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Abstract

In this paper we investigate the time decay rates of perturbations of the traveling waves for
viscous conservation laws with dispersion. The convergence rates in time to traveling waves
are obtained when the initial data have different asymptotic limits at the far fields + co. This
improves previous results on decay rates.
© 2002 Elsevier Science (USA). All rights reserved.

1. Introduction
Consider viscous conservation laws with dispersion
U+ (1), + ooy — ity =0, xeR, >0, (1.1)

where the flux function f: R— R is smooth, and the constant g > 0 is the viscosity
parameter. The initial data

u(x,0) = up(x) (1.2)

are assumed to satisfy uy(x) > u4 as x— + 0.
We consider monotone traveling wave solutions ¢(x — st) to Eq. (1.1). Such a
profile ¢ satisfies the following O.D.E. [11, Chapter 2]

(pzzz - :u¢zz + (f(¢) - S¢): = 07 z=x—st (13)
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The far-field states u4 €R and the wave speed seR satisfy the Rankine-Hugoniot
condition

Sluy)—fus)—suy —u_)=0 (1.4)
and the Oleinik shock condition [10]

<0 if uy<u<u_,

(1.5)

>0 if u_<u<u..

Jw) = fu) —s(u— u){

If /7 > 0 then (1.5) implies the Lax shock condition
) <s<f'(u). (1.6)

For the case f(u) :%, Eq. (1.1) reduces to the Korteweg-de Vries—Burgers
equation

Up + Ully + Uyxy — HlUxy = 0. (17)

Grad and Hu [5], as well as Bona and Schonbek [1] showed that (1.7) admits
traveling wave solutions ¢(x — st) connecting u_ to u., which are monotone if > 1.
Moreover, in obtaining solutions to this problem one can look for solutions which
are the sum of a traveling wave and a perturbation. It has been shown that this
traveling wave is asymptotically stable for small perturbations by Bona et al. [2].
Another proof of the stability was given by Pego [12] based on the energy method
due to Goodman [4]. For the case f(u) = u*, Dodd [3] showed that certain traveling
wave solutions are asymptotically stable with respect to a weighted norm as
perturbations convect away from the wave profile in the direction indicated by the
group velocity associated with the linearized perturbation equation. Warnecke and
Pan [14] consider a more general equation of form (1.1) and obtained corresponding
stability results. Recently, pointwise methods are also developed to investigate
the stability of the traveling waves for equations of type (1.1) by Howard and
Zumbrun [6].

In further work on the Korteweg-de Vries—Burgers equation (1.7), Rajopadhye
[13] showed that if the perturbation lies in a suitable weighted class, then it decays:

1
the L?>-norm of the perturbation decays at the rate of (1 + ¢) 4 and the L>-norm of

3
the first-order derivative decays at the rate of (1 + ¢) 4 as r— 0. Recently, Nishihara
and Rajopadhye [9] generalized the above result and obtained that the weighted L-

norm of the perturbation decays at the rate of (1+ t)f%, provided the initial
perturbation decays at the rate |x|7k in space, where ¢ = 0 if k is an integer and ¢ > 0
otherwise.

In this paper we are concerned about the more general equation (1.1) and get the

k
optimal decay rate (1 4+ ¢)"2 for any k>0, which improves the previous result for
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KdVB equation obtained in [9]. Moreover, due to the presence of dispersion, the
arguments are much more involved when we replace % by general convex flux
function f'(u).

This paper is organized as follows: in Section 2 we state some results obtained in
[14], which will be used in this work. In Section 3, we establish the L> decay rates of
the perturbations of traveling wave solutions. In Section 4 we study the decay rates

for higher order derivatives.

Notation. We denote by C a generic constant. Moreover, in the inequalities that
follow, the constant C can change from one line to the next. For function spaces, L’
denotes the space of square integrable functions on R with the norm

= ( v<x>|2dx)§.

The usual /th order norm of the Sobolev space H', />0 is denoted by

2

/
Al = (Z ||5xjf||2>
=0

For a weight function w, L? denotes the space of measurable functions f satisfying
V/wf € L* with the norm

1= [ weorrer dx)%.

When w(x) = {(x>* = (1+ xz)%, we write L2 = L2 and ||, =],

Let T be a positive constant and B a Banach space. Here, for any natural number
k=0, CK([0, T]; B) denotes the space of B-valued k-times continuously differentiable
functions on [0, T]. The space of B-valued L? functions on [0, T] is denoted by
L*([0, T; B). The corresponding spaces of B-valued functions on [0, c0) are denoted
by C¥(]0, o0); B) and L?([0, o0); B), respectively.

2. Asymptotic stability of traveling waves

For completeness, in this section we state the stability results of traveling wave
solutions, which are the basis of the study for the decay rates of perturbations.

Assume that ¢ is a monotone traveling wave solution satisfying the O.D.E. (1.3)
and that the initial perturbation uy — ¢ is integrable over R. It is known that
solutions with the initial data near ¢ will typically approach a translate of ¢ rather
than ¢ itself, but the shift can usually be determined by the mass carried by the initial
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perturbation. We define xy by
Awm—mmwzmmfm% 2.1)
where u are the initial data given in (1.2). Observe that
10+ 30) = ¢ s = xafs — ).

This follows from the fact that the left-hand side regarded as the function of xj is
differentiable, its differention is u, —u_ and it vanishes at xo = 0. Therefore,
relation (2.1) is equivalent to

/R[uo(x) — ¢(x+ x0)] dx = 0.

Without loss of generality let us assume that xo =0, i.e.,

Amm—awwzo (2.2)

Note that for given initial data uy condition (2.2) selects a unique traveling wave ¢
from the whole family of shifted traveling waves satisfying (1.3).
We define

mws/fmw—mmw. (23)

o0
Then stability results obtained in [14] are given as follows.

Theorem 2.1. Assume that the Rankine—Hugoniot condition (1.4) and the Lax shock
condition (1.6) hold. Let ¢ be a monotonically decreasing traveling wave solution of
(1.1) uniquely determined by (2.2). Suppose uy — ¢ is integrable over R and the
primitive of this difference satisfies wo e H>(R). Then there exists a constant ¢ > 0 such
that if ||wo|l;<e the Cauchy problem (1.1), (1.2) has a unique global solution u

satisfying
u—peC([0, 0); H*(R)) nL*([0, 00); H(R))
and

sup |u(x,t) — ¢p(x —st)| >0 as t— oo.
xeR
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Proof. To prove this theorem, we set

weet) = [ st - 0] d,

o0

which satisfies limy_, 1o w(x,#) =0 by (2.2) and the conservation form of the
equation (1.1). Now we decompose the solution to equation (1.1) into the form

u(x,t) = ¢(z) + wo(z,t), z=x—st

where ¢ is a monotone traveling wave solution to (1.1) and w, denotes the
perturbation. Upon substitution into (1.1) problem (1.1), (1.2) is reduced to

e s ) = £() s — oz = 0 24)
with
w0 =) = [ ) - 0] v 23)
Using
O(u) = /() —f(u-) — s(u— 1) 26)

gives Q'(¢) = f'(¢) — s, where s is the shock speed depending on u, and u_, see
(1.4). Eq. (2.4) may be rewritten as

we+ Q' ()W + Wz — pwzz = F(¢, w:) (2.7)
with
F(p,w:) = =[f(¢+w:) = f(d) —f'($)w:].
We note that
F(p,w:) = =f"(d + Ow:)w? (2.8)

for suitable 6(z, 1) €]0, 1[. This will be used later.
Theorem 2.1 is the consequence of the following result.

Theorem 2.2. Suppose wye H*(R). Then there exists a positive constant ¢ such that if
[woll; <&, we obtain a solution w to (2.7), (2.5) in C([0, o0), H*(R)) satisfying

t
()2 + /0 - (0|2 dr< Cllwol (2.9)
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and moreover

[lw-(,8)||,>0 as t— 0.

This global existence and decay for w was derived from the Local Existence
Theorem for w combined with the a priori estimate obtained in [14]. [

3. L? decay rate
In this section we establish the L? decay rates. We have the theorem below.

Theorem 3.1. Let w be the solution to (2.7) obtained in Theorem 2.2. If wy e L*(R) for
some 0.0, then for 0<k <o we have

k
WD),k < Clwol, (T +1)72. (3.1)

Note that |w(:)|,_, =1||<z— z”‘>%w(l)||7 where z* is a fixed constant satisfying
F (D)) =sand {z— 2%y = /1 4 (z — z%).
Proof. Let K = (1 +1)"(z — z*>*. Multiplying (2.7) by 2Kw, we have
2Kww,; + 20" Kww, + 2Kww... — 2uKww.., = 2KwF.
Using
H =2Kww,, — Kw? —2K.ww., + K..w* + ,u(sz2 —2Kww,),
we obtain
[Kw?], — Kw? 4 2ukw? + 3K.w? + [KQ'|(w?).
—{K... + uK..}w* + H, = —2KwF. (3.2)

Integrating (3.2) over R and using K = (1 4 1)’ {z — z*># we obtain
[(1+ t)7|w(t)|73]t - /[KQ’]ZW2 dz + 2/1/ Kw? dz
R R

<o+ WO + | [ (Ko ik
R
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+3/\K:
R

In order to finish the proof of Theorem 3.1, first let us prove the following lemmas.

w2 dz + 2/ |KwF| dz. (3.3)
R

Lemma 3.2. For z*e R satisfying ' (¢p(z*)) = s, there exists a positive constant Cy such
that

—[KQ'|.=Cop(1 + )"z —z*YP=1 Bel0,0] with fixed «=0. (3.4)

Proof. Noting the definition of K and Q, one gets
—[KQ'. = (14+0)"C(z = 2>/ 4p(2)
with
Ap(2) = L (2) + L(2),
where
L(z) = =Bz — )z = )7 (p) — s,
h(z) = =z = 2*)f"($)p..

Obviously I;(z) >0 for all zeR. It will be proved that I;(z) >0 for all zeR.

First, one can choose z*eR such that f'($(z*)) = s. In fact, from the inequality
S"(u) > 0, i.e. f is convex, one can deduce that f”(u) increases strictly in ue [u,,u_].
Therefore, by the Lax shock condition we can choose a unique state u*e (uy,u_)
such that f”(u*) = s since f”(u,. ) <s<f’(u_). Moreover, the traveling wave solution ¢
is strictly decreasing in ze R by Theorem 2.3.1 [11]. Therefore, there exists uniquely a
number z*eR such that ¢(z*) = u*, i.e. f'(d(z*)) = s.

Next, we can prove that I;(z) >0 for all ze R. In fact, by the mean value theorem
one obtains a suitable Z between z and z* such that

() = — Bz — )<z =2 [1(6) /' (9(2))]
R

oo/ (#2)e:(2)>0.

-5

Function f,(z) = 0 if and only if z = z*.
Because [;(z)=0,i= 1,2,

A/;(Z)ZI] (Z) and AI;(Z)BIQ(Z). (35)
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Finally, we want to prove that there exists a positive constant Cy such that
Ap(z)=Cof, Ppel0,0] for any given 0=0 (3.6)
for any zeR.

In order to do this, we set R = {z: |z — z¥| <6} u{z: |z — z*| =0}, here > 0 being
suitably small that if ze{z: |z — z*|<d}, then

¢.(2)|

\Y

This gives

@z min () )

deluyu] 2
g [@:(2)]
¢$Tuf]f 2 2 o
= CZﬁa

(3.7)

where C, = min¢6[u+,u,]f”(¢)|¢:<2ﬂ/a_

In the set {z: |z — z*|>J} we consider I;. By the Lax shock condition, we have

lim 1(z) = BIf' (us) —s| > 0.

z—>+
This implies that there exists a constant C; > 0 such that
Li(z)=C\p for |z —z¥|>06.

Combining (3.5), (3.7) and (3.8), we have proved (3.6) and thereby (3.4).

Lemma 3.3. For 0<t<T, we have the following estimate:

/(Km + uK.)w?dz| + 3/ |K2|wf dz
R R
Cop

R+ w0l

N

+2CH(1 + z)}’/(<z—z*>lH + {z =Yl dz. (3.9)
R
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Proof. By integration by parts one gets
/R (Koo + Ko d
= _2/R(KZZ + UK )ww, dz
=2B(1 +1¢) /R{<z — N (B2 (2= M)z = Y
+ u(z — )z = 2P 2 ww. de.
We set a = w and b = vw. with
vi= (2= (B=2)(z— )z = Y p(z — ) (= PR

Choosing ¢ = %<z — z#%P=1 and using the inequality ab <ea® + Z—z we get

2
< 2B(1 +z)}’/8‘v2dz+2ﬁ(l +l)7'/v—»vfdz
R R48 -

/ (K- + uK..)w? dz
R

< %ﬁ 1+ Z)y/ (z— P2 dz
R

2 N 2
+—ﬁ(1+[)'/V7HW%dZ
Co R (z— 2%/ -

Now using the inequality (a + b+ ¢)* <3a® + 36> + 3¢? and (z — 2%)> < (z — 2* )2,
we can estimate

V2<C(<Z— Z*>2ﬂ74 + <Z _Z*>2ﬁ72)_
Thus

_Gf
2

/ (K... + ,uKZZ)W2 dz
R

(1+ 07 |w(t)[5_, dz + CB(1 +1)”
XA(<Z_Z*>ﬁ—3+ (2= SN2 de (3.10)
In addition,
/R|Kz|w§dz:ﬁ(1+z)’//R|z—z*|<z—z*>/f*2w§dz
<ﬁ(l+t)"/R<zfz*>ﬂ_1w§dz. (3.11)

Combining (3.10) with (3.11) we have finished the proof of the lemma. [I
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Lemma 3.4. Let 0>0 be fixed and <o, then we have the estimate
C/f/<<z—z*>’H + (=P d<E ey + GBIl (312)
R

where C, = C(rl*='1 + r1*=31) for some positive number r which satisfies @S%

Proof. Let R = Bu B, where B = {z:|z — z*|<r} and B° is the usual complement
of B. One then has

Cﬂ/ﬂ@((z—z*)ﬁ_l + 2=l dz
=CB [ (2= 4 (z=) P wlde
-

+/(<z—z*>ﬁ_l + {z =2l dz
B

2P
-

<ﬁ/ <z—z*>ﬁw§dz—|—C,,B/w§dz.
2 Jr R

/ (z—2*YPwldz + Crﬁ/wfdz
B B

This completes the proof of the lemma. [
Combining Lemma 3.3 with Lemma 3.4 gives the following corollary:

Corollary 3.5. Let >0 be fixed and f<o. For 0<t<T, we have the following
estimate:

/ (K... + uK..)w* dz
R

_Gif
2

+ 3/ |K.|w?* dz
R

(L4 6 Jwlg_y + a1+ ) w2 + 2CBlw: > (3.13)

Finally, the nonlinear term is bounded using (2.8) by

2/ |KwF| dz< C||w|
R

o (107w . (3.14)

Due to (2.9) in combination with the Sobolev lemma, the norm ||w||_, is small if
[|wol|5 is sufficiently small. Therefore, the left-hand side of (3.14) can be absorbed by
the third term on the left-hand side of (3.3). By (3.3), (3.4), (3.13) and (3.14) we
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obtain the inequality

[(1+ ) |w(D)[5], +%ﬁ(1 + 0w, +g(1 + 0w (1)
<y(L+ 0" w5+ 2CB(1 + 1) [[w ()] (3.15)

for any f<a.
We set

max{1,2C,}
min{1, 3,5}

Integrating the inequality (3.15) over t€(0, #f] one gets
t
(140" |w(2)[} +/0 [B(L+7) (o) + (1+7)7|wa(x) 3] d
t
<cﬁw@+Awu+a%%mﬁ+ﬁu+ommumﬂm. (3.16)

As in Kawashima and Matsumura [7] or in Matsumura and Nishihara [8], by
induction we have

Lemma 3.6. For k =0,1, ..., [0], the inequality
k 2 ' k 2
(Hi) (L4207 w0, +/0 [(ec = k) (1 + )" Pw() [ iy
+ (14 1) w25 ] dr< Clwol; (3.17)
holds.
For convenience of the readers, we give an improved argument as following.

Proof. Step 1. We prove (H)).
Taking f = 0,7 =0 in (3.16), one gets

t
W@l + [ (ol de <l (3.18)
Taking ff = o,y = 0 in (3.16) and using (3.18), one gets

wmﬁ+£mwmiwmuwmm<chw+a4|mwww}

< C|w0|§- (3.19)

This is (Hp).
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Step 2. Assume (Hj_1) holds, i.e.
t
k— fe—
(140 WO+ [ (= D+ 9 )
+ (1) wafs_ )] de< Clwl;, (3.20)

we prove (Hy).
Taking k<a. From (3.20) we have

t t
/ (1+ ) w()| | de< / (1+ ) w(t)|2_ de< Clwol2- (3.21)
0 0
Let f=0,7 =k in (3.16) and using (3.21) we have
t
(10 P + [ 1+ (ol e
t
<CibalP + [ 1+ 0 i) P
0
< Clwol2, (3.22)
Let f = o —k,y =k in (3.16) and using (3.20), (3.22), we have
t
(140 pw(n)[3y + /0 [ = k) (L + 0 (D) y + (140 wa(2) ] de
t
<C {|W0§—k + / (1 4+ 0 (o) + (2= R (1 +0) [Iw=(0)]P] d
0
<Clwl?, (3.23)
which is (Hy). By induction argument, (Hy) holds for any k range from 0 to [¢]. O
Inequality (3.17) proves Theorem 3.1 when k is an integer. [
Next we consider the case when both o and k are not integers.

Lemma 3.7. For any ¢ > 0, we have
t
(1 PO+ (1407 [ (107 (0P de< Gl
0

with Cy— o0 as ¢—0.

Proof. Taking k = [¢] in (3.17) yields

t
a+nmeim+/u+onwﬁM4m<q%@ (3.24)
0
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In (3.16) we take f =0, y = o + ¢, then

(1 +t)"‘“||w(t>||2+/0 (141" |w()|* de
c(||w0||2 + (x +a)/0 (147 |w(2)| dr). (3.25)

Next we estimate the second term on the right-hand side of (3.25). For any p, p’ with
},Jr ]% =1 and 4 > 0 to be determined, using the Holder inequality we have

(o) —/ 2G4 (1) (2 — # 34 g

S(/ﬂq{(z 5 Apy2 dz) (/ (z— 7y 2 dz)

(|W<T)|ip)1_7(|w(f)‘2pr’)I% : (3.26)

= =

In order to use (3.24) we choose A4 to satisfy Ap = o — [0], —Ap’ = o — [o] — 1. This
means that 4 = %_TM One can also show that 4 = (« — [«])(1 + [«] — &) which implies
p= 1+[a] - Using (3.26), (3.24) reduces to

(@IS (W PP )7

2 [ e 1
< Chwols(147) 2 (1+1) 7 (1 + 1) (o), )

2 1
= Clwols(1+ 1) (1 + 1) w(e)1_ )7 (3.27)

We want to estimate the second term on the right-hand side of (3.25) by inserting

(3.27). Thus we use the Holder inequality and (3.24), we get using p = m

/Ot(l + 1) Y w(x)|Pde by (3.27)

2 ¢ 1
<Clwoly / (140 (1 )P (o) )7 de
0
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1

2 ! >

<Clwol </ (1 4 g)pere=t=l) dr)p
0

1
t o
X (/0 (1 +r)[“]\w(r)|§7[x]7l dr)p by (3.24)

1
1 lp(a+s—l—[m])+l _1\?
< Clwl; <( * )
+1

Thereby we have
t n n
J o @I de<Cwol31 + o
0
with C;— o0, as e— 0. Therefore, inserting this estimate and taking a new C, we have
t
(L0 [w(0)|]” + / (140" ||w=(0)| de< Colwol3(1 + 1)
0

This proves Lemma 3.7. [

Lemma 3.8. Ler 0<k<a. Then
k 2 : ! k+¢ 2 2
(4 0 O+ (140 / (14 0w (D)2 de< Cylwo2
0

where C,— o0 as £¢—0.

Proof. Note that if « = k then Lemma 3.8 is the same as Lemma 3.7. Hence, we
consider the case k<o. In (3.16) we take f =a — k, y = k + e<o. Then
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t
k+e 2 k+e 2
(140 O+ [ =0+ 9 o e
t
+/ (1 + T)/(+£|M}Z
0

t
<cfpmi ot [Gero 40 ok 4 ds
0

2
v dr

t
+/ (o0 — k)(1 + 1) w.(1)|)? df}. (3.28)
0
From Lemma 3.7 we have
t
/ (14 )l ()| de< Clwol, (1 + 1) (3.29)
0

Next, we estimate the second term on the right-hand side in (3.28). Here we need to
use the following inequalities from (3.17)

(1 + )Y (@) < Clwol;
and
t
/ (14 9¥w(0) Py, de< Clwol.
0

k—[k]
P

Now we choose p = W, A= . A similar procedure as in the proof of Lemma

3.7 yields
! k 2 2
(e5) [ (140 (o) de< (1 + 1)
0

This proves Lemma 3.8. [

From Lemma 3.8 it follows that

W (0)], e <V C(1 4 1) wol .

Taking any ¢ = & > 0 so that C; is a fixed constant, we obtain estimate (3.1) with
C = ,/C,,. This completes the proof of Theorem 3.1. [

4. Decay rate of first derivatives

Now we turn to estimate the decay rate for the derivative of w.
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Theorem 4.1. Let w satisfy the same conditions as in Theorem 3.1. If

w-(-,0)e L2, (R), then the following estimate holds:

_k
W=(0) |14 S Cllwoly, + Pz 0) |y J(1 +1) 72 (4.1)
Jor 0<k<a. In case w.(-,0)e L2(R), then (4.1) holds only for 1 <k<a.
The proof of Theorem 4.1 is very technical and was broken up into a number of

lemmas. For the proof we consider the following.
We assume that

u(x,t) = ¢(z) + wo(z,t), z=x—st

is the solution of Eq. (1.1). Letting v = w.(z,7), we can get from (1.1)-(1.3) with
changing variables from (x, ) to (z,¢)

v+ (Q(¢p +v) — Q(¢))z + U2z — pvz; = 0. (4.2)

Multiplying Eq. (4.2) by 2<zy >Pv, where {zy > = VM? + 22 with M a positive
constant to be appropriately chosen below. Integrating the result over R we have

2/ CzndlPovydz + 2/ Cza)Po(Q(¢ +v) — O(0)). dz
R R
+2/ Czpp dYPov... dz—2,u/ Czp YPov.. dz = 0. (4.3)
R R
After several integrations by parts, we have

2/R<ZM>’fvvde= UR <ZM>ﬁU2dZ:|tv (4.4)

2/ <2M>ﬁvvz_,zdz:—/ <2M>fzzvzdz+3/ <ZM>fU§dZ (4.5)
R R R
and
—2/1/ <ZM>ﬁva:dZ:—u/ <ZM>§szdz—|—2,u/ <2M>ﬂv§dz. (4.6)
R R R

In order to bound the second term in (4.3), which is the key in the proof of Theorem
4.1, we define
P+v

(0] = 0(¢+v) —QO(¢) and B:== ) O(y) dy — Q(¢)v.

We have the following lemma.
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Lemma 4.2. For t > 0, it holds

] JREDUCTREOR

<C/ o YN de.
R

Proof. Since
Bz = Q(d) + U)(¢z + UZ) - Q((z))d)z - Q/(¢)¢zv - Q((:b)vz
=[0l(¢. +v:) — Q(¢)¢.v,

we have
v:[0] = B. — ([0] - Q'($)v). = B. — 30" (&)*¢.
with ¢ being between ¢ and ¢ + v, and
CudPo(Q(¢ +v) — O(e)).
= (Czm)Pv[0)).
—0:[Q)<zm > = Czn Y E] Q)
= (CznYPulQD). — e P (B- =10 (9)v*6.)
— (zn )P[0
= (<zm>"[Q) = Czm P B). + zm DI (B —[Q))
+30"() . Czn P

Using

p+v

B—olgl= [ Q0 dy— Q¢ +o)w
=(Q(¢p + 0v) = Q(¢ +v))v
=(0-1)*Q(&),
where 0<0<1 and ¢ is between ¢ + 0v and ¢ + v, (4.8) reduces to
) PolQ(¢ +v) — 0()].
= (<2 "0[Q) = Czm>PB). + (za Y20 - )?Q'(€)
+30"(&)* . Czn P

353
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Hence, since ¢, ¢. and v = w. are bounded, see Corollary 2.3.2 in Chapter 2 of [11],
we have

/R Coan>TH (06 + v) — O(6)). d=

<C(/R<zM>fv2dz+/R|<zM>"¢z|v2dz)

<C/[R (YN dz. (4.9)

The lemma is proved. O

By (4.3)(4.7), we get

(/ <ZM>ﬁUZdZ> +/(2/1<ZM>B+3<ZM>§)U§ dz
R t R

SC/ <ZM>ﬁ7102dZ—‘r/ <2M>fzzvzdz+u/ <ZM>£ZUZdZ. (4.10)
R R R

Further, the following lemma is true.

Lemma 4.3. For f<a+ 1 and M > 3%;1), we have the estimate
2 2 2
(le(@)lp), + [o=(D) [ < Clo(D) 5y (4.11)

Proof. Using |z| < {z)/ ) one gets

[<zm DB = 1Bz YP2 4+ BB — 2)22 2 YP

< Gz Y2 < Czp P!

and
|<za 2l = 13B(B = 2)2Cza > P~ 4 BB = 2)(B = 4)2* Czn Y07
< Cac <ZM>'873
< Gz
In addition, by choosing M > M7 and f satisfying f<o + 1, one gets

2u
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2uCzn )’ + 3¢zt =2pudan )P + 3pzCzn Y0
= )PP p? + 3pz + 2uM?)
> B
= ulzpy)r.

Substituting these three inequalities into (4.10), and noting that for any fixed M there
always exists a positive constant C such that

C W z—*><{zy><C{z =),

we immediately get (4.11). O

Lemma 4.4. For 1 <k<oa with fixed o, we have the estimate

t
(4 ()2 + / (14 o)y de

< C(lwol2 + |ool2) (1 + 1) (4.12)

Proof. Let & be a parameter. Multiplying (4.11) by (1 +7)°, one gets
51,02 5—1y 12 S 12 81,12
[(1+ 1) [olgl, —6(1 +1) 1|v|ﬁ + (1 +0) o[ < C+ 1) fvl5_y.
Integrating this result with respect to time we get
5112 ' S 2 2 ' 81,02
(1+7) |U|/;+/O (I+17)v:[pdr< C<|UO|/3+/O (T +7)%vfp_, dr
' 5—1y 12
+/0 o(l1+1) |v|ﬁdr). (4.13)
Let I<f<o, f—1=a—k=0,and 6 =k + ¢ in (4.13) we get
t
(140 g+ [ 0400y
t t
<C(nBoet [0 bl dr s [ o+ 0l ae).
From Lemma 3.8, we have for v = w,

oa—k

t
/(l+r)k+s|v|2 dr<C(1 + i) |wol> for 0<k<a (4.14)
0
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and
t
/0(1+r)"+"*‘|v|§+1_kdf<C(1+t)”|w0|§ for 1<k<a. (4.15)

Therefore, (4.12) has been proved. [

Lemma 4.5. If voe L2, |, then we have the estimate

t
(D2, + / 0-(0) 24 dr< C(wol + [o0f2,0). (4.16)

Proof. By (3.17) with £k = 0 we get
t
/ lo(2) de< Clwo . (4.17)
0

If voe L2, then (4.13) with 6 =0 and =« + 1 gives

o+10

t t
[o(6) 541 +/0 J0:(0) ]34 dr< C<|vo§+1+/0 Iv(f)lidf)
< C(Iwoly + [vol31); (4.18)
which proves (4.16). [

Lemma 4.6. For 0<k <1, we may estimate

t
(U4 0 o)1 + /0 (4 O (2, g

< Clwolz + Jvol2, (1 +2)". (4.19)

Proof. For O0<k<1, ie. for a<fi<a+1 with f=a+1—k and o=k +e¢,
inequality (4.13) implies

t
(L4 Pol3 o + / (140 oy dr
0
t
<C(|Uo|§+1 + [0tk dr)
0
t
+ / (k+ )1+ 0F o, de
0

t
<c(<1 + 0)°wol; + lvolysy + / 1+ o2, dr),
0
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where we have used (4.14). Next we estimate

t
/ (140 o, d

0

for 0<k<1, in the same way as before. In fact, for éJri: I, B+B =a+1-
k,gB=o+1,¢'B = o, we get

t
/ (o2, dr

0
t
:/(1_"_1_)/{4»87]/ <ZM>O(+17kUZdZdT
R

0

t
:/(1+T)k+1:71/ <ZM>B+B’ ded’C

0

/(IJr e 1(/ <zM>"szdz> </ <ZM>"szdz> e
1
:/0(1+r)k+871 (/R <ZM>“+lvzdz>q</R <ZM>°‘vzdz) dt

t 1
- / (1 0 (of2, ()7 d.

_ =

Q|

Using (4.16), (4.17) and Holder inequality, we have

t
/0 (102, de
! k+e—1 2l
- /0 (4 1) (of2, (o) de

1t 1
<C(Iwol? + ool )7 / (1 + 2+ (27 de
0

C(|W0|§+|Uo|i+1)5(/ot(l+r) alte=1) ) (/ o] dr)

1+[)q(k+s 1)+1 q
< L2 2 (
Clmnf + ol ol | 50—

-

2 2 Lo ’
< C(Iwoly + [voly1)?(lwol,)7 (1 +1)

where g = —ﬁ, 0<k<1. Combining the estimates obtained, we have proved
4.19). O

At this stage we can conclude Theorem 4.1 by combining Lemma 4.4 with Lemma
4.6.
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