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Abstract. We study a scalar conservation law with a nonlinear dissipative inhomo-
geneity, which serves as a simplified model for nonlinear heat radiation effects in high—
temperature gases. We establish global existence and uniqueness of weak entropy solu-
tions along with L' contraction and monotonicity properties of the solution semigroup.
We derive explicit threshold conditions ensuring formation of shocks within finite time.
Our main result proves — under further assumptions on the nonlinearity and on the initial
datum — large time convergence in L! to the self-similar N -waves of the homogeneous
conservation law.
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1. Introduction

We shall study the following nonlinear and inhomogeneous scalar conservation law

Ou+ 0, f(u) = K x B(u) — B(u). (1.1)
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Here f : R — R is a convex flux function satisfying f(0) = f/(0) = 0. The inhomo-
geneity K * B(u) — B(u) balances a gain term and a loss term. The latter consists
of a differentiable, nondecreasing function B(u) such as the particular example

B(u) = u|u|m_1 for some m > 1. (1.2)

The gain term convolutes the lost term with an L'-normalized, even, and nonneg-
ative kernel K : R — R :

|K ()] =1, K >0, K(x) = K(—x). (1.3)

Of special interest is the Green’s kernel K (z) = e~1*!/2 to the differential op-
erator —92 + 1 and the flux function of Burgers’ equation f(u) = u?/2, whence
equation (1.1) can be rewritten as a hyperbolic—elliptic system :

{5tu+u5IU=— 24 5

14
—02q+q=—0,B(u). 14

This hyperbolic—elliptic system (1.4) can be seen as a simplified model system of the
compressible Euler equations for an ideal gas subject to heat radiation phenomena
(see [28]), i.e.

Oup + Oz (pu) = 0,

9 (pu) + 9 (pu® +p) = 0,

3 (p (e +1u2/2)) + s (pu (e +u?/2) + pu+q) = 0,
—02q + aq + b9, (6*) = 0.

(1.5)

In fact in [10], the model system (1.4) is recovered as a linearization around constant
states and by considering a scalar unknown which combines density, velocity and
temperature. In particular, the nonlinear temperature term * is replaced by a linear
perturbation of a positive constant state. This leads to the system (1.4) in the case
m = 1, also called the Hamer model of radiating gases. Such a dissipative model
has been extensively studied in [23,19,16,13,12,11,17]. For related model systems of
dispersive type see e.g. [9,20].

The nonlocal forcing in (1.1) reflects the global influence of heat sources or
gravitation fields and appears in radiative hydrodynamics [28] and in the context of
self-gravitating fluids modeled by the Euler-Poisson system [29]. In multi-D setting,
a similar system to (1.4) with general nondecreasing B(u) has been derived in [5,6]
as a simplified model for describing non-local energy transports in a radiation fluid.
A typical choice is B(u) = ou? with o > 0 which derives from Planck’s law of black
body radiation. We refer to [22] for a recent investigation of this special model as
the non-relativistic limit. The full mathematical model of radiating plasma flow is
given by the compressible Euler equations for macro-quantities such as density, mo-
mentum and temperature, coupled with a linear Boltzmann equation for radiation
density [28]. We also note that the nonlocal model of this type has also been derived
in traffic simulation [26].
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We shall analyze the model system (1.4). In the particular case where B(u) =
ulu|™™! with m = 4, the system (1.4) can be considered as the simplest model
describing the interplay between nonlinear convection and nonlinear radiation. In
the gas—dynamical model (1.5) this corresponds to avoid non-degeneracy of the
temperature 6.

The scope of this paper spans from i) the existence theory for the equation
(1.1), over ii) the formation of shocks in smooth solutions in particular for f(u) =
u?/2, to iii) the large time asymptotics of the solutions of the system (1.4) with
B(u) = ul|u|/™™! to self-similar N-waves of Burger’s equation provided smallness
of the initial datum.

More precisely, we will establish global well-posedness in the class of weak en-
tropy solutions for (1.1) (see the definition 2.1 below) by taking advantage of the
dissipative properties of the inhomogeneous term in a similar fashion to e.g. [16,23] :

Theorem 1.1 (Existence of a unique entropy solution). Assume initial data
up € L* N L>®(R). Then, for any T > 0 there exists a unique v € L>([0,T]; L* N
L>(R)) entropy solution to (1.1) with convezr fluz f(-) and nondecreasing, differ-
entiable B(-), and with initial datum ug. In addition, we have for all t > 0 and all
p € [1, +0]

[u( Dllp < luo()llp- (1.6)

Moreover, given u, i two entropy solutions to (1.1) with initial data ug, o € L' N
L*>, we have for allt >0,

/(u(:z:,t) —a(x,t))rdr < /(uo(:z) — tp(z))4+de, (1.7)
R

R
[u(- ) —al )l < Jluo() = a0l - (1.8)

Therefore, u(z,t) < a(z,t) almost everywhere if ug(x) < tg(x) almost everywhere.

Our second result provides a sufficient condition to predict the formation of
shocks within finite time. Assuming the Burger’s flux f(u) = u?/2, we prove for non-
negative smooth initial data with a gradient exceeding an explicit negative threshold
that the smooth solutions will become discontinuous in finite time :

Theorem 1.2 (Upper threshold). Consider the non-local conservation law (1.1)
with quadratic flur, f(u) = u?/2, a nondecreasing, differentiable function B(-) €
CY(R) and a kernel K (x), which in addition satisfies x -9, K <0 for x # 0. Given
initial data ug € C}(R) with ug > 0 bounded and its gradient negative with

inf Opug(x) < —p*, "= B ([uolloe)/24V/[B (o l[o)? /4 + K (O)V (B([Juo]lsc))-

Then, there exists a unique local smooth solution u € C}(R x [0,T1) to (1.1) with a
finite life span T < oo and
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To investigate further the wave-breaking phenomenon, we perform numerical
experiments. For sub-critical initial data, we observe conditional formation of shocks
depending on the exponent m of the nonlinearity of the inhomogeneous term :
roughly speaking, the higher m is the stronger the convection term dominates the
behavior of the numerical solution.

We note that in the case of linear inhomogeneity m = 1, both lower threshold
for global smooth solution and upper threshold for finite time breakdown are iden-
tified in [19]. Here the nonlinear inhomogeneity renders a lower threshold subtle
to identify. Nevertheless, the critical threshold phenomenon is indeed generic, and
was first observed and studied in [8] for a class of Euler-Poisson equations; and
further extended to other problems of various types such as a convolution model
for nonlinear conservation laws [19], nonlocal dispersive wave equations [20] as well
as relaxation systems in traffic flows [18]. The study of multi-D critical threshold
phenomena becomes more challenging, and a new tool of spectral dynamics has
been first introduced in [21] to estimate the velocity gradient matrix, instead of the
velocity slope in 1D problems such as the model studied in this paper.

Our main result concerns with the asymptotic behavior for large times. We prove
that the typical L'-asymptotic state for the model (1.4) with B(u) = ulu|™"1,
m > 2 for nonnegative solutions is given by the so called inviscid N —-wave

N( t) % if0§$§\/2l|’u,ol|1t

x,t) = .
0 otherwise

This fact constitutes an essential difference to the Hamer model m = 1, where the

large time asymptotics is described by diffusive N—waves, i. e. self similar solutions of

the viscous Burger’s equation (see [11,17,7]). Our result on the asymptotic behavior
reads as :

Theorem 1.3 (Asymptotic behavior). Let u be the unique entropy solution to
the hyperbolic-elliptic problem (1.4), (1.2) with m > 2 subject to nonnegative initial
data ug € L* N L= (R) satisfying

1

Juo()lloo < <m> . (1.9)

Then, the following decay rate holds

lu, )l = O (¢74) (1.10)
for large times t. Moreover,

lim % |lu(-,£) — N(-1)], = 0 (1.11)

t——+o0
for allp € [1,400).

The proof of Theorem 1.3 is carried out via a classical rescaling method. We
emphasize the techniques used to obtain the compactness needed in passing to
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the limit in the rescaling. Technical difficulties arise due to the nonlinearity of the
inhomogeneous term, which inhibits a method for a one-sided pointwise estimate
on the space derivative as available for the linear Hamer model (see [17]).

Instead, we apply a method proposed in [2] for general homogeneous nonlinear
semigroups, which detects a uniform bound in BV. Moreover, we overcome regular-
ity issues with a vanishing quadratic nonlinear diffusion on a bounded domain with
Dirichlet boundary conditions, while a standard vanishing viscosity approximation
fails.

Outline: The three theorems 1.1, 1.2 and 1.3 will be proven in the sections 2,
3 and 4, respectively. We refer to these sections for more detailed comments and
references.

2. Global existence theory

The aim of this section is to prove the global existence and uniqueness stated in the
Theorem 1.1 above. Due to the presence of a nonlinear convection term in (1.1), one
cannot expect global existence of classical solutions. Since weak solutions are (as
well known) in general not unique, we introduce the notion of weak entropy solution
(see for instance [15,3]).

Definition 2.1. A bounded measurable function u : R x [0,400) — R is said to
be a weak entropy solution of (1.1) with initial datum ug € L*(R) N L>(R) if it
verifies the inequality

T T
| [ntwow + Faoasd+ [ atuatepiw0dr> - [ gt
0o JR R 0 JR 2.1)
with L{u] :== K * B(u) — B(u) for all convez functions n: R — R with F given by

Fw) = [ " (s (s)ds (2.2)

and for all nonnegative Lipschitz continuous test functions ¢ : R x [0,T) — R
having compact support intersecting the line {t = 0}.

Existence of a unique weak entropy solutions is shown by a standard vanishing
viscosity approximation (see e.g. [3, Chapter 6]). Given € > 0, we construct classical
solutions of

O+ 0, f(u) = K * B(u) — B(u) +¢9?,u (2.3)

and study their limit as € | 0. The uniqueness of these weak entropy solutions
follows by means of the “variables doubling” technique due to Kruzkov [15] (see
also [16] for the problem (1.1) with B(u) = u).

The local existence of the approximate solutions of the equation (2.3) is stated
in the following proposition.
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Proposition 2.1. Lete > 0 be fized and let ug € L*(R)NL>®(R). Then, there exists
T > 0 such that (2.8) has a unique solution u € C([0,T]; LY(R)N L% (R)) having uo
as initial datum. Moreover, the space derivative u, also belongs to C ([0, T]; L*(R)N
L=(R)).

Proof. The proof follows as in e.g. [16, Theorem A.2], using that B is locally
Lipschitz continuous in the inhomogeneous part in the Duhamel type formula for
u. Therefore, we shall omit the details. O

The global existence of the approximate solutions u€ in L' N L> follows in the
lines of [3, Theorem 6.2.2] and [16, Theorem 2.2]. For the sake of clarity, we shall
shortly reproduce it.

Proposition 2.2. Let u and @ be solutions to (2.3) having initial data ug, Gy €
LY(R) N L (R) respectively. Then, for all t >0,

[ wte.0) ~ ate, ) ds < [ (unle) ~ o)) (2.4)
R

- R
[u(-,t) —al D)l < Jluo(-) = ao(-)lr- (2.5)

Consequently, if up(x) < Go(x) a.e. on R, then u(x,t) < @(z,t) a.e. on R x [0,T].
In addition, for all p € [1,+00] we have

[u(Dllp < luo()lp- (2.6)

Proof. Let T > 0 be as given in Proposition 2.1. It is sufficient to prove the above
statements for ¢ € [0,7], as they will extend to all ¢ > 0. We consider two local
solutions u, @ € C([0,T]; L*(R) N L>=(R)) with initial data uo and %o, respectively.

To show the estimate (2.4) we consider a suitable regularization of the positive
part function z — z; = max{0, z}, for instance

0 if 2<0
ap(z) = % if0<z<2p for n>0

z—mn if z > 2n.

and compute

%/Rom(u_ﬁ)dz:—/Ra;(u—ﬁ)(f(u)—f(a))xda: +/a;7(u_g)(L[u]_L[ﬁ])d$

R
+ E/R(Jz;](u — ) (u — U)ggdx .

Then, integration by parts shows the last term nonpositive (a;; > 0), while the
first term vanishes in the limit n | 0 due to the regularity of u and u stated in
Proposition 2.1

a;;(u —u)(f(u) — f(@)(ug —tz) =0 asn 0.
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Thus, with «; — H the Heaviside characteristic function of [0, +00) it remains

to estimate the convolution term (using that 0 < H < 1, 0 < K, and that B is
nondecreasing)

% R(u(z,t) a(z, b)) d:c</H u—1u)[K * (B(u) — B(u)) — (B(u) — B(@))](z, s)dx,

/ / K(x — y)(B(u(y)) — Ba@))); dydz
- / H(B(u) - B())(B(u) — B(a))dz =0,

since we recall that ||K||; = 1. This proves (2.4) after integration over the time
interval [0,t]. Moreover, the inequality (2.5) easily follows by interchanging the
roles of u and %, while the monotonicity statement is a direct consequence of (2.4).

In order to prove (2.6), we use a regularization of the modulus 3,(z) — |z| as
n — 0 with that same properties as a,, above. For p € [1,400), after integration by
parts we have

%/}Rﬁn(u)pdx:—p/Rﬁn(u)P—lﬁg(u)f(u)xd:c +p/ﬂn(u)p_15;7(u)L[u] dx
—pa/R[(p—l)ﬁn( w)P 2B (w)? + B2 B (u)]u da.

We observe that the last term above is nonpositive and that for the first term

[ sntwrssas = [ o ([ a0 8000 G ) dr =0,

To check that the second term is nonpositive, we take half of it, interchange the
variables and use the symmetrie of K. Then, since B and ~,(u) = 8, (u)?~" 5] (u)
are nondecreasing

1
[ twttudds == [ [ Ko=) {Btw) = Bl () = u()ldsdy <0
Thus, the statement (2.6) follows in the limit 7 | 0 and by sending p — +oc. O

The next step provides compactness (in a suitable sense) of the solutions to (2.3)
with respect to ¢ (see also [3,16]) :

Lemma 2.2. For a given € > 0, let u® be the solution to (2.3) with initial datum
up € LY(R) N L>®(R). Then, there exists a function w : [0,+00) with w(r) | 0 as
r 10, w depending on ||uo|lec and on ||ugl|1, such that

/|u (x4t + k) —us(z,t)|de < w(|h]) + w(k3),

for allh € R and k > 0.
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Proof. For simplicity we replace u® by u throughout the proof. First, for any fixed
t > 0, we use (2.5) with a(z,t) := u(x + h,t), i.e.

/ |u(z + h,t) — u(z, t)|de < / luo(x + h) — up(z)|de < w(|h]), (2.7)
R R

for a function w as specified in the Lemma thanks to the absolute continuity of the
measure ugdr with respect to the Lebesgue measure.
Secondly, it remains to show that

/ lu(z,t + k) — u(z, t)|de < w (k3), for k>0, (2.8)
R

for a function w; having the same properties as w before. This is done as in [16,
Lemma 2.3], where (with w is as in (2.7))

/ |u(z,t + k) — u(x, t)|dx — / d(x)[u(z, t + k) —u(z, t)]de < 4w(k%), (2.9)

R R

and ¢ is a Friedrich’s regularization of sign(u(z,t + k) — u(x)) with ‘step’ k'/3, i.e.
oa) = [ K0l - ©)signlulé. ¢+ ) = €. 0)d

where p > 0 with ||p|l1 = 1 is a smooth mollifier with compact support in [—1,1].
Thus, we estimate

t+k
/ d(x)u(z, t + k) — u(z, t)|de = / o(z)ur(x, 7)dxdr
R ¢ JR

t+k
=[] @@l n) + 6 @l 7) + 6@+ Bl - Bll(e. 7)) dode

< Cklluolly  sup  f'(w) + pCh||uolly + 2kl|uoly  sup  B'(u),
0=<u<||uo oo 0<u<||uo o
where the constant C' only depends on the mollifier p. This completes the proof of
(2.8) and the proof of the Lemma. |

As a consequence of Lemma 2.2 and of Proposition 2.2 follows the

Proof of Theorem 1.1. Let ug € L' N L>(R). Then, for any T > 0 the family
{uf}es0 of solutions to (2.3) with ug as initial datum converges (up to subsequences)
strongly in L (R x [0,7T7]) for all p € [1,400) to u € L' N L=(R x [0,77), as a
consequence of the Riesz—Frechet—Kolmogorov compactness theorem and of Lemma
2.2. Moreover, by extracting a subsequence converging almost everywhere, it is easy
to verify that the limit  is an entropy solution to (1.1) with wug as initial datum.
The uniqueness of entropy solutions to (1.1) can be proven in the same way as in [3,
Theorem 6.2.2] or as in [16, Theorem 2.5] (based on the ‘variables doubling’ method
by Kruzkov [15]) using the dissipative nature of the source term K * B(u) — B(u)
as in Proposition 2.2 above. Therefore, we omit the details. O
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3. Critical thresholds and numerical experiments

Throughout this section we consider (1.1) in particular for the Burgers’ flux f(u) =
u?/2, for a nondecreasing, differentiable function B(-) € C*(R) and for a kernel
K (x), which in addition decays symmetrically from K (0), i.e. z- 0, K < 0 for z # 0

Oru+ ud,u = K « B(u) — B(u), (3.1)
subject to nonnegative initial data
u(z,0) =up(z) >0, zeR. (3.2)
The monotonicity property obtained in section 2 ensures the estimate
0 < u(t,z) < ||uo|oo-

when ug € L°°. This bound leads to the following estimates, which will be used in
figuring out our threshold conditions.

Lemma 3.1. Let u be a smooth nonnegative solution in [0,T). Then it holds

0< K=xB(u) < ?gﬂicB(uo), (3.3)
CKO)V(B(u)) < K * 9, B(u) < K(O)V(B(uo)), (3.4

where V(B(up)) := — minger B(uo(z)) + maxgzer B(ug(z)).

Proof. The first inequality follows from the fact K * 1 = 1 and the L* bound
0 < u(t,-) < ||uo|lco- Using the one-sided monotonicity of K with x - 9, K < 0 for
x # 0, we are able to prove the second inequality as follows :

K+ 0.8(0) = | K(w=9)0,B)(t.0)dy = [ 0.K(a =) B(t.y) dy

xT —+o0
—|[ ok Bty [ oK@ -0 By di]
x —+oo
< min B(uo(x))[ 0. K (x —y)dy + I;lgﬁcB(uo(:c))/ 0. K(z —y)dy

Tz€R
< K(0) [— miﬁ% B(up(z)) + maD%B(uo(;v))] = K(0)V(B(ugp)).
TE e
The lower bound —K (0)V(B(up)) is clear from the above estimate. m|

The existence of T' is ensured by the local existence theorem stated in the fol-
lowing

Lemma 3.2. Consider the Cauchy problem (3.1)-(3.2) with non-negative initial
data ug € CL(R). Then there exists a positive constant T, depending only on
[uollcrmy such that (3.1)-(5.2) has a unique smooth solution in CHR x [0,7T7]).
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The proof of this local existence may be obtained by a standard iteration scheme,
the details are omitted.

Equipped with the above preliminary facts, we turn to a discussion of wave
breaking criterion.

Lemma 3.3. Consider the Cauchy problem (3.1)-(3.2). The mazimal existence
time T 1is finite if and only if the gradient of the solution becomes unbounded from
below in finite time.

Proof. From the local existence in Lemma 3.2 it follows that if the gradient of the
solution becomes unbounded in finite time, then T' < oco. For ¢ € [0,T) the slope
1= Oy u satisfies

Oipt 4+ Oy + p* = K * 0, B(u) — B'(u)u, (3.5)
which when combined with Lemma 3.1 gives £(u) < 0, where
L(p) 7= Oppu+udpp + p* + B'(u)p — K(0)V(B(uo)). (3.6)
On the other hand, since B’(u) > 0, we have
L (sui(uoﬁ_ + K(O)V(B(uo))t> >0,
TE

and the comparison principle gives
pl@,t) < sup(po)y. + K(O)V (B(uo))t.
TE

This upper bound for u, ensures that the blow up of u, can happen only at —oo,
i.e.,

tEIII’lf(Imnel]E Ozu(t,z)) = —oo. O

We are ready now to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. The smoothness of u before the breakdown time ensures
the inequality £(p) < 0, where £ is defined in (3.6). Let Y be a solution of the
following equation
Y'(t)+Y?+ sup {B}min{Y,0} — K(0)V(B(ug)) =0, Y(0)= in%{@wuo}.
[0, ]uolloo] ze

Then we have £(Y) > 0. The comparison principle leads to u(z,t) < Y (t). Note
that the Ricatti-type equation for Y can only lead to negative blow up at finite
time. The dynamics of Y is then governed by

Y'(t) 4+ (Y +b9)® —ag =0, by:= sup {B'}/2, ao= K(0)V(B(uo)) + b3.
[0,]luolloo]
From this it follows that if Y(0) < —(bg + /ao), then Y (t) — —oo before ¢ reaches
S T (Y(O) by — m)
2 /as P\Y(0)+bo+/as)
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=-01

(up)> 071, min(3, u)

+

"

U(x),

Fig. 3.1. Wave Breaking for Undercritical Initial Data : Dependence on the nonlinearity. Initial
triangular peak and numerical solutions at time ¢ = 13 for m = 10, 4, 3, 2.2, 2, 1, in the order :
dotted (m = 10), dashed (m = 4), dash-dotted (m = 3), solid (m = 2.2), bold (m = 2), dashed
(m = 1) on top of dotted (m = 1, spectral method).

This proves that the solution breaks down in finite time once d,up > —(bo + \/a0)
fails. O

Wave breaking for subcritical initial data : Numerical Experiments

The critical breaking threshold of Theorem 1.2 is not sharp. Figure 3.1 shows nu-
merical solutions for undercritical initial value problems for several values of the
exponent m = 10, 4, 3, 2.2, 2, 1 (K(z) = 0.5exp(—|z|), min Oyup(z) = —0.1 while
0.71 < p* for all considered m). Wave breaking is observed approximately for
m > 2. In the strongest nonlinear case m = 10 the solution is quickly close to the
asymptotic nonnegative N-wave (see section 4 below).

The numerical solutions are calculated by a splitting scheme : For the hyperbolic
transport we use up-winding with timesteps chosen according to the CFL-condition;
for K * (u™) — u™, instead of calculating the convolution K * u™, we solve (taking
u™ at the old time) the elliptic equation —(K * u™)” + K * u™ = u™ by a mass-
preserving centered-difference scheme. In the linear case m = 1, the numerical
solution is alternatively calculated using an implicit spectral method (cf. [1, Part
II, Chapter 8]) with no visible difference (see Figure 3.1).

4. Asymptotic behavior

This section is devoted to the study of the large time behavior in L' of the solutions
to (1.4) and to the proof of Theorem 1.3. Recalling the assumptions, we consider
nonnegative initial data ug(z) > 0 and thus nonnegative solutions u(t,z) > 0 for
the particular flux function f(u) = u?/2 and the nonlinearity B(u) = u™ for m > 2.
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Moreover, we regard especially the Green’s kernel
K(z) = —e Il (4.1)

to the differential operator —92 + 1. Thus, altogether the equation (1.1) can be
rephrased as the hyperbolic—elliptic system (1.4).

These choices of f and B are related to a simplified model for radiating gases
described in [28,10]. In [10], linearization around constant states yields the exponent
m = 1 in the elliptic equation of the model system (1.4). (see also the related works
[12,13,11]).

Here we don’t perform any linearization: we model the convective motion of
the compressible Euler equations by the scalar convection of Burgers’ equation
(compare e.g. [9] for a related simplification of two species Euler-Poisson systems),
whereas we leave the nonlinearity in the terms describing the radiation phenomena
unchanged. In particular, m = 4 is a physically significant case arising from the
stationary radiative transfer equation in the original model (see also [4]).

The technique we use is the classical scaling method described, for instance,
in [27] (see also [17,16]), which consists in analyzing the behavior of v*(y,7) :=
Au(Ay, A27) as A — +oo (we shall be more precise in Section 4.3).

To prove the convergence of the family {v*} as A — oo towards a limit profile
v, we require compactness properties of the solution semigroup of (1.4). A result
in this direction has been obtained in [17,23] in the linear case m = 1 in terms
of a one-sided estimate of the spatial derivative u,, which implies a time decay
estimate of the L>® norm of u. Consequently, the L' norm of u, and of u; are
controlled uniformly for large times when the initial datum is purely in L'. Here,
unfortunately, in the nonlinear case B(u) = u™ for m > 1, the technique to derive
the one—sided estimate of u, seems to fail.

Instead, we succeeded to adapt an approach of Crandall and Pierre for conser-
vation laws [2], which shows an estimate of the total variation of the time derivative
of the solution (compare Lemma 4.3 below). This leads to a decay property of the
BV -norm of v which is stated in Proposition 4.2. This approach relies on the regu-
larizing properties of the convective part, expressed by the quadratic flux function
f(u) = u?/2. The inhomogeneous part is treated as a perturbation, which entails
both the assumptions of having super—quadratic nonlinearity (m > 2) and of the
smallness of the L*° norm.

As already mentioned in [2], the method requires a suitable regularization pro-
cedure for the solutions, which were Yosida-type approximations in case of the pure
conservation law.

Here, in presence of the nonlinear inhomogeneous part, a quadratic nonlinear
diffusion approximation on bounded intervals with Dirichlet boundary conditions
fits this purpose. This is due to the fact that the leading operator in the genera-
tor of the semigroup must be homogeneous in order to apply the Crandall-Pierre
technique, which prevents a standard vanishing viscosity argument as in section 2.
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4.1. Approximation via quadratic diffusion

For fixed n € N we introduce the nonlinear diffusive approximation

{8tu+u81u— —0,q + %ZﬁuQ, (4.2)
—2q+q=— 0™,
or, equivalently, the approximating equation

Opu + u Oyu = Lu™] + % 02u?, (4.3)
on the strip (z,t) € [-n,n] x [0,400), with boundary conditions

ug(£n,t) =0, q(£n,t) = 0. (4.4)
We impose the following initial condition

u(z,0) = ugn(z) = % + up(x), x € [-n,n], (4.5)

for a nonnegative ug > 0 taken in L*NL>°(R). The solution ¢ to the elliptic equation
in approximating system (4.2) can be expressed as

n

q(z,t) = — [ K"(x;y)0y(u™(y))dy,

—n

given the approximating Kernel K™

K" (zyy) = 2(771"_1) [e=lo=vl — e=2n (e(e+y) 4 o=(=49)) L g=dntlo—vl] = (4.6)
K”(x;y)dyzl—62n+1(e’m+6m), K">0, K'zy)=K"(y;2).

The kernel K™ converges to K given in (4.1) as we have that
K™(z,y) — K(x,y) forall (z,y).

The existence of local smooth solutions to the approximating system can be easily
proven via Schauder’s fixed point theorem. Moreover, the estimates of Proposition
2.2 hold thanks to the dissipative nature of the diffusion term, as summarized in
the following

Proposition 4.1. For fired n € N, there exists a unique smooth solution u™ to
approximating system (4.2)—(4.4) subject to the initial data (4.5). Moreover, u"
satisfies the statements of Proposition 2.1 and Proposition 2.2, in particular the
solution is global and bounded below

[ 0)llp < lluon()lly  p € [1,400],
1

u(x,t) > — for allx € [-n,n], t >0,
n

where the last property ensures that u™ is globally smooth as a solution of a non—
degenerate parabolic equation.
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Proof. The proof follows the proof of Proposition 2.2. The nonlinear diffusion term
L 92(u™)? is dissipative and it can be treated similarly to the linear diffusion term in
the approximation (2.3). The estimates of the nonlocal inhomogeneous term follow —
after extending u, @, and K™ by zero outside the interval [—n, n| — as in Proposition
2.2 since ||[K™|; < 1. m|

The next lemma will be useful in the sequel.

Lemma 4.1. Let f € L'([-n,n]) and introduce the approzimating convolution
product *,,

n

(0:K™) %y (f) = [ O0uK"(z;9)f(y)dy .

—n

Then, for n large enough we have

1(0K™) *n (F)Lr((=nn)) < Ml fllLr((=nn])s
for some constant M,, > 1 such that M, \,1 as n — +o0.

Proof. A simple but tedious calculation yields

8477, n n
10" 50 (DI < 55 | [ [ = poldedy

—e 4" / / el*=v| f(z)|dwdy + e2" / / [e= 7Y — ™| f () |dady
v [ [Te g e (o) dnay
.y

By computing the above integrals and by discarding nonpositive terms we obtain
the desired estimate. O

4.2. The BV —estimate

In this section we use the approximating sequence u" to prove the key time-decay—
BV -estimate of u, which is stated in Proposition 4.2.

Lemma 4.2. Assume ug satisfying ||uo||~2 < L. Then, the solution u of (4.2)-
(4.4)-(4.5) satisfies the following estimate :

1(u®/2)all L2 1=,y < - = [t ]| L1 ((=n,m) (4.7)

M, m|luo|

where M, is the same constant as in Lemma 4.1 for n large enough.

Proof. We multiply the right-hand side of (4.3) with a smoothed version of sign(u,,)
and use the result in Lemma 4.1 to obtain the following estimate

1(w?/2)e |l Lt (—mmp) < el 21((—m.n)) +m||u||7ﬁ;(2[,n,n])/ (O K™) #n | (w?/2)] da

< Nuell (= nng) + Memluol| 221w /2)a | L1 (= nm)) »
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where we have used (4.16) and
1 n 1 n Uy
—/ sign(uy)(u?)zpdr = 2—/ um/ s6(s)dxds — 0
nJ_n nJn 0

in the approximation of the sign function (here ¢ denotes its the derivative) together
with the results of Proposition 4.1. O

Lemma 4.3 (Estimate of the time derivative). Assume initial data satisfying
1
m(m—1)

Then, the solution u of (4.2)-(4.4)-(4.5) satisfies the following estimate :

luollZe™* <

1
lue@llzr(-nn) < 3 Clm, Juolls, luollec) >0 (4.8)

1
m(m—1)

for a constant C depending only on m, |juoll1 and |jue|| ™2 < and for n

large enough.
Proof. We follow the approach of [2], which considers for o > 0 the function
w = tus + ou wy = tug + (1 4+ a)uy,
satisfying the equation
wy = tug + (1 4 @)uy
= —(uw)y + a(u?)y — tq + 2%(wu)m - 2%a(u2)m +(1+ a)us

1
= —(uw),; + 2E(wu)m —2aq; — tqe: + (1 — @)uy .

Thus, we calculate readily that

d no
pn [t]|w|l1] :/ sign(w) (tw + w) dz

_ / " sign(w) [—t(uw)m + %(wu)m} dz + / sign(w) [(2 — a)w — a(l — a)u] de

. n “n

n 4
+/ sign(w) (—t*qus) dz +/ sign(w) (—2atqy) de =: Z I.

—n —n k=1

n

The term I; can be proven to be non-positive by choosing a suitable smoothed
version of the sign function and by taking the limit in the smoothing parameter,
similarly to Proposition 2.2. The term I5 is controlled by

I < (2= a)llwlh + el —afflully .
In order to estimate the term I3, we introduce the notation

—Pup+P=mu" tw,
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and write
~tqpe = P — mu™ 'w + mag,.

Therefore, we have

Is = t/ sign(w) (P — mu™ 'w) dz + tam sign(w)qgdx

<t (||PH1 — mHum*lwﬂl) + tam sign(w)q, dx .

—n

Similarly to the proof of Proposition 2.2, we have that ||P||; < m|u™ twl|; since
IK™|1 < 1. Therefore, by using Lemma 4.1 and the result of Proposition 4.1 we
obtain

Is+ Iy < at(m—2) / sign(w)g.dx < at(m — 2)||q|1
R

< Mpatm(m — 2)||uol| 2572[|(u®/2)a 1.

All together, we obtain that
d m—
7 [tllwlh] < Muam(m = 2)[uoll ™2 ¢ [ (u?/2)a]l1 + (2 = ) wll + ada = 1]jul1,

and further using lemma 4.2 and ¢||u||1 < w1 + o|ul1

d Muam(m — 2)||lugl|™ 2 )

— [twl]1] < S—+2—a ||w

1t < (e Dl ol
(Mt~

1~ Momugl %

+Mwwwww

It is now easy to verify that the round bracket of the first term (-)||w||1 equals zero
if
1 . 2 (mM,||uo||m~2 = 1)

m—2
u < and = ’
[[uoll5e™™ < mM, (m — 1) 1—mMn(m—1)||Uo||glo—2

and thus, integration with respect to ¢ yields

lw(®)]lr < C (m, [[uolloo, luoll1)

for some constant C' > 0. By recalling the definition of w we obtain the desired
estimate. a

We now pass to the limit as n — +o0 in order to extend the above estimates to
the unique L' entropy solution to (1.4) with initial datum ug € L* N L.

Proposition 4.2 (BV—estimate of u). Under the assumption

1

l[uo(-) 122 < m(m — 1)’

(4.9)
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the unique L' entropy solution to (1.4) with initial datum ug € L* N L™ satisfies
the BV decay estimates

1
l®llz + TV (we) + [TV (@] < 750 (m, fuollo luoll) - (4.10)

for allt > 0.

Proof. Due to the results in Lemmas 4.2 and 4.3, the solution u™ to the problem
(4.2)-(4.4)-(4.5) (extended to zero outside the interval [—n,n]) satisfies

n n n 1
"l + 119" |1+ 192 (u™)? [l < 5 C(m, ol uolloo), (4.11)
which implies
n 1
lu"®)lloo < 3771C0m, Juols, luol0)]'/2. (4.12)

Therefore, {(u™)?},, is an equi-bounded family in BV ([—R, R] X [t1,ts]) for fixed
R, t1,t2 > 0 with equi-bounded time derivative 4 ||[u"]?||1. Hence, by Helly’s selec-
tion theorem and Ascoli-Arzeld’s theorem (see e. g. [14]), there exists a subsequence
u™ converging almost everywhere and in C([t1,t2]; L'([~ R, R])). By using the es-
timate (4.12) and the definition of K™, one can repeat the same computation as in
[17, Lemma 5] and prove that

/2 ¢
/ ™ (2, )| dar < / o (2)|dz + Cy (— + —) + R(k),
|z|>2R |z|> R R R

with R(k) decaying to zero as k — co. These assertions imply that u™* is strongly
convergent in C([t1,t2]; L' (R)). Now, by considering the weak formulation of the
problem (4.2), we can easily prove that u™* converges almost everywhere on [ty ta] X
R (eventually by extracting a further subsequence) to the unique L! entropy solution
u of (1.4) with initial datum wug. Finally, it is easy to pass to the limit (as n — 00)
in (4.11) (e.g. by weak lower semicontinuity) and in (4.12) and obtain the (4.10) for
Uu. O

4.3. Rescaling
Given a positive parameter A > 0, we introduce the rescaled quantities
My, 7) =My, N1) My, T) = Ny, Ar),
and the corresponding rescaled kernel
K y) == AK(\y) . (4.13)

Considering the system (1.4), it is easy to verify that v* and ¢ satisfy the rescaled
system

{aﬂ)A + 0" 90t = =0, (4.14)

_)\—Zaqu + q)\ — _/\1—1nay(,v)\)1n7



LJuly 12, 2007 17:18 WSPC/INSTRUCTION FILE
onvection radiation final

18 M. Di Francesco, K. Fellner, H. Liu

or, equivalently, the rescaled equation
v + 02 9yt = NN x (0M)™ — (0M)™] = MM, [(0, K) + (vM)™] . (4.15)

where the last equality follows from the Green’s function properties of K*. Finally,
we note that the rescaled initial datum vy satisfies

vo(y) = Auo(Ay), (4.16)

for a nonnegative ug > 0 taken in L' N L>°(R).

By the rescaling ¢ = A\?7, we analyze the large time behavior of « in terms of the
limit of v when A — oco. Formally, since the inhomogeneous part in (4.15) or (4.14)
clearly vanishes as A — oo, we expect the limiting behavior of v* to be described
in terms of the inviscid Burgers’ equation

00 + v 9 v™>® =0. (4.17)

This is a different asymptotic regime compared to the linear case m = 1, in
which the large time behavior is governed by the viscous Burger’s equation as was
proven by means of the same rescaling as above in [16,17].

We use the BV —estimates proven in Section 4.2 to establish suitable compactness
of the family {v*},.

Proposition 4.3 (Compactness). The family of solutions {v*}xso to (4.14)-
(4.16) is relatively compact in C([11,72]; LY(R)) for 0 < 71 < To.

Proof. By re-writing the estimates (4.10) in terms of v* one easily obtains

[ (7)o + TV (0 (7)) + [TV (02 (r)]V/? < %O(mv l[uolloo luoll1) -

Therefore we can repeat the compactness argument performed in Proposition 4.2,
this time with respect to the parameter A, and the proof is complete. O

4.4. Limait as A — oo

From the result in Proposition 4.3 one deduces the convergence up to subsequences
of the family v* in C([r1, m2]; L'(R)). We shall prove that the limit is the same for
all subsequences. Thus the whole family v* converges to a v> as A\ — oo, which we
identify as the unique (see [24]) nonnegative entropy solution of the homogeneous
Burger’s equation

vy + VU, = 0 (418)

with initial datum the Dirac delta measure, i. e. the N—wave solution

i 0 <y < 2fuolar (4.19)

0 otherwise

N(va)_{

We proceed in the following two propositions.
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Proposition 4.4. v™ is an entropy solution to (4.18) on the set R x (0,400).

Proof. In the rescaled variables for 0 < 7 < 7o, we recover the entropy formulation
of (4.15)

/ / V)Y, + F(v),]dydr > —\3~ m/ / K* s o™ — o™tp dydr =T

for all convex functions 1 : R — R with F(v) = [* sn/(s)ds and for all nonnegative
Lipschitz continuous test functions ¢ : R x [r1,72] — R having compact support.
By a change of variables the right-hand-side I equals to

T
I= /\3m/0 /R/Rﬁl(v(y))KA(Z)[vm(y) — o™y — 2)](y) dydzdr
T
_ _\3-m ™ >‘Z (v — (ol — = . dr
- /0 /R/R W) K (2)[n" (v(y)(y) —n' (v(y — 2))v(y — 2)] dydzd

By splitting the square brackets like

[ (v(y)) ¥ (y) =" (v(y—2))¢(y—2)] = 0’ (v(Y)) [ (y) =L (y—2)]+[0 (v(y) =1 (v(y—2))]P(y) ,
we have thus for the right-hand-side

T
I = Il +I2 = —)\3—771‘/0 ‘/R‘/R,Um(y)K)\(Z)n/(U(y))[dj(y) —¢(y—z)] dydsz
T
_\3—m o™ AZ (v — o (o — = dr
A /O/R/R WK (2) [ (v(y)) — ' (v(y — 2))]¢(y) dydzd

For I, a rescaling 2 — £ and a Taylor expansion

z

) - oty - = +0 ()

shows that I tends to zero similarly to [16, Theorem 3.13]. For I3, we change once
more variables and rescale z — $ to obtain

T z
= [ [ R @)l o) = o= 3ot 5)) dydzdr

Similar to the above, we add and subtract —v™(y — £)¥(y) to the square bracket
and estimate then the first difference by the Lipschitz continuity of v — v™/2 for
m > 2

=X / / / K (o))" (5) — o™ (y — 5] dydzdr

< ON3™ m/ /K /|v —v y——)|dydsz<C')\2 m/ K(2)|z|dz,

since v?(y) € BV (R) (uniformly in \) by Lemma 4.3, and therefore (see e.g. [25])

@ = =3, =¢[3)
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Thus, the I5 tends to zero as A — oo, and the same is true for second difference
since the test function % is Lipschitz Hz/;(y) — Py — f)”l < C‘ﬂ m|

Finally, we follow [17] to identify the initial datum of v*>°.

Proposition 4.5. For all test functions ¢ € C5°(R), the function v>°(y, ) satisfies

lim
7N\.0

[ o 0wy ~ ol (6,0} =0,
R
where ||ug||1 is the initial mass and § is Dirac’s delta distribution.

Proof. For a test function ¢ € C§° multiplied with (4.15), we integrate by parts
the convection term and change variables in the convolution to calculate (using

[v]l1 < |luoll1)
/ / vr G(y)dydr
0 JR

u " —m " m
<l P9 [ pollary e+ 381K 6= 0l [ ol

‘/RU(ZJ,T)QS(Z/)dy _/RUO(xW(UC//\)dx

where we have as in [17] that
1
150 = bl < X216 oo + A Gl16" 1 [ 2PNz
R

Thus, by the decay estimates (4.12) and ||v]|™ < A™ 7! ||lug||™, there are constants
C1 and C5 such that

SClTl/Q—FCQT.

/ oy, ) (y)dy — / wo ()bl N)da
R

R

Moreover, in the limit A\ — oo,

[ vl 10y = ol < €372 4 Car,

and the limit 7 — 0 shows the desired assertion. |
In order to complete the proof of Theorem 1.3, we choose 7 = 1 and obtain
/ |u(z, \)dx — N (2, \?)|dz = / [v* (y,1) — v™>°(y,1)|dy — 0 as A — 400.

Moreover, the uniform L> bound for v* trivially implies the decay rate (1.10). The
LP estimates easily follow by interpolation.
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