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Abstract

In this paper, we consider hyperbolic relaxation systems arising from dynamic continuum
traffic flow models including the well-known Payne and Whitham (PW) model. The equi-
librium characteristic speed resonates with one characteristic speed of the full relaxation
system in many physical scenarios in traffic flow, for which the usual subcharacteristic con-
dition only marginally holds. In spite of this obstacle, we prove global in time regularity and
finite time singularity formation of solutions simultaneously by showing the critical threshold
phenomena associated with the underlying relaxation systems. We identify a lower thresh-
old for finite time singularity in solutions and an upper threshold for the global existence
of the smooth solution for two traffic models with different choices of traffic pressure and
equilibrium velocity. The obtained thresholds are represented in terms of the initial slopes
of the Riemann invariants and the initial density. The set of initial data leading to global
smooth solutions is large, in particular allowing initial velocity of negative slope.

Keywords. Critical thresholds, singularity formation, quasi-linear relax-
ation model, global regularity, traffic flow.
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1. Introduction

Consider the following quasi-linear hyperbolic system with relaxation

pt+ (pu)z = 0,
{ (pw): + (pu2 +p(p))s = L(velp) —w), " ER, 1>0 (1)

subject to the initial data

(pvu)(x70) = (po,'LL())(l'), T e R7 (2)

where 7 > 0 is the relaxation time, p(p) is the pressure with p’(p) > 0 and
ve(p) is the equilibrium velocity with v.(p) < 0. This system arises from a
continuum model of traffic flows, see [40, 43].

We are concerned with both global in time regularity and finite time
singularity in solutions to such a relaxation system. As is known, the typical
well-posedness result of a one dimensional system of quasi-linear hyperbolic
balance laws asserts that either a solution exists for all time (global existence
of the smooth solution) or else there is a finite time such that slopes of
the solution become unbounded as the life span is approached (finite-time
singularity), see e.g. Lax [19], John [17], Liu [34], Nishida [39], Dafermos and
Hsiao [5], Luskin [37], Wang and Chen [42], Engelberg, Liu and Tadmor [7].
For the underlying relaxation system, our quest is whether there are critical
thresholds for the initial data such that the global existence of the smooth
solution or the finite time singularity depends only on whether the initial
data cross such critical thresholds.

In the context of traffic flows, the system is often written as

{ Pt + (pu)w =0,

U + Uty + L’;)w = L(ve(p) — w),

re R, t>0, (3)

where the first equation in (3) is a conservation law, while the second one
describes drivers’ acceleration behavior. The acceleration consists of a re-
laxation to an equilibrium speed-density relation and an anticipation factor
which expresses the effect of drivers’ reacting to conditions downstream.
The third term in the second equation in (3) corresponds to the anticipa-
tion factor in comparison with pressure gradient in the momentum equation



for gas flows. p(p) is the traffic pressure and ve(p) is the desired equilib-
rium speed. It is often assumed that the desired equilibrium speed ve(p) is
decreasing and satisfies v¢(0) = vy and ve(pmax) = 0 where vy is the free
flow speed and pmax is the maximum of concentration. 7 > 0 corresponds
to drivers’ responding time to the traffic. Note that system (1) and system
(3) are equivalent if we consider smooth solutions.

Several well-known traffic flow models are special cases of (3). We are
interested in two physical scenarios.

The first model is (3) with

p(p) = cgp- (4)

This is a classical dynamic continuum model of traffic flow: the Payne [40]
and Whitham [43] (PW) model. The PW model has been adopted in the
study of traffic jam dynamics by Helbing [12], Jin and Zhang [15], Kerner
and Konhduser [16], and Li [23]. A global weak solution of the Cauchy
problem was obtained in [36]. The data from the Lincoln Tunnel, New York
obtained by Greenberg in 1959 [8] suggest

Pmax

ve(p) = cln , 0<p < Pmax (5)
for some ¢ > 0. The logarithmic formula does not give a finite value for
velocity as p — 0, but the continuum theory would be on dubious ground
for very light traffic. In fact, we show in Section 3 that p is bounded away
from zero if pg is. The equilibrium velocity we adopt is defined in (5) with
¢ =cp and pmax = 1. That is

1
ve(p) = coln;, 0<p<I (6)

The second model is Zhang’s model [44]: (3) with

p(p) = %fpS (7)
and
ve(p) = vy(1 = p) (8)

where vy is the free flow speed. The equilibrium velocity defined in (8) is
rescaled from an actual measurement done by Greenshields [10]. A global



weak solution of the Cauchy problem (3) (2) with (7) and (8) for initial data
of bounded total variation was obtained in [20] and the L! stability theory
was established in [21].

The system (3) describes the relaxation process in traffic flows. In fact,
relaxation phenomena arise naturally in many physical situations such as
elasticity with memory, gas flow with thermal-non-equilibrium, phase tran-
sition, magneto-hydrodynamics, water waves. For hyperbolic relaxation
problems, it has been shown by Whitham [43] that a sub-characteristic type
condition is necessary for linear stability of the system. A remarkable devel-
opment of the stability theory for various relaxation systems have appeared
in past decades, see e.g., [3, 14, 18, 28, 27, 24, 35, 38, 41], relaying on some
sub-characteristic type structure conditions [35]. Nonlinear stability of the
traveling wave solutions of (3) with more general p(p) and v(p) is obtained
again under the subcharacteristic conditions (16) by Li and Liu [24]. It is
shown that the model (3) under the above two different settings supports
only a marginal subcharacteristic condition (18), that is, the equilibrium
characteristic speed resonates with one characteristic speed of the full relax-
ation system. The phenomenon also occurs in other traffic flow models, see,
e.g., [1, 9, 22, 45]. Previous techniques of analysis relying upon such a sub-
characteristic condition cannot be applied. Novel techniques for analyzing
the underlying nonlinear dynamics are required.

In this paper we study the critical threshold phenomenon for system
(3) with (4) (6) and with (7) (8), respectively. For each case we identify
an upper threshold for the global existence of the smooth solution and a
lower threshold for the finite time breakdown. In other words we show that
only traffic with initial velocity gradient below certain threshold experiences
congestion and the traffic stays smooth for initial velocity gradient above
certain negative threshold. The technique is to track the nonlinear dynamics
of the slopes of the Riemann invariants. For hyperbolic balance laws such as
(3), the coupling of different characteristic fields makes it difficult to detect
a sharp critical threshold, as observed in [31] for a 1D Euler-poisson system
with pressure effects. Nevertheless, for the relaxation system (3) with (4)
(6), we are able to decouple the ratio of the slope of one Riemann invariant
and the half power of the density from the system and to track its dynamics,
see (36). This and the a priori estimates of solutions in L*° enable us to
identify the asserted thresholds. For the relaxation system (3) with (7) (8),
the analysis can be performed in a similar manner.

The critical threshold phenomenon was first observed and studied in [7]
for a class of Euler-poisson equations; and further extended to other prob-



lems of various types such as a convolution model for nonlinear conservation
laws [29], nonlocal dispersive wave equations [25]. The study of multi-D
critical threshold phenomena becomes more challenging, and a new tool of
spectral dynamics has been first introduced in [30] to estimate the velocity
gradient. Using spectral dynamics as a crucial tool the critical threshold
phenomena have been justified for several interesting models [32, 33, 26].

The first result tells us the upper threshold for the global smoothness of
(3) with (4) and (6).
Theorem 1.1 [Global in time regularity] Consider the relaxation system
(3) with (4) and (6), subject to initial data (2) satisfying (po, ug) € C*(R) x
CY(R) and

0<v<polzr) <1

for all x € R and for some v > 0. Denote

1 luolle
m=-—e o . (9)
If both . .
2 ug(x) + Po(f)3 <0
TVm po(z) po(z)2
and

wa) @)
po(z) po()?
hold for all x € R, then the Cauchy problem (3), (2) admits a global smooth
solution satisfying

[u(,B)lloc < lluollo + colinv], t € RT

and
m~t < p(z,t) <m, (z,t)€ RxR".

Furthermore, we have the following estimates on the first derivatives

At(z) < Mel@D) o pe@t)
RO = L T <
and
min A7 (@) (2, 1) —¢ pa(2, ) < max A~ (z),

sel \/po(2) + VmA~(2)t/2 = plzt) PP (w,t) T eeR



where , ,
Ay o) o)
po(x) pg/Q(iL‘)

(10)

The result on lower threshold for finite time singularity is summarized
below.
Theorem 1.2 [Finite-time singularity] Consider the same problem as stated
in Theorem 1.1. If

up () + e P6(13)3 > _2ym
po(x) po(z)2 T

fails to hold at any point € R, then the solution of Cauchy problem (3)
(2) must develop singularity in a finite time 7. Moreover,

. . Uy (1) Pz, 1) _
I (3%15{ @t P f) T

At (z)
At(x) + @

and

T* < Tminln
TER

)

where m and A* are given in (9) and (10), respectively.

For lower and upper thresholds for system (3) with (7) and (8), we state
our results as below.

Theorem 1.3 [Upper and lower thresholds] Consider the relaxation system
(3) with (7) and (8), subject to initial data (2) satisfying (po, uo) € C*(R) x
CY(R)

(i) If both

and
up(z) = vgpp(z) =0
hold for all x € R, then the Cauchy problem (3), (2) with (7) and (8) admits
a unique global smooth solution.
(ii) If
1
(@) + vgra) >
fails to hold at any point # € R, then the solution of Cauchy problem (3)
(2) with (7) and (8) must develop finite time singularity.



Concerning these theorems, several remarks are in order.
Remarks:
(i) The set of initial data leading to global regularity is rich. In particular,
it allows the initial Riemann invariant of negative slope. This is in sharp
contrast to the generic breakdown in homogeneous hyperbolic systems [19].
(ii) No smallness of data is assumed for the global existence of the smooth
solution. The critical thresholds we identified reveal the genuine nonlinear
phenomena hidden in the system.
(iii) Note that the bounds for the derivatives of the initial Riemann invariants
are of order % This implies that the smaller the relaxation time 7, the larger
the set of initial data leading to global smooth solutions. This means that
the shorter the drivers’ reaction time, the larger the set of initial conditions
leading to global smooth traffic flows. This is compared with the fact that
in a class of optimal velocity models, the smaller the relaxation time 7
is, the larger the linear stable region is, [2]. Similar phenomena occur in
other problems. For example, in Euler-Poisson equations for plasma sheath
problem, the small Debey length does delay the finite time breakdown [25];
also small Rossby number in rotational Euler equations helps to prevent
breakdown from happening in O(1) time [33].

We now conclude this section by outlining the rest of this paper. In
Section 2 we present preliminaries about the hyperbolic relaxation system
(3) and reformulation of corresponding results in terms of the Riemann
invariants. Section 3 contains a priori estimates of solutions in L°° norm
for (3). Section 4 is devoted to identifying the upper threshold for global
existence of smooth solutions, as well as the lower threshold for the finite
time singularity formation. This is done by deriving the a priori estimate of
the derivatives of the solution.

2. Preliminaries and Reformulation of the Problem

For the pressure and the equilibrium velocity defined in (4), (6) and in (7)
(8), it is easy to check that

P'(p) = (pve(p))® > 0. (11)

Thus the system (3) is a strictly hyperbolic balance law, the characteristic
speeds being

Ai(p,u) = u+ pu(p) < u— pvi(p) = Xa(p,u). (12)



The corresponding right eigenvectors of the Jacobian of the flux are

ri(p,uw) = (p, (1) L (p)T, i =1, 2.
Both characteristic families are genuinely nonlinear

2
i+1 d

V)\i(p7v) : Ti(p’v) = (_1) dipg(pve(p)) #0, i=1, 2.

Recall that in the usual relaxation limit, 7 — 07, the leading order of
the relaxation system (3) is the LWR (Lighthill, Whitham and Richards)
model

pe+(a(p))e =0, (13)

where

q(p) = pve(p) (14)

is the equilibrium flux which is the fundamental diagram in traffic flow. The
equilibrium characteristic speed is

ve(p) + pvi(p). (15)
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The so-called subcharacteristic condition is
)\1 <A < )\2 (16)

on the equilibrium curve u = wve(p). (16) was shown to be a necessary
condition for linear stability, Whitham [43].

It can be derived formally [35], in the same spirit as the classical Chapman-
Enskog expansion, that the relaxation process is approximated by a viscous
conservation law

pe + (a(p)e = (B(P)pz)e (17)

where
Bp) = =7 (A = A1) (A = A2).

Note that (17) is dissipative, 5(p) > 0, provided that subcharacteristic con-
dition (16) is satisfied. Similar to the diffusion, the relaxation term has
smoothing and dissipative effects for the hyperbolic conservation laws. Non-
linear stability of the traveling wave solutions of (3) with more general p(p)



and ve(p) is obtained under the subcharacteristic conditions (16) by Li and
Liu [24].

From (12) and (15) we see that in both cases, (3) with (4) (6) and (3)
with (7) (8), the subcharacteristic condition (16) is only satisfied marginally

A=A < Ao (18)
Thus the diffusion term in the Chapman-Enskog expansion of (3) vanishes,

B(p) = 0.

Hence previous stability analysis based on such a dissipation mechanism can-
not be applied. We shall track the nonlinear dynamics along characteristic
fields.

We now start reformulation of (3) with (4) and (6). Set w = Inp. Mul-
tiplying the first equation of (3) by %, we have

{ wi + uwy + Uy, = 0, (19)

up + uly + Gw, = %(—cow —u).
Multiplying system (19) by the left eigenvectors of the Jacobian of the flux

Li(w,u) = ((—=1)eo, 1), i=1, 2,

we have
R, + MR, = —1RY,
{ R} + MR} = —1R", (20)
where
R+ R* R+ R*
AlzT—Co, )\QZT—{—CO (21)

and the Riemann invariants

R~ (w,u) =u— cow
{ Rt (w,u) =u+ cgw (22)

define a one-to-one mapping from (p,u), p > 0, to (R~, RT) in the phase
space.



The corresponding initial data is
(R™, R*)(2,0) = (Ry, R§) () = (uo — colnpo, o + colnpo)(x).  (23)

In order to prove Theorem 1.1 and Theorem 1.2, it suffices to establish
the following for Cauchy problem (20), (23).

Theorem 2.1 Consider the system (20) subject to C* bounded initial data
(23). Let m be defined in (9). If

Rar’m(x)>_ 2 r€ER

po(z) TVm’

0>

and
Ry, (x)>0, z€R,

)

then the Cauchy problem (20) (23) has a unique smooth solution for all time
t>0.
Moreover, we have

_RE@n) R, @)

> > min , (z,t) € Rx RT,
p(z,t) — =€k \/po(z)
and
Ry (x - Ry (x
max 0,z ) > Rx (aj,t > min Om( ) (l‘,t) € R x R+.

2l \/po(z) ~ Vp(@,t) T @€k | /po(z) + YRRy ()t
Theorem 2.2 Assume that Ry (z) € C'(R) and ||RT o are bounded. If

Ri,(x) _ _2ym
po(x) = T

fails to hold at any point € R, then the C! solution of the Cauchy problem
(20) (23) will develop a finite time singularity. Moreover,

. | Ri(z,1)
lim | min<{ ————=% = —00
t—T* \ z€R p(x7 t)

Ther 2y/mpo(x) + TR (x) )

10

for




The local existence of smooth solutions of hyperbolic problem is classi-
cal, see e.g. Douglis [6] and Hartman and Wintner [11]. According to the
theory of first order quasilinear hyperbolic equations [4], solutions to initial
value problems exist as long as one can place an a priori limitation on the
magnitude of their first derivatives.

Equipped with the classical local existence results in [6] and [11], we need
only to establish the a priori estimates, which will be presented in Lemma
3.1, Lemma 4.1. The finite time singularity formation follows from the proof
of Lemma 3.1.

For the system (3) with (7) and (8) we have

pt + upy + puy =0, (24)
up + Uty + v]%ppz =L(vs(1—-p) —u).

Multiplying system (24) by the left eigenvectors of the Jacobian of the

flux '
li(w,u) = ((—=1)'vy,1), i=1, 2,

we have
- - 1
i &
where
M=R —vp, A=R"+uy (26)
and the Riemann invariants
{ R;(p,u):u—vfp—kvf (27)
R¥(p,u) = u+vpp — vy

define a one-to-one mapping from (p,u) to (R~,R*") in the entire phase
space.
The corresponding initial data is

(R, R")(2,0) = (Rg, Rg )(x) = (uo — vppo + vy, ug +vppo — vy) (). (28)

Theorem 2.3 Consider the system (25) subject to C'! bounded initial data
(28).
(i) If

1

02 Rj,(x)>——, zcR

11



and
Ry,.(z) >0, z€R,

then the Cauchy problem (25) (28) has a unique smooth solution for all time
t > 0. Moreover,

0> Rf(x,t)>—1/7, (x,t) € RxRT,

and
) ) Ry .
max Ry (z) > R, (z,t) > min ——————, (z,t) e Rx R".
zeR veR 1+ Ry (o)t
(i) If
1
RE)FI(:E) Z -
’ T

fails to hold at any point € R, then the C' solution of the Cauchy problem
(25) (28) will develop a finite time singularity. Moreover,

t—T* \x€

. TRy ,(x)
" <7tminin | ——=7—— | .
TER 1+ TROJ(ZL‘)

lim (mg{Rj(m,t)}) = —0

for

This result follows from the classical local existence results and the a
priori estimates obtained in Lemma 3.1 and Lemma 4.2. The finite time
singularity formation follows from the proof of Lemma 4.2.

Using expressions of the Riemann invariants in two cases to convert back
to variables u and p, we prove our main results as stated in Theorem 1.1-
Theorem 1.3. Note that in Lemma 3.2, we showed that p is bounded away
from zero if pg is. Therefore finite time blow up of % implies the
finite time blow up of u,(x,t) or p,(x,t). Theorem 1.2 follows directly from

Theorem 2.2, and Theorem 1.3 follows from Theorem 2.3.

3. Bounds for Smooth Solutions

We give a priori estimates of solutions in L* norm in this section.
We first establish the uniform bounds for the Riemann invariants (R~, RT)
of (3) with (4) (6).

12



Lemma 3.1 Assume that R € C*(R) and that
IRg lloo + 1R lloo < M

for some M > 0. Then the C! solution of the Cauchy problem (20) (23)
satisfies the a priori estimates

t

IRT( ) loo < 1R floce™ ™ (29)

and
IR™( )]loo + IRT (-, t)]loo < M (30)

for all £ > 0 as long as the C'! solution exists.

Proof. Integrating the second equation in (20) along the second character-
istics xa(t, @)

dx

d—; =Xy =u+ cg, 22(0,0a) = «,

we have .
R+($2(t7 Oé), t) = R(—)F(a)e_;’

which leads to the asserted bound (29).
Now integrating the first equation in (20) along the first characteristics

xl(tvﬂ) d
Z1

E :)\1 =u — Cop, ':L'l(ovﬁ) :ﬁa

we have

R~ (21(t,8), 1) = Ry (8) - % /Ot R* (21(s, ), s)ds

Using the above decay result for ||RT(-,t)||o0, we have

t

IR (- )lloe < 1By (Moo + 1R ()loo(L — €7 7).
This added upon (29) gives the desired bound (30). The proof is complete.
Lemma 3.2 Assume the initial data (2) are uniformly bounded with
~uolloo < uo(@) < uolloes 0 < v < o) < 1

for all z € R.
Let (p,u) be a C! solution of (3) with (4) (6) determined from R*, then
the density satisfies
m~! < plz,t) <m (31)

13



for all £ > 0 as long as the C! solution exists, where

1 luglleo
m=-e < . (32)

The velocity is also bounded
[u(; D)oo < luolloo + collnv|

for all £ > 0 as long as the C'! solution exists.

Proof. From the relation w = Inp it follows that
e lwChlle < oz 1) < elvblle 5 c R (33)
Applying Lemma 3.1 to estimate
RT — R~

w =
200 ’

we have

1 _ 1 _
(Bl < 5 (1B (Dlloo + IR, B)lle) < 51y lloo + 155 o).
0 Co

Using expressions of the Riemann invariants (22) we have

[0l oo

1
[w (- D)oo < 5—(lluo = colnpolloc + [luo + colnpollco) < + [[p0]loo-

20()

Under the conditions that 0 < v < pg(x) <1 for all x € R,
lnpolleo < |Inv].

These when inserted into (33) gives the asserted bounds (31) for the density.
The bound for velocity follows immediately when recalling that (22) implies
u=(R"+R7)/2.

The uniform bounds for the Riemann invariants (R~, RT) of (3) with
(7) (8) can be obtained similarly. Indeed, the L estimates established in
Lemma 3.1 still hold for the system (25) with C*(R) data (28).

14



4. Critical Thresholds

In order to identify the upper threshold for global existence of smooth solu-
tions, as well as the lower threshold for the finite time singularity formation
as claimed in Theorem 1.1, 1.2 and 1.3, we derive the a priori estimate of
the derivatives of the Riemann invariants R¥(z,t) of (3) with (4) (6).

Denote r~ = R, and r* = R, we shall show that RI are bounded
when initial values of them, i.e., roi = R(jfz are bounded by some critical
thresholds.

More precisely, we have the following.
Lemma 4.1 Assume that RE(z) € C'(R) and ||RE ||« are bounded. Let m
be defined in (32). If further

Rja(x) . 2 .

po(z) TVm’

0>

and
Raw(:z:) >0, z€R,

then any C! solution of the Cauchy problem (20) (23) has the a priori
estimates

R o Riale)
= D) - R Jpo(a)
Ry (@) _ R (ot Ry, ()

max >z > min

ek \/po(w) — p(w,t) ~ @€k | /po(x) + YRy (2)t
for all x € R and ¢t > 0 as long as the C' solution exists.
Proof. From (21) we derive that

and

rt 4+r=

)\l,x = )\2,m = 9

We differentiate (20) with respect to x to obtain

ry + My + L;”“ﬂ* =—1p+ (34)
4 Aot 4 L;’#r* =—1rt

From the first equation in (3) and using R~ = u — ¢olnp we derive
Pt + A2pz = —pug + copz = —pr- . (35)

15



Multiplying the second equation in (34) by % and using the above equation

(35) we get
rt rt rt (1 ot
(m)ﬁ” (w);‘ﬁ(m)'

Denote a = 7 Then a satisfies

1
ar + Aoaz = —a ( + ﬁa) .
T

2

Along the second characteristics xa(t, a): ddif = Ao, 22(0,a) = o, we have
d 1
az—a(—i-\/ﬁa),

T 2
which when using bounds for p from Lemma 3.2 leads to the following

1 vm d 1 1
a2+ V) <« o< a2 : 36
“<T+ 2“>—dt“— a<7+2\/ﬁa) (30

Solving these two differential inequalities, we conclude that a remains bounded

2ym

T

< a(za(t,a),t) < max{0,ap(x)} (37)

provided
Va € R.

On the other hand, a will blow up in a finite time if there exists a o™ € R

such that 0
{_R. (38)

ap(a®) < —

More precisely, the right differential inequality in (36) enables us to obtain

2y/map()
(2y/m + Tap(a))et/™ — tag(a)’ (39)

For initial data satisfying (38), the right hand side of (39) will become —oo
at a first time

a(za(t,a),t) <

( Tap()

WW) < +o00.

T = Ttminln
a€ER

16



Therefore, there exists a T* < T such that

lim (min{a(z,t)}) = —o0.

t—T*

Now we examine r~ = R, . From the first equation in (3) we derive

pt+ Mps = —pugy — copy = —pr.

Multiplying the first equation in (34)
we get

by % and using the above equation

- Yy 1, )
<\/ﬁ>t“1<\/ﬁ>w SN

Let b = f/—_ﬁ. Then b satisfies

1
by + \by = ——a — VP2
T 2

It follows from (37) that if

2
> > M R 40
0 CLO( ) = T\/?’T’L, o € I, ( )
then ,
0> a(z,t) > —L, (r,t) € Rx R™.
Assuming (40) and let x1(t, 3) be the first characteristics, along which we
have 2 /i . J Jin
— b > b>——b2 L
72 2y/m 2 dt v
If

bo(B) >0, VBER,
then b stays bounded. Indeed

Q\F bo(8)

h(t,3) > b(x1(t, B),t) > m

where




Note that when by > 0, h(t, 3) is a decreasing function in time and satisfies

7bo(53)

1 <h(t,p) < NG

Therefore, for by(3) > 0 for all 8 € R,

bo ()

% < bz (t, B),t) < bo(B),

which when optimizing the bounds in terms of the parameter 3 leads to the
desired estimates. The proof of Lemma 4.1 is thus complete.
In our analysis above we also found a threshold condition (38) for the

Ry (@) which leads to the Theorem 2.2.

Vo(@t)’

We now turn to the a priori estimate of the derivatives of the Riemann
invariants R*(x,t) of (3) with (7) (8). Denote r~ = R, and r* = R}, we
shall show that RE are bounded when initial values of them, i.e., 7 = R(;_L,x

are bounded by some critical thresholds.

Lemma 4.2 Assume that RZ(z) € C'(R) and ||RT||w are bounded. If
further

finite time singularity in a(z,t) =

1
0> Rafx(m) > g xr€R
and
Ry,.(z) >0, z€R,

then any C! solution of the Cauchy problem (25) (28) has the a priori
estimates

0> Rf(z,t) > Hlei}I% Ry . (x)

and

_ _ . Ro.(2)
max R ,(z) > R, (z,t) > min —————
zeR veR 1+ Ry (@)t

for all € R and t > 0 as long as the C! solution exists.

Proof. From (26) we derive that

)\1@ = 7”_, )\2727 = T+.
We differentiate (25) with respect to x to obtain

{ g (2= bt

= =

41
rf 4 Xorf 4+ (r)? = —1rt (41)
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Rewrite the second equation for r* to get
+ + + (1 +
Ty + Aoy = —r ;—H‘ .

Along the second characteristics xa(t, a): ddif = Ao, 22(0,a) = o, we have

d 1
@TJF = —r" (7_ + r*) .
Solving this differential equation, we obtain

rg (a)
(7 (@) + 1)et/™ — 7rd ()

(2ot a),t) =

which remains bounded
<t a), 1) < max{0, i (a)} (42)
if and only if
rar(a) > —%, Ya € R.

For initial data failed to satisfy the above, the solution r* will becomes —oo
at some time before

T = 7minln

( 7 (@)

— | < +o00.
1 —|—7’7"(—)i_(05)>

acR

Now we examine r~ = R, which satisfies
+
_ _ r _
ry M\, = - (r7)2.
It follows from (42) that if
1
027“3(04) >——, VYa€R, (43)

T

then .
0>rt(z,t)>—=, (x,t)€ Rx R".
T

Assuming (40) and let x;(¢,3) be the first characteristics, along which we

have
1

T2

R LN SN

d
_2>7 .
)" =3 di

t



If

ro (B) >0, VB ER,

then r~ stays bounded

ro (B)

W <7 (2(t,8),t) <1y (B)

which when optimizing the bounds in terms of the parameter 3 leads to the
desired estimates. The proof of Lemma 4.2 is thus complete.
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