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RECOVERY OF HIGH FREQUENCY WAVE FIELDS FOR THE
ACOUSTIC WAVE EQUATION*

HAILIANG LIUT AND JAMES RALSTON?

Abstract. Computation of high frequency solutions to wave equations is important in many
applications and notoriously difficult in resolving wave oscillations. Gaussian beams are asymptoti-
cally valid high frequency solutions concentrated on a single curve through the physical domain, and
superposition of Gaussian beams provides a powerful tool to generate more general high frequency
solutions to PDEs. An alternative way to compute Gaussian beam components such as phase,
amplitude, and Hessian of the phase is to capture them in phase space by solving Liouville-type
equations on uniform grids. Following [H. Liu and J. Ralston, Multiscale Model. Simul., to appear]
we present a systematic construction of asymptotic high frequency wave fields from computations
in phase space for acoustic wave equations; the superposition of phase space based Gaussian beams
over two moving domains is shown to be necessary. Moreover, we prove that the kth order Gaussian

k,l-m
beam superposition converges to the original wave field in the energy norm at the rate of e2 77
in dimension n.
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1. Introduction. This paper is the continuation of our project, initiated in [3],
of developing a rigorous recovery theory for high frequency wave fields from phase
space based computations. Here we focus on the wave equation

(1.1) Pu:=[0? — c(x)*Alu=0, (x,t) € R" xR,
where ¢(z) is a positive smooth function, with highly oscillatory initial data
(1.2) u(x,0) = Ain(x, €)@/ (x,0) = By (x, €)e?m(@)/e,

The initial phase Sin € C*°(R"™) and the amplitudes Ain, Bin € C§°(R™) have the
following asymptotic expansions:

(1.3) A = Ai(r?) (z) + eAi(i)(a:) + ezAi(i)(x) 4+
(1.4) Bin:=e¢'BUY (@) + BO @) + eBY () + -

The small parameter € represents the typical wave length of oscillations of the initial
data. Propagation of oscillations of wave length € causes mathematical and numerical
challenges in solving high frequency wave propagation problems.

In this article we are interested in the construction of globally valid asymptotic
wave fields and the analysis of their convergence to the true solutions of the initial
value problem. A general discussion of this problem and background references are
given in the introduction to [3]. We have two objectives:
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RECOVERY OF HIGH FREQUENCY WAVE FIELDS 429

(i) to present the construction of asymptotic solutions as superpositions over
phase space;

(ii) to estimate the difference between the exact wave fields and the asymptotic

ones.

The construction for (i) is based on Gaussian beams (GBs) in physical space con-
structed similarly to those given for wave equations in [6], but here the construction
is carried out by solving inhomogeneous Liouville equations in phase space. The
phase space construction of the beam components (the Hessian of the phase and the
amplitude) is essentially the same as in [3], and its relation to the constructions in
[1] and [2] is discussed in the introduction to [3]. While the result is no longer a
superposition of asymptotic solutions to the wave equation (1.1), the superposition
is nonetheless asymptotic. We consider superpositions over two subdomains moving
with two Hamiltonian flows, respectively, and show that they are asymptotic solu-
tions by relating them to the Lagrangian superposition through two time-dependent
symplectic changes of variables. An argument of this type was used for the Helmholtz
equation in [2].

For (ii), as in [6], we use the well-posedness theory for (1.1), i.e., the continuous
dependence of solutions of Py = f on their initial data and f. Thus, the sources of
error in the GB superposition for the initial value problem are the error in approxi-
mating the initial data and the error in solving the PDE. There are some differences
between the acoustic wave equation and the Schrodinger wave equation. For example,
the caustics that can form for the acoustic wave equation are not as strong as some
that can form for the Schrodinger equation.

In summary, our phase space based GB superposition is expressed as

(15)  u(ty) = Z(n,e) V whop(t XX + [ gty X)ax| .

() Q=(t)

where X = (r,p) denotes variables in phase space R?", (0) is the domain where we
construct initial GBs from the given data, and Q*(¢) is the image of Q(0) under the
Hamiltonian flow for H(x, p) = +c(x)|p|. The functions ”flch (t,y, X) are constructed
using the phase space based GB Ansatz, and Z(n,e) ~ €~"/? is a normalization
parameter. Our result shows that for the kth order phase space GB superposition,
the following estimate holds:

(1.6) (e = u)(t, )|z < [u(0,) — uin ()| + [QA0)] 3+,
where |le||% = é Janlc™2led|* 4+ |Vae|?]dz. Here and in what follows we use A < B
to denote the estimate A < CB for a constant C' which is independent of e.

For the initial data of the form (Aj,(z,€), Bin(x, €))e**n(®)/¢ we need a superpo-
sition over an n-dimensional submanifold of phase space. The asymptotic solution is
then represented as

(1.7) us(t,y) = Z(n,¢€) [/Q uhopd(wt)dX —|—/

uPGB5(w_)dX‘| l
Q= (t)

(1)
+ is obtained from the Liouville equation

Ow+ H, -Vyw—Hy - Vyw=0, w(0,X)=p—V;S5%(x),
with H(z,p) = +c(zx)|p|, respectively. Our result shows that

(1.8) (u —w)(t, )| S e2H

where w
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430 HAILIANG LIU AND JAMES RALSTON

Here the exponent k/2 reflects the accuracy of the GB in solving the PDE. It will
increase when one uses more accurate beams. The exponent ITT" indicates the damage
done by the caustics.

We now conclude this section by outlining the rest of this paper: in section 2
we start with GB solutions in physical space and define the phase space based GB
Ansatz through the Hamiltonian map. Section 3 is devoted to a recovery scheme
through superpositions over two moving domains. The total error is shown to be
bounded by an initial error and the evolution error of order e3=™/%  Control of
initial error is discussed in section 4. Convergence rates are obtained for first order
GB solutions in section 5. In section 6 we present an example to illustrate these
constructions. Extensions to higher order GB approximations are given in section 7.

2. Phase space based GB Ansatz. As is well known, the idea underlying
GBs [5] is to build asymptotic solutions concentrated on a single ray path in R; x R”.
This means that, given a ray path + parameterized by (¢, z(t)), one makes the ansatz

(2.1) u(t,y) = A(t,y, e)e" v/,

where ®(t, z(t)) is real, and Im{®(¢,y)} > 0 for y # z(t). The amplitude is allowed
to be complex and has an asymptotic expansion in terms of e:

A(ta Y, 6) = AO(ta y) + 6"41(t7 y) + 4+ GNAN(tv y)
We wish to build asymptotic solutions to Pu(t,y) = 0; i.e., we want Pu¢ = O(eM).
Substituting from (2.1) and grouping terms multiplied by the same power of ¢, we
obtain the equations of geometric optics:

N
(2.2) PlA(t,y, )™t/ T = | 37 ¢t y)el | eiPE0/e,

j=—2
where, for G(t,y) = |0;®|? — *|V,®|?,
’ ) = _G(tvy)A07

(t.y
(t7 y) = 21LA0 + G(tv y)Al,
c-1(t,y) =2iLA + G(t,y)A41 + P[Ai—4], 1=1,...,N—1.

C_2
C-1

Here L is the linear differential operator:

1
L=2%0,—cV,® -V, + S F1®l.

Since €'®/¢ decays rapidly away from v, to make P(Ae'®/¢) = O(eM) for a given
M € Z, we need only make c; vanish on « to sufficiently high order. In this work
we discuss mainly the lowest order GB solutions, followed by an extension to higher
order GB beam superpositions in section 7.

We begin with c_o =0, i.e., G = 0. This leads to two eikonal equations
(2.3) 0®+ H(x,V,®) =0, H(x,p)==xc(z)|p|
The leading amplitude solves

AP[®]
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RECOVERY OF HIGH FREQUENCY WAVE FIELDS 431

We continue to denote the phase space variable as X = (x,p) and let X = (x0,po)
denote the initial state. Then the equations for the bicharacteristics X = X * (¢, Xo)
originating from Xy at ¢ = 0 are

(2.5) L X (1 Xo) = V(X(1, X)), X(0,X0) = Xo.
The vector field V = (H,, —H,) is divergence free, and hence this flow preserves the
volume on phase space.

From now on we include the initial data X, as a parameter in the phase ® =
®(t,y; Xo) and the amplitude A = A(t,y; Xo). We apply Taylor expansion of the
phase ® and the amplitude A about y = x(t, Xo) to obtain
(2.6)

®(t,y; Xo) = S(t; Xo)+p(t, Xo)(y—=(t, Xo))+%(y—a:(t, Xo)) " M (t; Xo)(y—=(t, X0)),
with p(t, Xo) = 0,P(¢t, (¢, Xo); Xo) and
S(t; Xo) = ®(t, x(t, Xo); Xo), M(t; Xo) = 0;0(t, 2(t, Xo); Xo)-

For the amplitude we set A(t,y; Xo) = A(t; Xo) with A(t; Xo) = A(t, z(t, Xo0); Xo).
Then we get the equations along the curve v for S

(27) %S(f; XO) = 0, S(O,Xo) = Sin(ﬂio)

and the Hessian M

d
—M(t; Xo) + Hye + HepM + M Hp, + MHp, M =0, M(0; Xo) = Min(0).

(28) =

Note that (9;®)? — H? = G(t,y) will vanish to second order on y = xz(t, Xo) if
0® + H = 0 vanishes to second order on y = z(t, Xo). Equation (2.8) combined
with p(t, Xo) = 0,®(t, (¢, Xo)) implies that 0;® + H vanishes to second order on
y = x(t, Xo).

Using the eikonal equation 9;® + H(xz, V®) = 0 twice, we see that

P[®] = 0[~H(z,V®)] — *A® = H,, - H, + H,M H, — ¢*Tr(M).
This with (2.4) shows that the amplitude along the ray, A(t; Xy), satisfies

(29) %A(f; Xo) = % [Hp -H, + HpMHp - CQTI‘(M)] R A(O,XQ) = Ain(xo).
We have introduced this form of the transport equation because it is easier to trans-
late to Eulerian coordinates. The essential idea behind the GB method is to choose
some complex Hessian M;, initially so that M remains bounded for all time and its
imaginary part is positive definite. Equation (2.9) shows that the amplitude A(t; Xo)
will also remain bounded for all time.

The above construction ensures that the following GB Ansatz is an approximate
solution:

ucp(t, y; Xo) = udp(t,y; Xo) + ugp(t, y; Xo),
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432 HAILIANG LIU AND JAMES RALSTON

where

)
€

Wty Xo) = A% (1 Xo) exp ( @i(uy;Xo)) |

where both A*(t; Xo) and ®*(¢,y; Xo) are computed from (2.9) and (2.6) with H =
+c(z)|p|, respectively.
Here A*(0; X) are to be chosen so that a superposition will match the initial data

(u,ut)]s=0 = (Ain, Bin)e* /¢
to leading order. For this matching we need (for X = (2, V.Sin(2)))
AM(00) +47(0:) = AL,
£A+(0;X)8t<1>+(o,a;;X) + EA_(O;X)at‘b_(O,x;X) _ %Bi(;l)($).

71:Sin/6

In the second relation we took only the leading term in e ut. Since the two

Hamiltonians have different signs,
OF(0,2;X) = Sin(z) and 9,95 (0,2; X) = Fe(x)| VoS ()],
the second relation gives
ip(=1)
_ 1B (x)
(2.10) AT(0; X) - A (0;X) = —~—+ .
()| Ve Sin ()|
Hence solving for A* we have

vy L[ 40 " M
(2.11) A*(0:X) = 5 (A () & C(m>|vmsm<a:>|>'

Note that we could simplify the superposition by taking some special initial data such
that BL Y (2) = —iA” (2)e(2)|VSin(2)]. The advantage of these special choices is
that we do not need a sum of two Gaussians to approximate the solution. We also
note that for given initial B, of order O(1), i.e., BC Y = 0, we see that A(0; X) =
1A (@)
27 7n :

3. Recovery of the high frequency wave fields. Since the wave equation

we consider is linear, the high frequency wave field v at (¢,y) in physical space is
expected to be generated by a superposition of neighboring GBs

(3.1) u(t,y) = Z(n, ) / wes(t, y; Xo)dXo,
Q(0)

where (0) is a bounded open set containing
{Xo: xo € supp(Ain) Usupp(Bin), po € range(9,Sin)}-

The normalization parameter Z(n,e€) ~ €~™/? is determined by matching initial data
against the Gaussian profile.
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RECOVERY OF HIGH FREQUENCY WAVE FIELDS 433

Since the flows X *(t; Xo) are volume preserving in phase space,

DX (t, Xo)

Using X = X*(t, Xo) and their inverses Xo = X (t, X), we obtain our GB Ansatz
in phase space

Upep(ty, X) = uéB(t,y;XgE(t,X)).

From (3.1) it follows that

u(t,y) = Z(n,€) / o [t X0) G 0,3 X)) 4%
Q(0)

(3.2) = Z(n,e) [/ uJISGB(t,y,X)dX —|—/ uPGB(t,y,X)Xm ,
Q+(¢) Q= (t)
where
Qi(t) = Xi(t, Q(0)).

Each phase space GB has the form

(33) upan(t.n X) = A(t. X)exp (1800, ).
where
(B4 By X)=56X) +pe (y— o)+ 50— ) V(LX) - ).

Note that though u}fG g(t,y, X) are no longer asymptotic solutions of the wave equa-
tion in (¢, y), their superpositions over the moving domains Q% (¢) in X remain asymp-
totic solutions.

Let £ be the Liouville operator defined by

(3.5) L:=0,+V - -Vx.

If w(t, X) is the phase space representative of w(t; Xp) in the sense that w(t; Xo) =
w(t, X (t, Xo)) for any ¢ > 0, then
d

—rw(t Xo) = Lib(t, X).

Hence from the Lagrangian formulation of equations for (S, M, A) in (2.7), (2.8), and
(2.9) we obtain PDEs for (5, M, A):

L£(S)=0, S(0,X)=Si(x),
L(M) 4 Hyp + HypM + MH,, + MH,,M =0, M(0,X) = My, (),
A

(38)  L(A) = 51 [Hy- Hy + HMH, — ATr(3)], A0,X) = Aun(),
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434 HAILIANG LIU AND JAMES RALSTON

where H(z,p) = c(x)|p| or H(z,p) = —c(z)|p|- The heart of the matter is (3.7). It
is known from [4] that if Mj, is symmetric and the imaginary part of M;, is posi-
tive definite, then a global solution M to (3.7) is guaranteed and has the following
properties:

(i) M = M", and

(ii) Im(M) is positive definite for all ¢ > 0.

There are several ways of computing M. Following [1] (see also [3, section 7]), we
use a level set method to construct the Hessian:

(3.9) M= _gr(gp)_la
where g = ¢1(t, X) + iga(t, X) with ¢; obtained by solving the Liouville equation
£(¢) =o0.

From the well-posedness theory of the wave equation we have the following.
LEMMA 3.1. Let u satisfy Plu] =0 in [0,T] x R™ with (u,u;) given at t =0, and
let u® be an asymptotic solution. Then the error e = u® — u satisfies

t
(3.10) le(®)llz < ()]s + ¢ / e PLc]|] ., dr,
where ||e|]lg = V2E and

B %/ (e 2[er]? + [Vael?] de.

Proof. Since we start with the data with compact support, at any finite time the
support of the solution remains bounded (due to finite speed of propagation for the
wave equation).

Let e = u® — u. Then from Plu] =0

We now have

%E(t) = 62/ [c%eet + Ve - Ve | da

= 52/ [V (e:Ve) + ¢ %e, P[u]] dz
< € leter] o [l P 2 < eV2E || Pl o

This, upon integration in time, leads to the desired estimate. a

4. Control of initial error. For the initial phase Sin, we set pop = VS (x0)
and form the Lagrangian superpositions

u(t,y) = Z(n,e) /( )UGB(ta ¥; X0)d(po — VzSin(0))dXo.
Q(0

In order to track the deformation of the surface p — V,Sin () = 0 as time evolves, we
introduce two level set functions w = w* (¢, X) such that

(4.1) Llw] =0, w(0,X)=p-—V,;Snm(x),
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RECOVERY OF HIGH FREQUENCY WAVE FIELDS 435

with H(x,p) = +c(x)|p|. Here w* gives ¢o needed in (3.9) and ¢; can be obtained
by solving the respective Liouville equation with ¢;(0, X) = z.

Using the volume preserving maps X = X*(¢, X) leads to the GB superposition
in phase space

(4.2) us(t,y) = Z(n,¢€) [/Q upapd(wh)dX —|—/

ul_JGB(S(w_)dX] )
Q- (1)

()

where QF(t) = X*(¢,9Q(0)). Our choice of initial data for the beams in this superpo-
sition will be made to match the initial data in (1.2). Set

(4.3) 100) ={z: (x,p) € Q0), p=V,Siu(z)}.

We now use the Lagrangian formulation of the GB superposition to match the initial
data:

(4.4) u(t,y) = Z(n, ) / wes(t, y: xo)dao.
1(0)

Here and in what follows we use ugp(t, y; zo) for ugp(t, y; xo, V. Sin(zo)). If we take

Y;
S*(0;20) = Sin(z0), ME(0;20) = 02Sin(w0) +iBI with B > 0 as well as A*(0; X) as
defined in (2.11), then

w'(0.9) = Z(n,0) |

A (g)e O w0l /gy
I(O) mn

where
. _ TTo[ Q. B 2
q)(oa y,ffo) - T2 [Sl ](y) - §|y - xOl .

Here T77[S](y) denotes the jth order Taylor polynomial of S about x at the point y.

Setting
n/2
Z(n,e) = (i) ,

we have

u(0,y) = / Ai(r?) (ﬂfo)eé[TJO[Sm](y)]K <$0 -, 2i) dxo,
1(0)

|z|2

where K (z,7) = We*T is the usual heat kernel, satisfying limit, oK (z,7) =

d(x) as distributions on R™, and
/K(x—y,T)dx =1 Vr>0,yeR"
On the other hand the initial wave field is

u(0,) = A )W = | AL eV (a: -, ﬁ> da.
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436 HAILIANG LIU AND JAMES RALSTON

Both the phase and amplitude in the integrand can be approximated by their Taylor
expansion when |z—y| is small, say |z—y| < €¢'/3, and the integral over the complement
of this neighborhood will then be O(exp(—ce~1/3)) for some ¢ > 0. Thus the main
contributions to the error come from the remainder terms in the Taylor expansions,
and this leads to the following.

LEMMA 4.1 (see [6]). Let Siy, € C>®°(R™) be a real-valued function, and let
Ain € C°(R™). Then

(4.5) [[w(0,-) = (0, )]l .2
(4.6) €[u(0,-) = u(0, )l 7

[

We now show that the initial error of time derivative of the GB superposition is
also under control. We compute the time derivative of (4.4) to obtain

O (t.) = Z(m.€) [ Oyucn(t,yiao)don,
1(0)
where ugp(t,y; o) = uJCSB(t, y;x0) + ugp(t,y; xo) with
Qg p(t, y; x) = [&:Ai + EAiatCDi] ei®* (twizo) /e
€
Note that the GB construction ensures that

QH®E(t, y; m0) = Fely) | VOE(t, y; o) + O(ly — z(t, 20) ).

Recall from (2.9) that we have 9; A(t;z9) ~ O(1). Hence from (2.10) we have
duce(0,y; o) = [0(1) +e (BTN (xo) +O(ly — $0|))} ei®* Owimol/e,

Note that

Z(nae)/ [O(l) + 0 (M)] ei@i(O,y;zo)/ede <O+ e 2,
1(0)

€

%
which together with Lemma 4.1 again gives

(4.7)
[u(0,-) = w(0, )| < €l|u(0,-) = u(0, )| 1 + €| Ou(0,-) = Dpu(0, )|z S €'/,

(=1

in

Remark 4.1. The above analysis shows that for particular B
simplifies, as was pointed out in section 2. For example,

(i) if BCY = —ic(2)|VSinl, then A+(0; Xo) = A (24), A=(0; X,) = 0, and

the superposition

(4.8) us(t,y) = Z(n,¢€)

)

/ upapd(wh)dX
Q+(t)

(i) if Bi(n_l) =0, then A%(0; Xo) = Ai(g) (%0), and u®(t,y) is given by (4.2).

1
2
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RECOVERY OF HIGH FREQUENCY WAVE FIELDS 437

5. Propagation of the approximation error We now turn to quantify the
evolution error Pu¢]. Recall Schur’s lemma: If [T f](y) = [ K(z,y)f(z)dx and

sup / K (2, 9)ldy = C, sup / K () |dx = Cs,
z Yy Yy x

then

ITflr2 < VC1Ca| £ 2-
Proof. We have by Schwarz

7)) < </|Ka:y|f dx) < [ 1K@t [ |G
< [ 1K@ y)lfo)d.

So integrating both sides in y and taking the square root gives the result. d
We now apply Schur’s lemma to a typical term in f](o) Pluf)dxo:

[TA](y) = A(t; 20) F(t, y; w0 ) 9570 “dag,
1(0)
where the imaginary part of ®(t,;x¢) is bounded below by c|ly — z(t,x)|? and for
convenience we will assume that |F| < |y — x(t,20)|*. Then one can apply Schur’s
lemma with

Cy = sup/ ly — a(t, z0)|FeE/Na(tan) g — S+3 /|z|ke*c\z\2dz, and
n z

Zo

(5.1) Cs(t,e) = sup/ ly — x(t, xo)|ke_(°/€)‘y_z(t’mg)lzdxo.
v Jr0)

In general one does not know what Ca (¢, €) will be. As long as A has compact support

Cs will be at least bounded by ce*/2. Thus the error in L? norm will be bounded by

cek/2+n/4 We now show that for the wave equation a better rate can be obtained.
LEMMA 5.1. We have

Co(t,e) < e t1/2,
Proof. From (2.7) and taking po = V,Sin(x¢) it follows that
S(f, {E(t, xo)) = Sin(fo) Vvt > 0.

Differentiation of this equation in xy gives

ox
a—p Do, p(t,ﬂfg) = VIS(tax(tamO))
x
For the nonconstant initial phase, at least one element in the deformation matrix
aa—jo is nonzero. Assume 59;1 # 0 near z; then writing zo = (zo1, Zo) there exists a

function h such that xg; = 0h(t, z,Ip) and

z = x1(t, h(t, z,20), Zo)
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in the neighborhood of xf. Also the map (xo1 = h(t, 2, %0), Z0) — (2, Z0) is invertible,
with the Jacobian determined by

o 8(3301,3?0) o 8}1
J = det < 0(z, &o) > n ‘82

—1

8$1
0xo1

With this map we rewrite the underlying quantity as
PN N C . . N N
Co= [ (l=lt, 0Pl == exp (=S5 = (8.2, 80) + oy = =) Tdiods.
(Z,io)

Using a stretched coordinate in z so that z — y; = /€&, with a := § — &(¢, z,20), we
obtain

Cy = Ve (la|? + €|€[2)F/2e=<l¢ exp (—f|a|2) Jdiode.
( €

&,&0)
Rewriting e—¢lél® = e—clél®/2 . 6’6‘5‘2/2, and using the fact that e—clél®/2 < 1 and
|€|2e=clél”/2 < ' we obtain

Cy < Ve (la]* + Ce)k/2e’c|gl2/2efc‘a‘2/eJdi‘odf
(éxio)

gﬁek/Q/ e~l€*/2 1z de.
(&:%0)

Here we have used the fact that (|a|2 + Ce)*/2e~clal®/e < /2 for any a € R"~!. As
long as the initial domain for z( is finitely compact, the above integral is uniformly
bounded. Note that the local feature of the used map is not restricted, since one could
use a partition of unity to decompose C5 into a finite sum of terms with the same
rate of error. The desired estimate thus follows. O

This lemma enables us to conclude the following key estimate:

(5:2) IT[A]l[ 2 S €¥/2H0Hm/,

which will be used to prove the following theorem.

THEOREM 5.2. Let P = 0} —c*(z)A be the linear wave operator and u¢ be defined
in (4.2) with In(MZ) = BI and Z(n,e) = (B/(2m€))™/2. If both Ai, and By, have
compact supports, then uc is an asymptotic solution and satisfies

14+n

(5:3) [Pu](t, e S e .

Proof. Using the volume preserving map of X = X (¢, Xo) and w(t, X (¢, Xo)) =
w(0, Xo), we obtain

us(t,y) = Z(n,¢€) /Q(o) upaa(t,y, X (t, Xo))d(w(t, X (t, Xo)))dXo
— Z(n,e) /Q(O) ue sty Xo)d(w(0, Xo))dXo
= Z(?’L, 6) A(O) UGB(tv Y3 XO)(S(pO - szin(xO))dXO

= Z(nae)/ uaB(t,y; wo)dxg.
1(0)
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According to the GB construction, ugg(t,y; zo) are asymptotic solutions for each zg,
and thus so will be their superpositions u€(t,y). It remains to verify (5.3). First we
see that

Pluf(t,y)] = Z(n,€) /1(0) Plugp(t, y; xo)]dzo,

where
(5.4) PlA(t; zo)e'Byio)/€] = (e c_a(t,y) + € et + o) e'®(tyizo) /e
where, for G(t,y) = |[0:®|? — ¢?|V,®|?, we have

ca(t,y) = —G(t,y)A4,

c—1(t,y) = 2i |0, A0 D + %AP[CD] ,

co(t,y) = 07 A(t; o).
Using Taylor expansion around z = x(t,x¢) we have
Glt,y) = Glt,2) + ,G(t,2) - (y — 2) + 5y — ) Gy — ) + Olly — aP).
Then the GB construction sketched in section 2 ensures that
le—a(t, )| < ClAlly — .
Also using the construction for A, we are able to show that
lc1(t,y)l < ClA[ly —zf,  eo(t, y)| < CJA].
The construction with positive Im(M) guarantees that
O(t,y;x0) > cly — x>

Consequently,

27 Plus(t, lz= <

/ Ae~Im(2(t.y5wo)) /€ |6_26_2 +eteg + co‘ dxg
1(0)

Ly
0

3 e

j=—2

IN

)

[ alegfeelietean gy,
1(0)

Ly

continuing the estimate by using the key estimate (5.2) with £ = 3,1,0 for F =
c_s,C_1, Co, respectively,

< [6—263/2 el 2 1} c(14n)/4
< 1/ /4
which when using Z ~ ¢~™/2 proves the result. 0O

This combined with the obtained initial error and total error estimate in Lemma,
3.1 gives the following theorem.
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THEOREM 5.3. Given T > 0, let u be the solution of the wave equation sub-
ject to the initial data (u,u;)(0,2) = (Ain, Bin)e"=®)/¢ Let u¢ be the first or-
der approzimation defined in (4.2) with initial data satisfying ST(0;x) = Sin(x),

. -1
M(0;) = 92Sin () +iB1, and A% (0;2) = 1(AD) (@) £ Be) with lsupp(AL,) |+
|[supp(B5,)| < oo. Then there exists a normalization parameter Z(n, €) = (%)"/2 and
a constant C' such that

(5.5) 1(u —w)(t, )| < Cer* 7"

fort€[0,T].

6. An example. Consider the initial value problem in R? for 9?u— Au = 0 with
initial data

U(O,y)=e”’/ew and  u(0,y) =0,

yl

where f(s) € C§°(0,00). Setting g(s) = f(s)exp(is/e) for s > 0, we extend g(s) to
be odd on R, i.e.,

9(=1lyl) = = f(ly) exp(ily|/e).

This problem has the exact solution

1
u(t,y) = 5= (g9(t +[yl) — gt — ly]))-
2[y|
At y = 0 this solution has a caustic of the maximum possible strength, since all rays
starting inward from the sphere |y| = a arrive at y = 0 when ¢ = a. This is reflected
in the behavior of the exact solution

u(t,0) = g'(t) = (if (t) /e + ['(£))e™/",

which grows like e ! as € goes to zero.
To build a GB approximation for this we need

3/2
1 : . B (4
u(t,y) = = £ AT (t, mo)et® " Bwimo)/e L A= (¢, 3)el® (B¥im0)/ ey

2 \ 2me R3

where initially A*(0,z0) = f(|7o|)/|7o| and

(0, 3 20) = [zol + (y — 20) - o) + (4 — o) (ﬁu ~ Plao) + z‘m) (v 0)/2.

where p(z¢) = x0/|xo| and P(xg) is the orthogonal projection on the span of p(zy). We
also want ®;7 (0, y; z0) = —®; (0, y; 70), so that A% (¢, z0) exp(i®E (¢, y; z0)/€) must be
a lowest order GB concentrated on the null bicharacteristics for 7+ |¢] and 9,u(0,y) =
0. With these definitions we have

D= (t, 5 w0) = |wo| + (y — 2™ (t,20)) - plao)

1 . 1+ i8|zo|
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where 2% (t, 29) = 29 £ tp(zo). For the amplitudes we have
AF(t, o + tp(wo)) = (L 4(1/|zo| +i8)) " A(0; 20).
Evaluating uf(t, y) analytically looks difficult, but for u¢(¢,0) one has for ¢t > 0
u(t,0) = u(t,0) + o(1/e).

This behavior is predicted by the basic result that, like Fourier integral operators, GB
superpositions give accurate leading order terms in asymptotic expansions.

In principle, one can evaluate the GB superposition and compare it with the exact
solution. Doing this numerically could lead to interesting results on the accuracy of
these superpositions.

7. Higher order approximations. The accuracy of the phase space based GB
superposition depends on the accuracy of the individual GB Ansatz. GBs can be
constructed to satisfy the wave equation modulo errors of order ¢V, for arbitrary
N, by computing higher order terms in the spatial Taylor series for the phase and
amplitude about the central ray. If we refer to the construction in previous sections
as the first order GB solution, then a kth order GB solution will include the Taylor
series up to (k+ 1)th order for the phase and (k—1— 2{)th order for the /th amplitude
A forl=0,. [k21]

Let X = Xi(t Xo), with z = 2 (¢; X;), denote the bicharacteristic at time ¢ > 0,
which originates from Xy. Following [6, 3] we define the kth order GBs as follows:

k;lJ .
1
(1) i (t,y: Xo) = ply — o(t, Xo)) | Y €A (t,y; Xo) | exp (;cbi(t,y;xo)),

=0

where p is a cut-off function such that on its support ® still has a positive imaginary
part. The phase is determined as

Ty Xo) = 0 il e X)) 59 (1 a1, Xo),

|| <k+1
where we have 0,®(t, z(t, Xo)) = p(t, Xo), (¢, z(t, Xo)) = S(t, Xo) from (2.7), and
97®(t, x(t, Xo)) = M(t,Xo) from (2.8). For 3 < |a| < k+ 1, 959(t, (t,XO)) are

permutable families. The amplitude is given by

AFyXo) = YD iyl Xo) "0 AT (1 (1, X0).

|| <k—1—21

The equations for these phase and amplitude Taylor coefficients are derived recur-
sively, starting with the phase and then progressing through the amplitudes. At each
stage (phase function, leading amplitude, next amplitude, ...) one has to derive the
Taylor series up to sufficiently high order before passing to the next function in the
expansion.

By invoking the volume preserving map X = X*(t, Xo) and its inverse map
denoted by Xo = th (t, X), we obtain a phase space based kth order GB Ansatz

Uppap(ty, X) = uigp(t y; Xo(t, X)).
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Proceeding as previously, we form the superpositions

(72)  uilty) = Z(ne) V ulpnd(w)ax + u;pGB&w)cle,
Q+(t) Q= (t)

where Q(t) = X (¢,9(0)), and w* (¢, X) is the solution of the Liouville equation with
H = +c(z)|p| subject to w* (0, X) = p — VS (z).

In (7.1) the initial data for the amplitudes AljE must be chosen consistently with
the initial data (1.2). This leads to the recursion relations

(7.3) Af(0,2)+ A7 (0,z) = AV

n ?

0 AL (0,2) + 0 A (0,2) — i(AF(0,2) — A (0,2))c(x)|VSim(2) = BY V(2).

Note that, since this recursion involves the initial time derivatives of the amplitudes,
it becomes quite complicated as [ increases.

This gives a kth order asymptotic solution of the wave equation. More precisely,
we have the following theorem.

THEOREM 7.1. Let P be the linear wave operator of the form P = 07 — 2/, and
let u€ be defined in (7.2) with Im(MX) = BI and Z(n,€) = (8/(2m€))"/?, B > 0; then
ug, s an asymptotic solution and satisfies

(7.4) IPlug)(t, )z S €&~

Proof. For notational convenience we estimate only one of two GBs with £ index
omitted:

() = Z(n,e) /1 i a)dzo

According to the GB construction, urgs(t,y;xo) are asymptotic solutions for each
xo, and thus so will be their superpositions u$(¢,y). It remains to verify (7.4). First
we see that

Plug(t,y)] = Z(n,¢) /I(o) Pluras(t, y; xo)]dxo.

Using (2.2) with A replaced by p(y—z) [z}jJ eTE | o Al(y)| and ® by T2, [®](y),
we have

c_a(t,y) = —Gp(y — )T, [Ao)(y),
coa(t,y) = 2L [pTF 1 [Ad(y)] + GTi_5[A1](y),
a(t,y) = 2iL [ka s ar[Ar1] ()] + GpTy_s_o[Ais2)(y) + PlpTi_ o [Al(y)],
1=0

ey

where G = [(AT7,,[9)w)? — (Y, TE, [@1)?).  Using T2, [@)(y) = (y) +
R§[®](y), where R} | denotes the remainder of the Taylor expansion, and G(t,y) =
O(ly — z|F2) we can see that

le_a(t, y)| < Cly — x|F2.
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Also using the construction for A; and their derivatives, we are able to show that
lai(t,y)| < Cly — 272,

where we have used the fact that differentiation of p vanishes in a neighborhood of x.
The use of the cut-off function ensures that we can always choose a small neighborhood
of x(t, zg) so that

(T4 [@](y)) 2 cly —af*.

Consequently,

Z7 Y| Pluc(t, )]||L> < Ae Im(Ti 1 [21(w) /e ‘6—2072 +e e+t ‘ dxq

1(0)

L}
2t -2

< Y ¢

j=—2

[l e,
1(0)

Ly
continuing the estimate by using the key estimate (5.2)

< [6726k/2+1 Ll k2 } ((14n)/4

S 6k/2—1+(1+n)/4,

which when using Z ~ ¢~™/2 proves the result. 0O

In order to obtain an estimate of ||(u§, — u)(t,-)||g for any 0 < ¢ < T, all that
remains to verify is that the superposition (4.2) accurately approximates the initial
data. However, using the recursion (7.3) to determine the amplitudes, this again is
an application of [6], which shows that the initial error in energy norm is bounded by
€¥/2 for k > 1. Thus our main result for kth order phase space GB superposition is
as follows.

THEOREM 7.2. Given T > 0, let u be the solution of the wave equation subject
to the initial data (u,w;)(0,2) = (Ain, Bin)e®>m®)/€ and u¢ be the kth order approxi-
mation defined in (7.2) with initial data chosen as described above with |supp(Ain)| +
|supp(Bin)| < 0o. Then there exists a normalization parameter Z(n,¢) ~ ¢ ™% and
a constant C such that

(u = u)(t, )| < Ces 7

fort €[0,T].
Remarks.
e Due to the property of symmetry in time, all results obtained apply to [t| < T
e For higher order constructions, the Liouville equation for higher order GB
components can be given similarly to those for the first order GB method.
e For computation of high order derivatives of the phase through level set func-
tions we refer the reader to [3] for details.
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