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RECOVERY OF HIGH FREQUENCY WAVE FIELDS FOR THE
ACOUSTIC WAVE EQUATION∗

HAILIANG LIU† AND JAMES RALSTON‡

Abstract. Computation of high frequency solutions to wave equations is important in many
applications and notoriously difficult in resolving wave oscillations. Gaussian beams are asymptoti-
cally valid high frequency solutions concentrated on a single curve through the physical domain, and
superposition of Gaussian beams provides a powerful tool to generate more general high frequency
solutions to PDEs. An alternative way to compute Gaussian beam components such as phase,
amplitude, and Hessian of the phase is to capture them in phase space by solving Liouville-type
equations on uniform grids. Following [H. Liu and J. Ralston, Multiscale Model. Simul., to appear]
we present a systematic construction of asymptotic high frequency wave fields from computations
in phase space for acoustic wave equations; the superposition of phase space based Gaussian beams
over two moving domains is shown to be necessary. Moreover, we prove that the kth order Gaussian

beam superposition converges to the original wave field in the energy norm at the rate of ε
k
2
+ 1−n

4

in dimension n.
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1. Introduction. This paper is the continuation of our project, initiated in [3],
of developing a rigorous recovery theory for high frequency wave fields from phase
space based computations. Here we focus on the wave equation

Pu := [∂2t − c(x)2Δ]u = 0, (x, t) ∈ R
n × R,(1.1)

where c(x) is a positive smooth function, with highly oscillatory initial data

(1.2) u(x, 0) = Ain(x, ε)e
iSin(x)/ε, ut(x, 0) = Bin(x, ε)e

iSin(x)/ε.

The initial phase Sin ∈ C∞(Rn) and the amplitudes Ain, Bin ∈ C∞
0 (Rn) have the

following asymptotic expansions:

Ain : = A
(0)
in (x) + εA

(1)
in (x) + ε2A

(2)
in (x) + · · · ,(1.3)

Bin : = ε−1B
(−1)
in (x) +B

(0)
in (x) + εB

(1)
in (x) + · · · .(1.4)

The small parameter ε represents the typical wave length of oscillations of the initial
data. Propagation of oscillations of wave length ε causes mathematical and numerical
challenges in solving high frequency wave propagation problems.

In this article we are interested in the construction of globally valid asymptotic
wave fields and the analysis of their convergence to the true solutions of the initial
value problem. A general discussion of this problem and background references are
given in the introduction to [3]. We have two objectives:

∗Received by the editors June 8, 2009; accepted for publication (in revised form) October 13,
2009; published electronically December 18, 2009.

http://www.siam.org/journals/mms/8-2/76159.html
†Mathematics Department, Iowa State University, Ames, IA 50011 (hliu@iastate.edu). This au-

thor’s research was partially supported by the National Science Foundation under Kinetic FRG grant
DMS07-57227 and grant DMS09-07963.

‡Mathematics Department, UCLA, Los Angeles, CA 90095 (ralston@math.ucla.edu).

428



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

RECOVERY OF HIGH FREQUENCY WAVE FIELDS 429

(i) to present the construction of asymptotic solutions as superpositions over
phase space;

(ii) to estimate the difference between the exact wave fields and the asymptotic
ones.

The construction for (i) is based on Gaussian beams (GBs) in physical space con-
structed similarly to those given for wave equations in [6], but here the construction
is carried out by solving inhomogeneous Liouville equations in phase space. The
phase space construction of the beam components (the Hessian of the phase and the
amplitude) is essentially the same as in [3], and its relation to the constructions in
[1] and [2] is discussed in the introduction to [3]. While the result is no longer a
superposition of asymptotic solutions to the wave equation (1.1), the superposition
is nonetheless asymptotic. We consider superpositions over two subdomains moving
with two Hamiltonian flows, respectively, and show that they are asymptotic solu-
tions by relating them to the Lagrangian superposition through two time-dependent
symplectic changes of variables. An argument of this type was used for the Helmholtz
equation in [2].

For (ii), as in [6], we use the well-posedness theory for (1.1), i.e., the continuous
dependence of solutions of Pψ = f on their initial data and f . Thus, the sources of
error in the GB superposition for the initial value problem are the error in approxi-
mating the initial data and the error in solving the PDE. There are some differences
between the acoustic wave equation and the Schrödinger wave equation. For example,
the caustics that can form for the acoustic wave equation are not as strong as some
that can form for the Schrödinger equation.

In summary, our phase space based GB superposition is expressed as

(1.5) uε(t, y) = Z(n, ε)

[∫
Ω+(t)

u+PGB(t, y,X)dX +

∫
Ω−(t)

u−PGB(t, y,X)dX

]
,

where X = (x, p) denotes variables in phase space R
2n, Ω(0) is the domain where we

construct initial GBs from the given data, and Ω±(t) is the image of Ω(0) under the
Hamiltonian flow forH(x, p) = ±c(x)|p|. The functions u±PGB(t, y,X) are constructed
using the phase space based GB Ansatz, and Z(n, ε) ∼ ε−n/2 is a normalization
parameter. Our result shows that for the kth order phase space GB superposition,
the following estimate holds:

(1.6) ‖(uε − u)(t, ·)‖E � ‖uε(0, ·)− uin(·)‖E + |Ω(0)|ε k
2+

1−n
4 ,

where ‖e‖2E := ε2

2

∫
Rn [c

−2|et|2 + |∇xe|2]dx. Here and in what follows we use A � B
to denote the estimate A ≤ CB for a constant C which is independent of ε.

For the initial data of the form (Ain(x, ε), Bin(x, ε))e
iSin(x)/ε we need a superpo-

sition over an n-dimensional submanifold of phase space. The asymptotic solution is
then represented as

(1.7) uε(t, y) = Z(n, ε)

[∫
Ω+(t)

u+PGBδ(w
+)dX +

∫
Ω−(t)

u−PGBδ(w
−)dX

]
,

where w± is obtained from the Liouville equation

∂tw +Hp · ∇xw −Hx · ∇pw = 0, w(0, X) = p−∇xSin(x),

with H(x, p) = ±c(x)|p|, respectively. Our result shows that

(1.8) ‖(uε − u)(t, ·)‖E � ε
k
2+

1−n
4 .
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430 HAILIANG LIU AND JAMES RALSTON

Here the exponent k/2 reflects the accuracy of the GB in solving the PDE. It will
increase when one uses more accurate beams. The exponent 1−n

4 indicates the damage
done by the caustics.

We now conclude this section by outlining the rest of this paper: in section 2
we start with GB solutions in physical space and define the phase space based GB
Ansatz through the Hamiltonian map. Section 3 is devoted to a recovery scheme
through superpositions over two moving domains. The total error is shown to be
bounded by an initial error and the evolution error of order ε(3−n)/4. Control of
initial error is discussed in section 4. Convergence rates are obtained for first order
GB solutions in section 5. In section 6 we present an example to illustrate these
constructions. Extensions to higher order GB approximations are given in section 7.

2. Phase space based GB Ansatz. As is well known, the idea underlying
GBs [5] is to build asymptotic solutions concentrated on a single ray path in Rt×R

n
x .

This means that, given a ray path γ parameterized by (t, x(t)), one makes the ansatz

(2.1) uε(t, y) = A(t, y, ε)eiΦ(t,y)/ε,

where Φ(t, x(t)) is real, and Im{Φ(t, y)} > 0 for y �= x(t). The amplitude is allowed
to be complex and has an asymptotic expansion in terms of ε:

A(t, y, ε) = A0(t, y) + εA1(t, y) + · · ·+ εNAN (t, y).

We wish to build asymptotic solutions to Pu(t, y) = 0; i.e., we want Puε = O(εM ).
Substituting from (2.1) and grouping terms multiplied by the same power of ε, we
obtain the equations of geometric optics:

(2.2) P [A(t, y, ε)eiΦ(t,y)/ε] =

⎛
⎝ N∑

j=−2

cj(t, y)ε
j

⎞
⎠ eiΦ(t,y)/ε,

where, for G(t, y) = |∂tΦ|2 − c2|∇yΦ|2,
c−2(t, y) = −G(t, y)A0,

c−1(t, y) = 2iLA0 +G(t, y)A1,

cl−1(t, y) = 2iLAl +G(t, y)Al+1 + P [Al−1], l = 1, . . . , N − 1.

Here L is the linear differential operator:

L = Φt∂t − c2∇yΦ · ∇y +
1

2
P [Φ].

Since eiΦ/ε decays rapidly away from γ, to make P (AeiΦ/ε) = O(εM ) for a given
M ∈ Z, we need only make cj vanish on γ to sufficiently high order. In this work
we discuss mainly the lowest order GB solutions, followed by an extension to higher
order GB beam superpositions in section 7.

We begin with c−2 = 0, i.e., G = 0. This leads to two eikonal equations

(2.3) ∂tΦ +H(x,∇xΦ) = 0, H(x, p) = ±c(x)|p|.
The leading amplitude solves

(2.4) ∂tA+Hp · ∇xA =
AP [Φ]

2H(x,∇xΦ)
.
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We continue to denote the phase space variable as X = (x, p) and let X0 = (x0, p0)
denote the initial state. Then the equations for the bicharacteristics X = X±(t,X0)
originating from X0 at t = 0 are

(2.5)
d

dt
X(t,X0) = V (X(t,X0)), X(0, X0) = X0.

The vector field V = (Hp,−Hx) is divergence free, and hence this flow preserves the
volume on phase space.

From now on we include the initial data X0 as a parameter in the phase Φ =
Φ(t, y;X0) and the amplitude A = A(t, y;X0). We apply Taylor expansion of the
phase Φ and the amplitude A about y = x(t,X0) to obtain
(2.6)

Φ(t, y;X0) = S(t;X0)+p(t,X0)(y−x(t,X0))+
1

2
(y−x(t,X0))

�M(t;X0)(y−x(t,X0)),

with p(t,X0) = ∂yΦ(t, x(t,X0);X0) and

S(t;X0) = Φ(t, x(t,X0);X0), M(t;X0) = ∂2yΦ(t, x(t,X0);X0).

For the amplitude we set A(t, y;X0) = A(t;X0) with A(t;X0) = A(t, x(t,X0);X0).
Then we get the equations along the curve γ for S

d

dt
S(t;X0) = 0, S(0;X0) = Sin(x0)(2.7)

and the Hessian M

(2.8)
d

dt
M(t;X0) +Hxx +HxpM +MHpx +MHppM = 0, M(0;X0) =Min(x0).

Note that (∂tΦ)
2 − H2 = G(t, y) will vanish to second order on y = x(t,X0) if

∂tΦ + H = 0 vanishes to second order on y = x(t,X0). Equation (2.8) combined
with p(t,X0) = ∂yΦ(t, x(t,X0)) implies that ∂tΦ + H vanishes to second order on
y = x(t,X0).

Using the eikonal equation ∂tΦ+H(x,∇Φ) = 0 twice, we see that

P [Φ] = ∂t[−H(x,∇Φ)]− c2ΔΦ = Hp ·Hx +HpMHp − c2Tr(M).

This with (2.4) shows that the amplitude along the ray, A(t;X0), satisfies

(2.9)
d

dt
A(t;X0) =

A

2H

[
Hp ·Hx +HpMHp − c2Tr(M)

]
, A(0;X0) = Ain(x0).

We have introduced this form of the transport equation because it is easier to trans-
late to Eulerian coordinates. The essential idea behind the GB method is to choose
some complex Hessian Min initially so that M remains bounded for all time and its
imaginary part is positive definite. Equation (2.9) shows that the amplitude A(t;X0)
will also remain bounded for all time.

The above construction ensures that the following GB Ansatz is an approximate
solution:

uGB(t, y;X0) = u+GB(t, y;X0) + u−GB(t, y;X0),
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where

u±GB(t, y;X0) = A±(t;X0) exp

(
i

ε
Φ±(t, y;X0)

)
,

where both A±(t;X0) and Φ±(t, y;X0) are computed from (2.9) and (2.6) with H =
±c(x)|p|, respectively.

Here A±(0;X) are to be chosen so that a superposition will match the initial data

(u, ut)|t=0 = (Ain, Bin)e
iSin/ε

to leading order. For this matching we need (for X = (x,∇Sin(x)))

A+(0;X) +A−(0;X) = A
(0)
in (x),

i

ε
A+(0;X)∂tΦ

+(0, x;X) +
i

ε
A−(0;X)∂tΦ

−(0, x;X) =
1

ε
B

(−1)
in (x).

In the second relation we took only the leading term in e−iSin/εut. Since the two
Hamiltonians have different signs,

Φ±(0, x;X) = Sin(x) and ∂tΦ
±(0, x;X) = ∓c(x)|∇xSin(x)|,

the second relation gives

(2.10) A+(0;X)−A−(0;X) =
iB

(−1)
in (x)

c(x)|∇xSin(x)| .

Hence solving for A± we have

(2.11) A±(0;X) =
1

2

(
A

(0)
in (x)± iB

(−1)
in (x)

c(x)|∇xSin(x)|

)
.

Note that we could simplify the superposition by taking some special initial data such

that B
(−1)
in (x) = −iA(0)

in (x)c(x)|∇Sin(x)|. The advantage of these special choices is
that we do not need a sum of two Gaussians to approximate the solution. We also

note that for given initial Bε
in of order O(1), i.e., B

(−1)
in = 0, we see that A±(0;X) =

1
2A

(0)
in (x).

3. Recovery of the high frequency wave fields. Since the wave equation
we consider is linear, the high frequency wave field u at (t, y) in physical space is
expected to be generated by a superposition of neighboring GBs

(3.1) uε(t, y) = Z(n, ε)

∫
Ω(0)

uGB(t, y;X0)dX0,

where Ω(0) is a bounded open set containing

{X0 : x0 ∈ supp(Ain) ∪ supp(Bin), p0 ∈ range(∂xSin)}.

The normalization parameter Z(n, ε) ∼ ε−n/2 is determined by matching initial data
against the Gaussian profile.
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Since the flows X±(t;X0) are volume preserving in phase space,

det

(
∂X±(t,X0)

∂X0

)
= 1.

Using X = X±(t,X0) and their inverses X0 = X±
0 (t,X), we obtain our GB Ansatz

in phase space

u±PGB(t, y,X) := u±GB(t, y;X
±
0 (t,X)).

From (3.1) it follows that

uε(t, y) = Z(n, ε)

∫
Ω(0)

[
u+GB(t, y;X0) + u−GB(t, y;X0)

]
dX0

= Z(n, ε)

[∫
Ω+(t)

u+PGB(t, y,X)dX +

∫
Ω−(t)

u−PGB(t, y,X)dX

]
,(3.2)

where

Ω±(t) = X±(t,Ω(0)).

Each phase space GB has the form

(3.3) uPGB(t, y,X) = Ã(t,X) exp

(
i

ε
Φ̃(t, y,X)

)
,

where

(3.4) Φ(t, y,X) = S̃(t,X) + p · (y − x) +
1

2
(y − x)�M̃(t,X)(y − x).

Note that though u±PGB(t, y,X) are no longer asymptotic solutions of the wave equa-
tion in (t, y), their superpositions over the moving domains Ω±(t) in X remain asymp-
totic solutions.

Let L be the Liouville operator defined by

(3.5) L := ∂t + V · ∇X .

If w̃(t,X) is the phase space representative of w(t;X0) in the sense that w(t;X0) =
w(t,X(t,X0)) for any t > 0, then

d

dt
w(t;X0) = Lw̃(t,X).

Hence from the Lagrangian formulation of equations for (S,M,A) in (2.7), (2.8), and
(2.9) we obtain PDEs for (S̃, M̃ , Ã):

L(S̃) = 0, S̃(0, X) = Sin(x),(3.6)

L(M̃) +Hxx +HxpM̃ + M̃Hpx + M̃HppM̃ = 0, M̃(0, X) =Min(x),(3.7)

L(Ã) = Ã

2H

[
Hp ·Hx +HpM̃Hp − c2Tr(M̃)

]
, Ã(0, X) = Ain(x),(3.8)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

434 HAILIANG LIU AND JAMES RALSTON

where H(x, p) = c(x)|p| or H(x, p) = −c(x)|p|. The heart of the matter is (3.7). It
is known from [4] that if Min is symmetric and the imaginary part of Min is posi-
tive definite, then a global solution M̃ to (3.7) is guaranteed and has the following
properties:

(i) M̃ = M̃T , and
(ii) Im(M̃) is positive definite for all t > 0.
There are several ways of computing M̃ . Following [1] (see also [3, section 7]), we

use a level set method to construct the Hessian:

(3.9) M̃ = −gx(gp)−1,

where g = φ1(t,X) + iφ2(t,X) with φi obtained by solving the Liouville equation

L(φ) = 0.

From the well-posedness theory of the wave equation we have the following.
Lemma 3.1. Let u satisfy P [u] = 0 in [0, T ]×R

n with (u, ut) given at t = 0, and
let uε be an asymptotic solution. Then the error e = uε − u satisfies

(3.10) ‖e(t)‖E ≤ ‖e(0)‖E + ε

∫ t

0

∥∥c−1P [uε]
∥∥
L2 dτ,

where ‖e‖E =
√
2E and

E :=
ε2

2

∫
Rn

[
c−2|et|2 + |∇xe|2

]
dx.

Proof. Since we start with the data with compact support, at any finite time the
support of the solution remains bounded (due to finite speed of propagation for the
wave equation).

Let e = uε − u. Then from P [u] = 0

P [e] = P [uε]− P [u] = P [uε].

We now have

d

dt
E(t) = ε2

∫
Rn

[
c−2etett +∇e · ∇et

]
dx

= ε2
∫
Rn

[∇ · (et∇e) + c−2etP [u
ε]
]
dx

≤ ε2
∥∥c−1et

∥∥
L2

∥∥c−1P [uε]
∥∥
L2 ≤ ε

√
2E
∥∥c−1P [uε]

∥∥
L2 .

This, upon integration in time, leads to the desired estimate.

4. Control of initial error. For the initial phase Sin, we set p0 = ∇xSin(x0)
and form the Lagrangian superpositions

uε(t, y) = Z(n, ε)

∫
Ω(0)

uGB(t, y;X0)δ(p0 −∇xSin(x0))dX0.

In order to track the deformation of the surface p−∇xSin(x) = 0 as time evolves, we
introduce two level set functions w = w±(t,X) such that

(4.1) L[w] = 0, w(0, X) = p−∇xSin(x),
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with H(x, p) = ±c(x)|p|. Here w± gives φ2 needed in (3.9) and φ1 can be obtained
by solving the respective Liouville equation with φ1(0, X) = x.

Using the volume preserving maps X = X±(t,X0) leads to the GB superposition
in phase space

(4.2) uε(t, y) = Z(n, ε)

[∫
Ω+(t)

u+PGBδ(w
+)dX +

∫
Ω−(t)

u−PGBδ(w
−)dX

]
,

where Ω±(t) = X±(t,Ω(0)). Our choice of initial data for the beams in this superpo-
sition will be made to match the initial data in (1.2). Set

(4.3) I(0) = {x : (x, p) ∈ Ω(0), p = ∇xSin(x)}.

We now use the Lagrangian formulation of the GB superposition to match the initial
data:

(4.4) uε(t, y) = Z(n, ε)

∫
I(0)

uGB(t, y;x0)dx0.

Here and in what follows we use uGB(t, y;x0) for uGB(t, y;x0,∇xSin(x0)). If we take
S±(0;x0) = Sin(x0), M

±(0;x0) = ∂2xSin(x0)+ iβI with β > 0 as well as A±(0;X0) as
defined in (2.11), then

uε(0, y) = Z(n, ε)

∫
I(0)

A
(0)
in (x0)e

iΦ(0,y;x0)/εdx0,

where

Φ(0, y;x0) = T x0
2 [Sin](y)− β

2
|y − x0|2.

Here T x
j [S](y) denotes the jth order Taylor polynomial of S about x at the point y.

Setting

Z(n, ε) =

(
β

2πε

)n/2

,

we have

uε(0, y) =

∫
I(0)

A
(0)
in (x0)e

i
ε [T

x0
2 [Sin](y)]K

(
x0 − y,

ε

2β

)
dx0,

where K(x, τ) = 1
(4πτ)n/2 e

− |x|2
4τ is the usual heat kernel, satisfying limitτ↓0K(x, τ) =

δ(x) as distributions on R
n, and∫

x

K(x− y, τ)dx = 1 ∀τ > 0, y ∈ R
n.

On the other hand the initial wave field is

u(0, y) = Aε
in(y)e

iSin(y)/ε =

∫
Rn

Aε
in(y)e

iSin(y)/εK

(
x− y,

ε

2β

)
dx.
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Both the phase and amplitude in the integrand can be approximated by their Taylor
expansion when |x−y| is small, say |x−y| < ε1/3, and the integral over the complement
of this neighborhood will then be O(exp(−cε−1/3)) for some c > 0. Thus the main
contributions to the error come from the remainder terms in the Taylor expansions,
and this leads to the following.

Lemma 4.1 (see [6]). Let Sin ∈ C∞(Rn) be a real-valued function, and let
Ain ∈ C∞

0 (Rn). Then

‖u(0, ·)− uε(0, ·)‖L2 � ε
1
2 ,(4.5)

ε ‖u(0, ·)− uε(0, ·)‖H1 � ε
1
2 .(4.6)

We now show that the initial error of time derivative of the GB superposition is
also under control. We compute the time derivative of (4.4) to obtain

∂tu
ε(t, y) = Z(n, ε)

∫
I(0)

∂tuGB(t, y;x0)dx0,

where uGB(t, y;x0) = u+GB(t, y;x0) + u−GB(t, y;x0) with

∂tu
±
GB(t, y;x0) =

[
∂tA

± +
i

ε
A±∂tΦ±

]
eiΦ

±(t,y;x0)/ε.

Note that the GB construction ensures that

∂tΦ
±(t, y;x0) = ∓c(y)|∇Φ±(t, y;x0)|+O(|y − x(t, x0)|3).

Recall from (2.9) that we have ∂tA(t;x0) ∼ O(1). Hence from (2.10) we have

∂tuGB(0, y;x0) =
[
O(1) + ε−1(B(−1)(x0) +O(|y − x0|))

]
eiΦ

±(0,y;x0)/ε.

Note that∥∥∥∥∥Z(n, ε)
∫
I(0)

[
O(1) +O

( |y − x0|
ε

)]
eiΦ

±(0,y;x0)/εdx0

∥∥∥∥∥
L2

y

≤ C(1 + ε−1/2),

which together with Lemma 4.1 again gives

‖uε(0, ·)− u(0, ·)‖E ≤ ε‖uε(0, ·)− u(0, ·)‖H1 + ε‖∂tuε(0, ·)− ∂tu(0, ·)‖L2
y
� ε1/2.

(4.7)

Remark 4.1. The above analysis shows that for particularB
(−1)
in the superposition

simplifies, as was pointed out in section 2. For example,

(i) if B
(−1)
in = −ic(x)|∇Sin|, then A+(0;X0) = A

(0)
in (x0), A

−(0;X0) = 0, and

(4.8) uε(t, y) = Z(n, ε)

[∫
Ω+(t)

u+PGBδ(w
+)dX

]
;

(ii) if B
(−1)
in = 0, then A±(0;X0) =

1
2A

(0)
in (x0), and u

ε(t, y) is given by (4.2).
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5. Propagation of the approximation error. We now turn to quantify the
evolution error P [uε]. Recall Schur’s lemma: If [Tf ](y) =

∫
K(x, y)f(x)dx and

sup
x

∫
y

|K(x, y)|dy = C1, sup
y

∫
x

|K(x, y)|dx = C2,

then

‖Tf‖L2 ≤
√
C1C2‖f‖L2.

Proof. We have by Schwarz

|[Tf ](y)|2 ≤
(∫

|K(x, y)|f(x)dx
)2

≤
∫

|K(x, y)|dx
∫

|K(x, y)||f(x)|2dx

≤ C2

∫
|K(x, y)||f(x)|2dx.

So integrating both sides in y and taking the square root gives the result.
We now apply Schur’s lemma to a typical term in

∫
I(0)

P [uε]dx0:

[TA](y) =

∫
I(0)

A(t;x0)F (t, y;x0)e
iΦ(t,y;x0)/εdx0,

where the imaginary part of Φ(t, y;x0) is bounded below by c|y − x(t, x0)|2 and for
convenience we will assume that |F | ≤ |y − x(t, x0)|k. Then one can apply Schur’s
lemma with

C1 = sup
x0

∫
Rn

|y − x(t, x0)|ke−(c/ε)|y−x(t,x0)|2dy = ε
k
2+

n
2

∫
z

|z|ke−c|z|2dz, and

(5.1) C2(t, ε) = sup
y

∫
I(0)

|y − x(t, x0)|ke−(c/ε)|y−x(t,x0)|2dx0.

In general one does not know what C2(t, ε) will be. As long as A has compact support
C2 will be at least bounded by cεk/2. Thus the error in L2 norm will be bounded by
cεk/2+n/4. We now show that for the wave equation a better rate can be obtained.

Lemma 5.1. We have

C2(t, ε) � ε(k+1)/2.

Proof. From (2.7) and taking p0 = ∇xSin(x0) it follows that

S(t, x(t, x0)) = Sin(x0) ∀t > 0.

Differentiation of this equation in x0 gives

∂x

∂x0
p = p0, p(t, x0) := ∇xS(t, x(t, x0)).

For the nonconstant initial phase, at least one element in the deformation matrix
∂x
∂x0

is nonzero. Assume ∂x1

∂x01
�= 0 near x∗0; then writing x0 = (x01, x̂0) there exists a

function h such that x01 = h(t, z, x̂0) and

z ≡ x1(t, h(t, z, x̂0), x̂0)
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in the neighborhood of x∗0. Also the map (x01 = h(t, z, x̂0), x̂0) → (z, x̂0) is invertible,
with the Jacobian determined by

J = det

(
∂(x01, x̂0)

∂(z, x̂0)

)
=

∣∣∣∣∂h∂z
∣∣∣∣ =
∣∣∣∣ ∂x1∂x01

∣∣∣∣
−1

.

With this map we rewrite the underlying quantity as

C2 =

∫
(z,x̂0)

(|ŷ−x̂(t, z, x̂0)|2+|y1−z|2)k/2 exp
(
−c
ε
(|ŷ − x̂(t, z, x̂0)|2 + |y1 − z|2)

)
Jdx̂0dz.

Using a stretched coordinate in z so that z − y1 =
√
εξ, with a := ŷ − x̂(t, z, x̂0), we

obtain

C2 =
√
ε

∫
(ξ,x̂0)

(|a|2 + ε|ξ|2)k/2e−c|ξ|2 exp
(
−c
ε
|a|2
)
Jdx̂0dξ.

Rewriting e−c|ξ|2 = e−c|ξ|2/2 · e−c|ξ|2/2, and using the fact that e−c|ξ|2/2 ≤ 1 and
|ξ|2e−c|ξ|2/2 ≤ C, we obtain

C2 ≤ √
ε

∫
(ξ,x̂0)

(|a|2 + Cε)k/2e−c|ξ|2/2e−c|a|2/εJdx̂0dξ

�
√
εεk/2

∫
(ξ,x̂0)

e−c|ξ|2/2Jdx̂0dξ.

Here we have used the fact that (|a|2 + Cε)k/2e−c|a|2/ε � εk/2 for any a ∈ R
n−1. As

long as the initial domain for x0 is finitely compact, the above integral is uniformly
bounded. Note that the local feature of the used map is not restricted, since one could
use a partition of unity to decompose C2 into a finite sum of terms with the same
rate of error. The desired estimate thus follows.

This lemma enables us to conclude the following key estimate:

(5.2) ‖T [A]‖L2 � εk/2+(1+n)/4,

which will be used to prove the following theorem.
Theorem 5.2. Let P = ∂2t −c2(x)Δ be the linear wave operator and uε be defined

in (4.2) with Im(M±
in) = βI and Z(n, ε) = (β/(2πε))n/2. If both Ain and Bin have

compact supports, then uε is an asymptotic solution and satisfies

(5.3) ‖P [uε](t, ·)‖L2
y
� ε−

1+n
4 .

Proof. Using the volume preserving map of X = X(t,X0) and w(t,X(t,X0)) =
w(0, X0), we obtain

uε(t, y) = Z(n, ε)

∫
Ω(0)

uPGB(t, y,X(t,X0))δ(w(t,X(t,X0)))dX0

= Z(n, ε)

∫
Ω(0)

uGB(t, y;X0)δ(w(0, X0))dX0

= Z(n, ε)

∫
Ω(0)

uGB(t, y;X0)δ(p0 −∇xSin(x0))dX0

= Z(n, ε)

∫
I(0)

uGB(t, y;x0)dx0.
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According to the GB construction, uGB(t, y;x0) are asymptotic solutions for each x0,
and thus so will be their superpositions uε(t, y). It remains to verify (5.3). First we
see that

P [uε(t, y)] = Z(n, ε)

∫
I(0)

P [uGB(t, y;x0)]dx0,

where

(5.4) P [A(t;x0)e
iΦ(t,y;x0)/ε] =

(
ε−2c−2(t, y) + ε−1c−1 + c0

)
eiΦ(t,y;x0)/ε,

where, for G(t, y) = |∂tΦ|2 − c2|∇yΦ|2, we have

c−2(t, y) = −G(t, y)A,

c−1(t, y) = 2i

[
∂tA∂tΦ+

1

2
AP [Φ]

]
,

c0(t, y) = ∂2tA(t;x0).

Using Taylor expansion around x = x(t, x0) we have

G(t, y) = G(t, x) + ∂xG(t, x) · (y − x) +
1

2
(y − x)�∂2xG(y − x) +O(|y − x|3).

Then the GB construction sketched in section 2 ensures that

|c−2(t, y)| ≤ C|A||y − x|3.
Also using the construction for A, we are able to show that

|c−1(t, y)| ≤ C|A||y − x|, |c0(t, y)| ≤ C|A|.
The construction with positive Im(M) guarantees that

Φ(t, y;x0) ≥ c|y − x|2.
Consequently,

Z−1‖P [uε(t, ·)]‖L2 ≤
∥∥∥∥∥
∫
I(0)

Ae−Im(Φ(t,y;x0))/ε
∣∣ε−2c−2 + ε−1c−1 + c0

∣∣ dx0
∥∥∥∥∥
L2

y

≤
0∑

j=−2

εj

∥∥∥∥∥
∫
I(0)

|A||cj |e−c|y−x(t,x0)|2/εdx0

∥∥∥∥∥
L2

y

,

continuing the estimate by using the key estimate (5.2) with k = 3, 1, 0 for F =
c−2, c−1, c0, respectively,

�
[
ε−2ε3/2 + ε−1 · ε1/2 + 1

]
ε(1+n)/4

� ε−1/2+(1+n)/4,

which when using Z ∼ ε−n/2 proves the result.
This combined with the obtained initial error and total error estimate in Lemma

3.1 gives the following theorem.
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Theorem 5.3. Given T > 0, let u be the solution of the wave equation sub-
ject to the initial data (u, ut)(0, x) = (Ain, Bin)e

iSin(x)/ε. Let uε be the first or-
der approximation defined in (4.2) with initial data satisfying S±(0;x) = Sin(x),

M±(0;x) = ∂2xSin(x)+iβI, and A
±(0;x) = 1

2 (A
(0)
in (x)± iB

(−1)
in

c(x)|∇xSin| ) with |supp(Aε
in)|+

|supp(Bε
in)| <∞. Then there exists a normalization parameter Z(n, ε) = ( β

2πε )
n/2 and

a constant C such that

(5.5) ‖(uε − u)(t, ·)‖E ≤ Cε
1
2+

1−n
4

for t ∈ [0, T ].

6. An example. Consider the initial value problem in R
3 for ∂2t u−Δu = 0 with

initial data

u(0, y) = ei|y|/ε
f(|y|)
|y| and ut(0, y) = 0,

where f(s) ∈ C∞
0 (0,∞). Setting g(s) = f(s) exp(is/ε) for s > 0, we extend g(s) to

be odd on R, i.e.,

g(−|y|) = −f(|y) exp(i|y|/ε).

This problem has the exact solution

u(t, y) =
1

2|y|(g(t+ |y|)− g(t− |y|)).

At y = 0 this solution has a caustic of the maximum possible strength, since all rays
starting inward from the sphere |y| = a arrive at y = 0 when t = a. This is reflected
in the behavior of the exact solution

u(t, 0) = g′(t) = (if(t)/ε+ f ′(t))eit/ε,

which grows like ε−1 as ε goes to zero.
To build a GB approximation for this we need

uε(t, y) =
1

2

(
β

2πε

)3/2 ∫
R3

A+(t, x0)e
iΦ+(t,y;x0)/ε +A−(t, x0)eiΦ

−(t,y;x0)/εdx0,

where initially A±(0, x0) = f(|x0|)/|x0| and

Φ±(0, y;x0) = |x0|+ (y − x0) · p(x0) + (y− x0) ·
(

1

|x0| (I − P (x0)) + iβI

)
(y− x0)/2,

where p(x0) = x0/|x0| and P (x0) is the orthogonal projection on the span of p(x0). We
also want Φ+

t (0, y;x0) = −Φ−
t (0, y;x0), so that A±(t, x0) exp(iΦ±(t, y;x0)/ε) must be

a lowest order GB concentrated on the null bicharacteristics for τ±|ξ| and ∂tu(0, y) =
0. With these definitions we have

Φ±(t, y;x0) = |x0|+ (y − x±(t, x0)) · p(x0)
+

1

2
(y − x±(t, x0)) ·

[
iβP (x0) +

1 + iβ|x0|
|x0| ± t(1 + iβ|x0|) (I − P (x0))

]
(y − x±(t, x0)),
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where x±(t, x0) = x0 ± tp(x0). For the amplitudes we have

A±(t, x0 ± tp(x0)) = (1± t(1/|x0|+ iβ))−1A(0;x0).

Evaluating uε(t, y) analytically looks difficult, but for uε(t, 0) one has for t > 0

uε(t, 0) = u(t, 0) + o(1/ε).

This behavior is predicted by the basic result that, like Fourier integral operators, GB
superpositions give accurate leading order terms in asymptotic expansions.

In principle, one can evaluate the GB superposition and compare it with the exact
solution. Doing this numerically could lead to interesting results on the accuracy of
these superpositions.

7. Higher order approximations. The accuracy of the phase space based GB
superposition depends on the accuracy of the individual GB Ansatz. GBs can be
constructed to satisfy the wave equation modulo errors of order εN , for arbitrary
N , by computing higher order terms in the spatial Taylor series for the phase and
amplitude about the central ray. If we refer to the construction in previous sections
as the first order GB solution, then a kth order GB solution will include the Taylor
series up to (k+1)th order for the phase and (k−1−2l)th order for the lth amplitude
Al for l = 0, . . . ,

[
k−1
2

]
.

Let X = X±(t;X0), with x = x±(t;X0), denote the bicharacteristic at time t > 0,
which originates from X0. Following [6, 3] we define the kth order GBs as follows:

(7.1) u±kGB(t, y;X0) = ρ(y − x(t,X0))

⎡
⎣	

k−1
2 
∑

l=0

εlA±
l (t, y;X0)

⎤
⎦ exp( i

ε
Φ±(t, y;X0)

)
,

where ρ is a cut-off function such that on its support Φ± still has a positive imaginary
part. The phase is determined as

Φ±(t, y;X0) =
∑

|α|≤k+1

1

α!
(y − x(t,X0))

α∂αy Φ
±(t, x(t,X0)),

where we have ∂yΦ(t, x(t,X0)) = p(t,X0), Φ(t, x(t,X0)) = S(t,X0) from (2.7), and
∂2yΦ(t, x(t,X0)) = M(t,X0) from (2.8). For 3 ≤ |α| ≤ k + 1, ∂αy Φ(t, x(t,X0)) are
permutable families. The amplitude is given by

A±
l (t, y;X0) =

∑
|α|≤k−1−2l

1

α!
(y − x(t,X0))

α∂αxA
±
l (t, x(t,X0)).

The equations for these phase and amplitude Taylor coefficients are derived recur-
sively, starting with the phase and then progressing through the amplitudes. At each
stage (phase function, leading amplitude, next amplitude, . . . ) one has to derive the
Taylor series up to sufficiently high order before passing to the next function in the
expansion.

By invoking the volume preserving map X = X±(t,X0) and its inverse map
denoted by X0 = X±

0 (t,X), we obtain a phase space based kth order GB Ansatz

u±kPGB(t, y,X) := u±kGB(t, y;X0(t,X)).
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Proceeding as previously, we form the superpositions

(7.2) uεk(t, y) = Z(n, ε)

[∫
Ω+(t)

u+kPGBδ(w
+)dX +

∫
Ω−(t)

u−kPGBδ(w
−)dX

]
,

where Ω(t) = X(t,Ω(0)), and w±(t,X) is the solution of the Liouville equation with
H = ±c(x)|p| subject to w±(0, X) = p−∇xSin(x).

In (7.1) the initial data for the amplitudes A±
l must be chosen consistently with

the initial data (1.2). This leads to the recursion relations

A+
l (0, x) +A−

l (0, x) = A
(l)
in ,(7.3)

∂tA
+
l−1(0, x) + ∂tA

−
l−1(0, x)− i(A+

l (0, x)−A−
l (0, x))c(x)|∇Sin(x)| = B

(l−1)
in (x).

Note that, since this recursion involves the initial time derivatives of the amplitudes,
it becomes quite complicated as l increases.

This gives a kth order asymptotic solution of the wave equation. More precisely,
we have the following theorem.

Theorem 7.1. Let P be the linear wave operator of the form P = ∂2t − c2Δ, and
let uε be defined in (7.2) with Im(M±

in) = βI and Z(n, ε) = (β/(2πε))n/2, β > 0; then
uεk is an asymptotic solution and satisfies

(7.4) ‖P [uεk](t, ·)‖L2
y
� ε

k
2 −1+ 1−n

4 .

Proof. For notational convenience we estimate only one of two GBs with ± index
omitted:

uεk(t, y) = Z(n, ε)

∫
I(0)

ukGB(t, y;x0)dx0.

According to the GB construction, ukGB(t, y;x0) are asymptotic solutions for each
x0, and thus so will be their superpositions uεk(t, y). It remains to verify (7.4). First
we see that

P [uεk(t, y)] = Z(n, ε)

∫
I(0)

P [ukGB(t, y;x0)]dx0.

Using (2.2) with A replaced by ρ(y−x)
[∑	 k−1

2 

l=0 εlT x

k−1−2l[Al](y)
]
and Φ by T x

k+1[Φ](y),

we have

c−2(t, y) = −G̃ρ(y − x)T x
k−1[A0](y),

c−1(t, y) = 2iL
[
ρT x

k−1[A0](y)
]
+ G̃T x

k−3[A1](y),

cl(t, y) = 2iL
[
ρT x

k−3−2l[Al+1](y)]
]
+ G̃ρT x

k−5−2l[Al+2](y) + P [ρT x
k−1−2l[Al](y)],

l = 0, 1, . . . ,

where G̃ = [(∂tT
x
k+1[Φ](y))

2 − c2(∇yT
x
k+1[Φ](y))

2]. Using T x
k+1[Φ](y) = Φ(y) +

Rx
k+1[Φ](y), where R

x
k+1 denotes the remainder of the Taylor expansion, and G̃(t, y) =

O(|y − x|k+2) we can see that

|c−2(t, y)| ≤ C|y − x|k+2.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

RECOVERY OF HIGH FREQUENCY WAVE FIELDS 443

Also using the construction for Al and their derivatives, we are able to show that

|cl(t, y)| ≤ C|y − x|k−2−2l,

where we have used the fact that differentiation of ρ vanishes in a neighborhood of x.
The use of the cut-off function ensures that we can always choose a small neighborhood
of x(t, x0) so that

Im(T x
k+1[Φ](y)) ≥ c|y − x|2.

Consequently,

Z−1‖P [uε(t, ·)]‖L2 ≤
∥∥∥∥∥
∫
I(0)

Ae−Im(Tx
k+1[Φ](y))/ε

∣∣ε−2c−2 + ε−1c−1 + c0 + · · · ∣∣ dx0
∥∥∥∥∥
L2

y

≤
	 k−1

2 
−2∑
j=−2

εj

∥∥∥∥∥
∫
I(0)

|A||cj |e−c|y−x(t,x0)|2/εdx0

∥∥∥∥∥
L2

y

,

continuing the estimate by using the key estimate (5.2)

�
[
ε−2εk/2+1 + ε−1 · εk/2 + · · ·

]
ε(1+n)/4

� εk/2−1+(1+n)/4,

which when using Z ∼ ε−n/2 proves the result.
In order to obtain an estimate of ‖(uεk − u)(t, ·)‖E for any 0 ≤ t ≤ T , all that

remains to verify is that the superposition (4.2) accurately approximates the initial
data. However, using the recursion (7.3) to determine the amplitudes, this again is
an application of [6], which shows that the initial error in energy norm is bounded by
εk/2 for k > 1. Thus our main result for kth order phase space GB superposition is
as follows.

Theorem 7.2. Given T > 0, let u be the solution of the wave equation subject
to the initial data (u, ut)(0, x) = (Ain, Bin)e

iSin(x)/ε and uε be the kth order approxi-
mation defined in (7.2) with initial data chosen as described above with |supp(Ain)|+
|supp(Bin)| < ∞. Then there exists a normalization parameter Z(n, ε) ∼ ε−n/2 and
a constant C such that

‖(uε − u)(t, ·)‖E ≤ Cε
k
2+

1−n
4

for t ∈ [0, T ].
Remarks.
• Due to the property of symmetry in time, all results obtained apply to |t| ≤ T .
• For higher order constructions, the Liouville equation for higher order GB
components can be given similarly to those for the first order GB method.

• For computation of high order derivatives of the phase through level set func-
tions we refer the reader to [3] for details.

Acknowledgment. Liu wants to thank the IPAM for the hospitality and sup-
port during his stay for the program “Quantum and Kinetic Transport: Analysis,
Computations, and New Applications,” March 9–June 12, 2009.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

444 HAILIANG LIU AND JAMES RALSTON

REFERENCES

[1] S. Jin, H. Wu, and X. Yang, Gaussian beam methods for the Schrödinger equation in the semi-
classical regime: Lagrangian and Eulerian formulations, Commun. Math. Sci., 6 (2008),
pp. 995–1020.

[2] S. Leung, J. Qian, and R. Burridge, Eulerian Gaussian beams for high-frequency wave prop-
agation, Geophysics, 72 (2007), pp. 61–76.

[3] H. Liu and J. Ralston, Recovery of high frequency wave fields from phase space based mea-
surements, Multiscale Model. Simul., to appear.

[4] J. Ralston, Gaussian beams and the propagation of singularities, in Studies in Partial Differ-
ential Equations, MAA Stud. Math. 23, Math Association of America, Washington, D.C.,
1982, pp. 206–248.

[5] J. Ralston, Gaussian Beams, http://www.math.ucla.edu/∼ralston/pub/Gaussnotes.pdf
(2005).

[6] N. M. Tanushev, Superpositions and higher order Gaussian beams, Commun. Math. Sci., 6
(2008), pp. 449–475.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


