume-preserving map X = X (¢, Xy) and its inverse map de-
noted by Xo = Xo(t, X), we obtain a phase space-based kth order Gaussian beam
ansatz

Yrpa(t,y, X) = Yras(t, y; Xo(t, X)).

Beyond the first order Gaussian beam components, all Taylor coefficients 0;'® for
|a] > 3 in phase space are replaced by m, (¢, X), satisfying a linear equation (8.1) in
phase space; and Taylor coefficients 9y A; for |a| > 1 in the amplitude are replaced
by flha, which can be obtained recursively by solving transport equations in phase
space; see the appendix for details.

Proceeding as previously, we form the superpositions:

(6.2) it y) = Z(n,e) /Q , Prren(t, X)o(u(t, X))ax

where Q(t) = X (¢,9(0)), and w(t, X) is the solution of the Liouville equation subject
to w(0,X) =p — VS ().

This gives a kth order asymptotic solution of the Schrédinger equation. More
precisely, we have the following theorem.

THEOREM 6.1. Let P be the linear Schridinger wave operator of the form P =
—iedy + H(y,—i€0y), where H(y,p) = @ + (y), and ¢° is defined in (6.2) with
Im(Miy,) = I and Z(n,e) = (2me)™"/2. If Ay € CE(R"), Sy € CF2(R™), and
Ve Cf”(R”), then ¥y is an asymptotic solution and satisfies

k _n
(6.3) PRIt 2 S [supp(Ain)|e2 174
Proof. Using the volume-preserving map of X = X (¢, Xo) and w(t, X (¢, Xo)) =
w(0, Xp), we have

1/)164 (tv y) = Z(?’L, 6) () YPGB (ta Y, X(tv XO))5(w(tv X(ta XO)))dXO

=Z(n,e) o) YraB(t,y; Xo)d(w(0, Xo))dXo

= Z(?’L,é) ( ¢kGB(t7y;XO)5(pO - szin(xO))dXO
Q(0)

= Z(nae)/ Yrar(t, y; To)dzo.
supp{Ain}
According to the Gaussian beam construction sketched in the appendix, ¥rap(t, y; o)

are asymptotic solutions for each zo, and thus ¢ (¢,y) is an asymptotic solution. It
remains to verify (6.3). First we see that

Pt )] = Z(n,¢) / Plibwan (t, y; z0)]dero.

supp{Ain}

k—1
Using (8.3) in the appendix with A replaced by p(y — x)[ZlL:?J T o [Al(w)]
and ® by T, [8](3), we have

co(t,y) = [0 T [P(y) + H(y, Vi T (21 (w)]ply — )T [Ao](y).
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Using T}, [®](y) = ®(y) + R, ,[®](y), where R}, denotes the remainder of the
Taylor expansion, and G(t,y) = 8;® + H(y, V,®) = O(Jy — z|**2), we can see that

lco(t,y)| < Cly — z[F+2.

Also using the construction for A; and their derivatives in the appendix, we are able
to show

et )| < Cly — 2|72,

where we have used the fact that differentiation of p vanishes in a neighborhood of x.
The use of the cutoff function ensures that we can always choose a small neighborhood
of x(t; ) so that

Im(T}%,, [®](y) > cly — .

Consequently, using Minkowski’s integral inequality,

9 1/2
L o B N
y |/ supp(Ain)
) 1/2
supp(Ain) y
k—1 1/2
, 57
<C /ef2c\yfw(t7wo)| /€ Z |y_x(t7x0)|2(k+272l)62ldy dzo.
Supp(Ain) Yy =0

If we introduce the stretched coordinates y — z(t; zg) = €!/2y’ and change y to v’ in
the integral, we see that the new integrand is bounded by

ks |y/|2(k+272l) exp (_2c|y/|2) '

Thus || P[Yg(t, )]l is bounded by Z(n, €)|supp(Ai,)|e2 1%, The desired estimate
then follows. O

In order to obtain an estimate of ||(¢5, — ¥)(¢,-)|| for any ¢t < T, all that remains
to verify is that the superposition (6.2) accurately approximates the initial data. For
t = 0, the approximation is as follows:

6(0.) = Z(n, ) /Q s (0., X)8((0, X)X

=Z(n,e) ( )¢kGB(ana X0)d(po — Vo Sin(x0))dXo
Q0

= Z(n,e)/ Yrar(0,Y, 2o, VaSin(zo))dzo,
suppAin

where

5160 (0,105 5in) = oty = ) [T Aul )] 30 (LTSl ) ) 10720,
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where we have taken Ay = A, and A; =0 for I > 1, 92®(0,z) = 03 S (x)(a # 2),
and 92®(0,x) = 825, (z) + il. From Lemma 4.1 we have that

[ = 9(0, )l > < €.

Thus our main result for kth order phase space Gaussian beam superposition is as
follows.

THEOREM 6.2. Given T > 0, let ¢ be the solution of the Schridinger equation
with V € CerZ(R”), subject to the initial data Vi, = Aine™Sn @)/ with Ay, € Ck(R™)
and Sy, € CF2(R™), and let 1€ be the kth order approvimation defined in (6.2) with
initial data chosen as described above with |supp(Ain)| < oco. Then there exists a
normalization parameter Z(n,e) ~ e¢~™? and a constant C' such that

w3

(€ = ) (8, ) 22 S [supp(Aim)|e?
fort€[0,T].

7. Computing Taylor coefficients of the phase via level set functions.
We now turn to construction of the phase space ingredients required for the approx-
imation. In order to identify a bicharacteristic curve in phase space, we introduce
a vector-valued level set function ¢ € R?" so that the interaction of zeros of each
component uniquely defines the target curve. In other words, we assume that

= {(th)a ¢(t7X) = ¢(0,X0)}

contains the bicharacteristic curve starting from X¢ = (xg,po) for any ¢t > 0; then ¢
must satisfy

¢(ta X(tv XO)) = d)(oa XO)
This is equivalent to the Liouville equation
(7.1) Llg(t, X)) =0,

where £ := 9+ V - Vx is the Liouville operator. The initial data can be simply taken
as

(7.2) $(0,X) = X — X,.

Then the curve I is globally determined by the zero set of a vector level set function
¢ = (¢1,02)". }

For the construction, S can be solved from (2.18); we are then left to determine
M, followed by solving (2.20) to obtain A. Note that (2.19) is nonlinear in M, and
the solution might not exist for all ¢ > 0. The heart of the Gaussian beam method
is to choose complex initial data so that a global solution is guaranteed and satisfies
two requirements [28]:

(i) M =MT.

(ii) Tm(M) must be positive definite for all ¢ > 0.

7.1. Evaluation of the Hessian. We now show that this can be done via the
obtained level set functions ¢ € R?".

THEOREM T7.1. Let ¢ = (¢1,¢2)" with ¢; € R™ be the global solution of (7.1)
with the initial condition (7.2). We have the following:
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(a) E(kl(bl + kg(bg) =0 fOT’ any ki, ko € C.

(b) Set g := k11 + kacpa. If Im(k1ks) # 0, then gp is invertible for all t > 0.

(c) If Miy = —g2(gp)~i=0, then M = —g,(g,)~" for all t > 0.

(d) M satisfies (2.19) and (i). If Tm(k1/ko) < 0, then M satisfies (ii) too.

Proof. (a) This follows by noting that the Liouville operator is linear and all its
coefficients are real.

(b) By taking the gradients V, and V, of the Liouville equation L£(g) = 0,
respectively, we obtain the following equations:

(73) ‘C(gw) = Hacacgp - Hﬂcpgwa
(7.4) L(gp) = Hpzgp — HppGa-

The equation is understood to be satisfied by each matrix. Let B = %Tgw — g_ngp
be a complex matrix, and I an identity matrix; a direct verification shows that

L(B) = L(gy" ) — L(G=" 9p)
=Z(0) 9o+ Lg2) ~ L{ga) 0+ 75" L(gy)
=0.
Observe that B(0, X) = —2ilm(k1ko)I is a constant matrix. Thus for any ¢ > 0,
B(t, X (t,Xo)) = B(0, Xo) = —2iIlm(k ko)1

The condition Im(k;k2) # 0 ensures that g, must be invertible for all £ > 0. Otherwise

there would be a nonzero vector ¢ such that g,c = 0; hence ¢' Be = (gpc) " gzc = 0,
leading to a contradiction.
(c) Set Q@ = g; + Mg,. A calculation using (2.19), (7.3), and (7.4) gives

LIQ] = L(gz) + E(Mgp) = —(Hap + MHZD:D)Q'
If My, = —g2(gp)~" initially, then Q(0, X) = 0 for all X € R?>". Thus we have
Qt, X) =g« +Mgp =0.
This gives
M = _gw(gp)il

for all ¢ > 0 since g, is invertible.

(d) (i) Initially M;, = —Z—;I = M. Since M7 also satisfies (2.19), hence M =
MT.

(ii) With the definition of B, we have

B = _%TMQP "’g_pTMgp = _%Im[g_pTMgp]-

Initially we have g, = koI. This together with B(¢,X) = B(0,Xo) along I' gives
Im[g," Mg,] = |ko|*Im[M;,]. Note that Im[M,] is positive definite; hence Tm[M]
remains positive definite for all ¢ > 0. d

Remark 7.1. The formula M = —¢,(¢,) !, first derived in [10], plays an impor-
tant role in [10] in deriving the equation

L[f1=0
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for the quantity f(t, X) = |A(t, X)|? det(¢,), which remains globally bounded even
when ¢, becomes singular. We note that a complex level set function was used in [12]
to obtain a globally bounded Hessian.

Remark 7.2. Since the Liouville equation is geometric and homogeneous, for each
fixed Xy, the shift Xy in the level set function can be simply ignored and added back
whenever it is needed. In other words, we can take initial data ¢(0, X) = X; then the
curve I' can be represented as X level set:

I'={X, ¢tX)=X}

Remark 7.3. If we follow this construction, the initial data for Min then depends
on how we initialize the level set function ¢. If we take k; = 8 > 0 and ks = i, then
g = Bo1 +ida. If (¢1,¢2)(x, X) = (x,p), then M, = iBI. If pg is restricted to be
the phase gradient at z( initially, then the initial level set function can be chosen as
(61, ¢2)(0, X) = (z,p — V4 Sin(x)). This leads to M, = 82Siu(x) +iB1. In this case
¢2 is the function w(t, X) from (4.4).

7.2. Evaluation of higher order derivatives of the phase. Let G(t,y) =
0:® + H(y, Vy®). If one wants to have G(t,y) vanish to a higher order than two on
v, it is necessary to obtain higher order derivatives of ®. In the appendix we derive a
system of linear equations for m(t, X) = 0y ®(t, z(t, Xo)) on 7. We now show that
this again can be done through the vector-valued level set function ¢.

Differentiating ¢;(t,z, V,®) =0, 1 = 1,2, to an order of r > 3, we obtain

3 05,610, (058) + 3 C1apdl® + di =0

j=1 |Bl=r

for all multi-indices « of length r. Letting g = k1¢1+ko¢2, again using the invertibility
of g,, we can obtain

Va(ma) =—(gp)"" | D Canmn(t, X) + dq

[n|=r
We do this recursively, since the coefficients ¢, , = (6104777,...,0,1(,4,,7)T and d, =
(dias---5dna) " depend on all the partials up to order » — 1. Since g, is invertible,

the obtained derivatives remain bounded for all ¢ > 0.

8. Appendix. In this appendix we follow [29] to determine higher order deriva-
tives of phase and amplitude on ~, and we further derive phase space equations they
satisfy. From 0;'G = 0 on v with |a| > 3, we obtain

01(00®) + Hy, - Vo (050) + Y Candl® +do =0,
[nl=lcl
where ¢, and d, depends on 9y ® for |k < |a|. Using the Hamiltonian equations

d _ .
2T = Hp we obtain

(817(1)(t7 x(ta X0)7 XO)) + Z Ca)nagq)(t, 1‘(t7 X0)7 XO) +do=0

Inl=la|

4
dt
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on (t,x(t, Xo)). Following Lemma 2.1 we obtain a linear system of Liouville-type
PDE:s for partial derivatives mq (¢, X) of a fixed order:

(8.1) Lma] + Z CamMy +do = 0.
Inl=lc]
We solve the system (8.1) starting from |a| = 3, then || = 4, and so on until

|a] = k + 1 for kth order Gaussian beam solutions. Since equations are linear, we
have solutions defined for all ¢ > 0. This construction ensures that

(8.2) G(t.y) = O(ly —«|**?).

To determine the Taylor series of A;,1 =0,..., N, on 7, one proceeds as follows.
Define the coefficients c¢;(t,y) by

N+2 N
(8.3) PIAty)e ™= | 3 eity)e | e A=) Al
j=0 j=0

Then, with P = —ied; + H(y, —iedy), we obtain

CO(ta y) = G(tv y)AO;
c1(t,y) = —iLAg + G(t, y)Ax,
cl+l(tay):_iLAl+G(tay)Al+l +gla l:177N+17

where L is a linear differential operator with coefficients depending on ®,
1
L=0,+Hy Vy+ 5 [tr(Hyp) + tr(M Hpy(y, Dy))]

and g; = —%AyAl,l.

Thus to make P[] = O(e¥) for a given K € Z, we now only need to make c;
vanish on v to sufficiently high order. To do so we can solve the equations LA;+ig; = 0
recursively starting with { = 0 (go = 0), and solve it to arbitrarily high order by
solving the linear transport equations for the partial derivatives of A; that one gets by
differentiating the above equations. From the above procedure we see that the number
of terms, N, in the solution ansatz for kth order Gaussian beam approximation is
determined by the relation

k—1 kE+1
5 <N < 5
In other words, N = [£52| + 1. Actually, given that G(t,y) vanishes to order k + 1
on v, we can choose the Taylor series of Ag on v up to order k — 1 so that ¢; vanishes
to order k£ — 1 on 7. Passing to the higher order equations ¢;4; = 0, we see that we
can choose A; so that ¢;y1 vanishes on v to order k + 1 — 2(l + 1). Thus we need
2>k+1—-2N >0.
Thus for kth order Gaussian beam solutions, it is necessary to compute 8;041 for
o] <k—1-2I:

L&y Ao)+ > ( N ) 95~ L() Ao) = 0, |a]<k-—1,

Inl<lal
LEgA)+ > < @ )ag*"L(agAl) - %AyajAl_l =0,
Inl<lal K
lof <k—1-2[1=1,..., {%J
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Lifting the operator into the phase space, we can obtain 4, (t, X) recursively by solving

LAY =~ 2 [6(H,y) + (3T X) Hy 0. 9))] —

where £ is the Liouville operator. The same lifting can be applied to all involved

derivatives of the amplitude A; for I =0,..., L%J . This completes the construction

for all involved Taylor coefficients of both phase and amplitude.
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