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Abstract. This work is concerned with time-asymptotic stability of boundary-
layers for a typical hyperbolic relaxation system. Under a nonclassical requirement
characterizing a class of boundary conditions for the typical system, we prove the
global (in time) existence and asymptotic decay of solutions with initial data close
to the steady solutions or relaxation boundary-layers.

1. Introduction

This work is concerned with time-asymptotic stability of steady solutions for the
typical hyperbolic relaxation system

ut + vx =0,

vt + a2ux =f(u)− v
(1.1)

on the quarter-plane x, t ≥ 0. Here u, v are unknown scalar functions, a is a positive
constant, and f(u) is a given smooth function satisfying the well-known subcharac-
teristic condition in [9]:

(1.2) |f ′(u)| < a

for all u under consideration. The model (1.1) with (1.2) was introduced in [2] for
numerical purposes and serves as a simple example of general hyperbolic relaxation
systems [17]. The latters arise in a large number of different physical situations
mentioned in [9, 17].

To solve (1.1) on the quarter-plane, we prescribe initial data

(1.3) (u(x, 0), v(x, 0)) = (u0(x), v0(x))

at t = 0 and appropriate boundary conditions at x = 0. Since the coefficient matrix
of the vector (ux, vx)

T in (1.1):

A =

(

0 1
a2 0

)

has only one positive eigenvalue at x = 0, it is well-known (see [3, 5]) that one
relation of boundary data:

(1.4) B(u(0, t), v(0, t)) = 0
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should be given with B = B(u, v) satisfying

(1.5) 0 6= (∂uB, ∂vB) ·
(

1
a

)

= Bu + aBv.

Here (1, a)T acts as a right eigenvector associated with the positive eigenvalue of the
coefficient matrix A.

As is well-known, (1.1) with the boundary condition (1.4) can constitute a well-
posed IBVP (initial-boundary value problem) under the classical condition (1.5).
See [5] and Section 5 below. However, it was pointed out firstly in [17, 18] that an
instability phenomenon may occur if the relaxation effect of the right-hand side in
(1.1) is to be taken into account but no further requirement is imposed besides (1.5)
and the subcharacteristic condition (1.2). On the other hand, for the corresponding
small parameter (ε > 0) problem

ut + vx = 0,

vt + a2ux = (f(u)− v)/ε

with the initial and boundary conditions (1.3)-(1.4), W. Kress in [4] verified the
zero relaxation limit (ε→ 0) for entropy-satisfying BV-solutions provided that B =
B(u, v) fulfills the following nonclassical requirement

(1.6) Bu 6= 0 and BuBv ≥ 0.

The goal of this paper is to investigate the time-asymptotic stability of steady
solutions for (1.1)-(1.4) with (1.6). For this purpose, we assume the 0-th consistency
condition

(1.7) B(u0(0), v0(0)) = 0

to avoid discontinuous solutions. Such steady solutions may be interpreted as
boundary-layers for the above small parameter problem and the existence was es-
tablished in [18] under the generalized Kreiss condition proposed there for general
relaxation systems.

The reason why to choose the simple system (1.1) is that we want to make our
main concerns (boundary conditions) stand out without complicating the presenta-
tion below. Furthermore, we consider only the case where

(1.8) Bu and Bv are constants.

With these simplifications, we can easily work out a guideline to study the time-
asymptotic problem for complicated physical systems.

Under the nonclassical requirement (1.6), we prove the global (in time) existence
and time-asymptotic decay of solutions to (1.1)-(1.4) with initial data close to given
steady solutions. The main result is

Theorem 1.1. Suppose f = f(u) : R → R is smooth (C3), f ′(u+) < 0 with
u+ ∈ R fixed, the given data satisfy the two conditions in (1.7)-(1.8), and the
subcharacteristic condition (1.2) is fulfilled. Then the followings hold.
(1). If Bu 6= 0 and B(u+, f(u+)) is small, then (1.1) with (1.4) has a unique

smooth steady solution (U, V ) converging to (u+, f(u+)) as x→∞.
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(2). If Bu 6= 0 and BuBv ≥ 0, then there exists a positive constant δ such that if

∥

∥

∥

∫ +∞

x

(u0 − U)(y)dy
∥

∥

∥

2
+ ‖v0 − V ‖1 + |B(u+, f(u+))| < δ,

then the IBVP (1.1)-(1.4) has a unique global solution

(u, v) ∈ (U, V ) + C(0,∞;H1) ∩ C1(0,∞;H0)

satisfying

lim
t→∞

sup
x∈R+

|(u, v)(x, t)− (U, V )(x)| = 0.

Here and below, Hk stands for the L2-Sobolev space on R+ of order k and its
norm is denoted with ‖ · ‖k. For T ∈ (0,∞), C(0, T ;X) and C1(0, T ;X) denote the
spaces of continuous and continuously differentiable functions on [0, T] with values
in the Banach space X, respectively.

Concerning Theorem 1.1, we make two remarks. (1). We do not assume the mass
of the initial perturbations in the u-component to be zero. Indeed, unlike for IVPs
[8], the total mass for IBVPs is not conserved but changing with the boundary flow.
(2). The semilinearity of (1.1) makes it possible to work with H1-solutions under
the 0-th consistency condition (1.7) merely!

The proof of Theorem 1.1 involves weighted energy estimates similar to that in
[7, 8] for IVPs and new efforts are needed to treat the boundary conditions. It
is worthwhile to mention that the weighted function enables us to overcome the
troubles caused by not only the possible non-convexity of f but also the possible
non-negativeness of f ′(U(0)). In addition, the local existence theory in [5] seems
not to meet our needs and thus a different theory is included in this paper.

We should mention that the above time-asymptotic stability problem was pre-
viuosly considered by several authors for some special boundary conditions, say,
Bv = 0. See [14, 15, 12]. Unlike in those works, our analysis is straightforward and
quite independent of the knowledges about shock profiles (traveling waves). In ad-
dition, the closely related viscosity boundary-layer problems were studied in [10, 1]
respectively in the L2-norm and L1-norm. Another related is the zero relaxation
limit problems with boundaries and the interested reader is referred to [16, 4, 13].

This paper is organized as follows. In Section 2 we discuss the existence of
boundary-layers for (1.1) with (1.4). Section 3 is devoted to the stability of boundary-
layers. The required a priori estimates are derived in Section 4. The final section
presents a self-contained proof of a local existence result.

2. Existence of Boundary-Layers

In this section we discuss the existence of boundary-layers or (1) of Theorem 1.1.

Theorem 2.1. Suppose f ′(u+) < 0, Bu and Bv are constants, and Bu 6= 0. Then
there is a δ0 > 0, depending only on f and u+, such that if |B(u+, f(u+))| < δ0|Bu|,
then the system (1.1) has a unique smooth steady solution (U(x), V (x)) satisfying
B(U(0), V (0)) = 0 and decaying exponentially to (u+, f(u+)) as x goes to infinity.
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Proof. As a steady solution to (1.1), V satisfies Vx = 0 and thereby V (x) = V (0).
To fulfil the decay property, V (x) should be equal to f(u+). Thus, U solves

(2.1) a2Ux = f(U)− f(u+).

Since f ′(u+) < 0, it is well-known that there is a δ0 > 0, depending only on f and
u+, such that if |U(0) − u+| < δ0, then (2.1) has a unique global smooth solution
U(x) decaying exponentially to u+ as x goes to infinity. On the other hand, since
B(u, v) is affine with respec to (u, v) and Bu 6= 0, U(0) can be uniquely determined
from B(U(0), V (0)) = 0 and satisfies

Bu

(

U(0)− u+
)

= B(U(0), V (0))−B(u+, V (0)) = −B(u+, f(u+)).

Thus, |U(0)−u+| < δ0 follows from |B(u+, f(u+))| < δ0|Bu|. Consequently, U(x) is
uniquely determined. ¤

From the above proof we see that, if Bu = 0, there are infinitely many steady solu-
tions in case B(u+, f(u+)) = 0 or there is no steady solutions in case B(u+, f(u+)) 6=
0. Obviously, Bu = 0 is not implied by the classical condition (1.5). This indicates
that the classical uniform Kreiss condition is inadequate to have controllable re-
laxation behaviors induced by the right-hand side in (1.1). See [17, 18] for more
discussions on this issue.

In particular, the existence of boundary-layers for general relaxation systems was
proved in [18] under the generalized Kreiss condition proposed there and Theorem
2.1 can be viewed as a special case of the existence result. Note that Bu 6= 0 follows
from the generalized Kreiss condition.

In the next section, we analyse the stability of the boundary-layers under the
subcharacteristic condition (1.2) and the requirement

Bu 6= 0 and Bv/Bu ≥ 0,

which imply the generalized Kreiss condition as well as the classical condition (1.5).

3. Stability of boundary-layers

This section is devoted to proving (2) of Theorem 1.1 or the stability of boundary-
layers (U, V ) constructed in Theorem 2.1.

First of all, we normalize the unknowns by introducing

φ̄(x, t) = u(x, t)− U(x) and ψ̄(x, t) = v(x, t)− V (x).

Then the system (1.1) can be rewritten as

φ̄t + ψ̄x = 0,

ψ̄t + a2φ̄x = f(U + φ̄)− f(U)− ψ̄.
(3.1)

Initial data are

(3.2) (φ̄(x, 0), ψ̄(x, 0)) = (u0(x)− U(x), v0(x)− V (x))

and the boundary condition (1.4) becomes

Buφ̄(0, t) +Bvψ̄(0, t) = 0.(3.3)
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Here we have used the assumption (1.8) that Bu and Bv are constants. Moreover,
since B(U(0), V (0)) = 0, the 0-th consistency condition (1.7) becomes

(3.4) Buφ̄(0, 0) +Bvψ̄(0, 0) = 0.

Thus, our task is reduced to showing the global existence and time-asymptotic
behaviors of solutions (φ̄, ψ̄) to the IBVP (3.1)-(3.3). To do this, our starting point
is the following local existence result.

Lemma 3.1. Suppose f = f(u) is continuously differentiable, (u0, v0) ∈ (U, V )+H1,
and the 0-th consistency condition (3.4) holds.
Then there exists a positive constant T∗ such that (3.1)-(3.3) has a unique solution

(φ̄, ψ̄) ∈ C(0, T∗;H
1) with (φ̄, ψ̄)(0, t) ∈ H1(0, T∗). Moreover, the solution satisfies

the following estimate

sup
0≤t≤T∗

‖(φ̄, ψ̄)(τ)‖1 ≤ 2‖(u0 − U, v0 − V )‖1

Here T∗ depends only on the range of U(x) and any upper bound of ‖(u0−U, v0−V )‖1.
Note that the new notation Hk(Ω) stands for the L2-Sobolev space on Ω of order

k and its norm will be denoted with ‖ · ‖Hk(Ω).

Remark 3.1. Lemma 3.1 is different from the local existence theory due to Li and
Yu in [5]. In fact, by Li-Yu’s theory, the precondtions of Lemma 3.1 only guarantee
that (φ̄, ψ̄) ∈ C(R+ × [0, T∗]) with T∗ having similar dependence. However, Lemma
3.1 claims more regularities of the solutions.

A self-contained proof of Lemma 3.1 is given in Section 5 and we continue the
argument. In order to get the global existence, we follow the well-known “partial
integration” approach to reformulate the above problem with

φ(x, t) = −
∫ ∞

x

φ̄(y, t)dy and ψ = ψ̄.

Notice that ψ(+∞, t) = 0 and φ̄ = φx. By integrating the first equation in (3.1)
from x to +∞ we obtain ψ = −φt and thereby the second equation in (3.1) can be
rewritten as

ψt + a2φxx =f(U + φx)− f(U)− ψ.

Namely, the equations (3.1) can be reset as

ψ =− φt,

φt + f ′(U)φx − ψt − a2φxx =F (U, φx)(3.5)

with

(3.6) F = f(U) + f ′(U)φx − f(U + φx) ≡ φ2xK(U, φx)

and

K(U, φx) = −
∫ 1

0

∫ 1

0

f ′′(U + ξηφx)dξdη.

The initial and boundary conditions become

(3.7) (φ(x, 0), ψ(x, 0)) = (φ0, ψ0)(x) ≡
(

−
∫ ∞

x

(u0 − U)(y)dy, v0(x)− V (x)
)
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and

Buφx(0, t) +Bvψ(0, t) = 0.(3.8)

For this reformulated problem, we follow [19] and revise Lemma 3.1 to obtain the
following local existence result.

Lemma 3.2. Suppose f = f(u) is continuously differentiable, (φ0, ψ0) ∈ H2 ×H1,
and the 0-th consistency condition holds.
Then there exists T0 > 0, depending only on any upper bound of ‖(φ0x, ψ0)‖1,

such that (3.5)-(3.8) has a unique solution (φ, ψ) ∈ C(0, T0;H
2)×C(0, T0;H

1) with
(φx, ψ)|x=0 ∈ H1(0, T0). Moreover, the solution satisfies the following estimate

sup
0≤t≤T0

‖(φ, ψ, φx)(t)‖1 ≤ 4‖(φ0, ψ0, φ0x)‖1.

Proof. Let (φ̄, ψ̄) ∈ C(0, T∗;H
1) be the solution to (3.1)-(3.3). Define ψ = ψ̄ and

φ(x, t) =

∫ x

0

φ̄(ζ, t)dζ −
∫ t

0

ψ̄(0, τ)dτ + φ0(0).

It is easy to verify that (φ, ψ) is a solution to (3.5)-(3.8). To see φ ∈ C(0, T∗;H
2)

and the desired estimate, we use the first equation in (3.5) to obtain

φ(x, t) = φ0(x)−
∫ t

0

ψ(x, τ)dτ.

This shows that φ ∈ C(0, T∗;H
1) and

sup
0≤τ≤t

‖φ(τ)‖1 ≤ ‖φ0‖1 + t sup
0≤τ≤t

‖ψ(τ)‖1.

It follows from φx = φ̄ ∈ C(0, T∗;H
1) that φ ∈ C(0, T∗;H

2). With T0 = min{1, T∗},
the desired estimate follows from the last one and that in Lemma 3.1.

The uniqueness can easily be shown again via the hyperbolic system (3.1). This
completes the proof. ¤

In view of Lemma 3.2, we introduce a solution space for (3.5)-(3.7):

X(0, T ) =
{

(φ, ψ) ∈ C(0, T ;H2)× C(0, T ;H1) : (φx, ψ)|x=0 ∈ H1(0, T )
}

.

Set N(t) := sup0≤τ≤t ‖(φ, ψ, φx)(τ)‖1. We will prove in the next section the following
a priori estimate.

Lemma 3.3. Suppose the subcharacteristic condition holds, Bu 6= 0 and BuBv ≥ 0,
f ′(u+) < 0, and (φ, ψ) ∈ X(0, T ) is a solution to (3.5)-(3.8). Then there exist two
positive constants δ1 and C, independent of t, such that if

N(T ) + |B(u+, f(u+))| < δ1,

then

(3.9) N 2(t) +

∫ t

0

‖(ψ, φx)(τ)‖21dτ ≤ CN 2(0)

for all t ∈ [0, T ].

Having the above local existence lemma and this a priori estimate, we follow the
standard continuation argument (see, e.g., [8]) to conclude
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Theorem 3.4. Suppose (φ0, ψ0) ∈ H2×H1, the subcharacteristic condition and the
0-th consistency condition hold, Bu 6= 0 and BuBv ≥ 0, and f ′(u+) < 0. Then there
exists a δ2 > 0 such that if

‖φ0‖2 + ‖ψ0‖1 + |B(u+, f(u+))| < δ2,

then (3.5)-(3.8) has a unique global solution (φ, ψ) ∈ X(0,∞) satisfying the estimate
in (3.9) for all t > 0.

Finally, Theorem 1.1 can be deduced from Theorem 3.4 by following the standard
argument (see, e.g., [8]).

4. A Priori Estimates

We prove Lemma 3.3 in this section and start with a basic weighted L2-estimate.

Lemma 4.1. Assume the conditions of Lemma 3.3 and BuBv > 0. Then there
exists a positive constant C such that

‖(φ, ψ, φx)(t)‖2 +
∫ t

0

‖(ψ, φx)(τ)‖2dτ +
∫ t

0

‖
√

|Ux|φ(τ)‖2dτ

+

∫ t

0

(

φ2(0, τ) + ψ2(0, τ)
)

dτ(4.1)

≤ C
{

‖(φ, ψ, φx)(0)‖2 +
∫ t

0

∫ +∞

0

|(φ− 2ψ)F |dxdτ
}

for all t ∈ [0, T ]. Here ‖ · ‖ ≡ ‖ · ‖0.

Proof. First of all, we choose a weighted function w to overcome the difficulties
caused by the possible positiveness of f ′(U(0)) or the possible nonconvexity of f
(see [11, 6]). To this end, we notice that the continuous function

H(u) := −1− |u− U(0)|

is strictly increasing (resp. decreasing) on [u+, U(0)] (resp. [U(0), u+]) and satisfying
H(U(0)) < 0. With this H(u), we define

w(u) =

∫ u

u+
H(s)ds

f(u)− f(u+)

for u between u+ and U(0). If f ′ has the aforesaid properties of H(u), we simply
take w = 1. For such a w(u), w(x) = w(U(x)) has a positive lower bound. Moreover,
w(x) has an upper bound if and only if f ′(u+) < 0. Note that

(4.2) H(u) = w′(u)
(

f(u)− f(u+)
)

+ w(u)f ′(u).

Given the weighted function w = w(x), we follow [8] and multiply the second
equation in (3.5) with (φ− 2ψ)w to obtain

w(φ− 2ψ)
(

φt + f ′(U)φx − ψt − a2φxx

)

= w(φ− 2ψ)F.
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By using ψ = −φt due to (3.5), the left-hand side can be rewritten as

w
(

φφt + f ′(U)φφx − φψt − a2φφxx − 2ψφt − 2f ′(U)ψφx + 2ψψt + 2a2ψφxx

)

=w
(

φ2/2− φψ + ψ2
)

t
+ wψ2 − 2wf ′(U)ψφx +

(

wf ′(U)φ2/2
)

x

−
(

wf ′(U)
)

x
φ2/2−

(

a2wφφx

)

x
+ a2wφ2x + (a2wxφ

2/2)x

− a2wxxφ
2/2 +

(

2a2wφxψ
)

x
− 2a2wxφxψ + 2a2wφxφxt

=w
(

ψ2 − φψ + φ2/2 + a2φ2x
)

t
+ wψ2 − 2(a2wx + wf ′(U))ψφx

+ a2wφ2x +Dφ2/2−B1x.

Thus we have

w
(

ψ2 − φψ + φ2/2 + a2φ2x
)

t
+Dφ2/2−B1x

+ wψ2 − 2(a2wx + wf ′(U))ψφx + a2wφ2x = w(φ− 2ψ)F.
(4.3)

Here

D =− a2wxx −
(

wf ′(U)
)

x
= −

(

a2wx + wf ′(U)
)

x
,

B1 =B1(x, t) = a2wφx(φ− 2ψ)− (a2wx + wf ′(U))φ2/2.
(4.4)

Next we analyze the terms in (4.3). It is clear that

ψ2 − φψ + φ2/2 + a2φ2x ∼ |(φ, ψ, φx)|2.(4.5)

From the equation for U = U(x) and the relation (4.2), we deduce that

D =−
(

a2w′(U)Ux + w(U)f ′(U)
)

x

=−
(

w′(U)
(

f(U)− f(u+)
)

+ w(U)f ′(U)
)

x

=− (H(U))x = −H ′(U)Ux ≥ |Ux|.
(4.6)

Here we have used the monotonicity of H(u) and U(x). Moreover, thanks to the
sub-characteristic condition, it is clear that there is a constant c > 0 such that

ψ2 − 2f ′(U)φxψ + a2φ2x ≥ c|(ψ, φx)|2.
Thus, if a2wx/w is sufficiently small, then it is immediate that

w
(

ψ2 − 2(a2wx/w + f ′(U))φxψ + a2φ2x
)

≥ cw|(ψ, φx)|2(4.7)

for another constant c > 0. Note that

a2wx/w = a2w′(U)Ux/w = w′(U)
(

f(U)− f(u+)
)

/w

is small provided that w is a constant or |U(0) − u+| ≡ |B−1u B(u+, v+)| is small.
Having (4.5)-(4.7), we integrate (4.3) over R+ × [0, t] to obtain

|(φ, ψ, φx)(t)|2w + c

∫ t

0

|(ψ, φx)(τ)|2wdτ

+ 2−1
∫ t

0

‖
√

|Ux|φ(τ)‖2dτ +
∫ t

0

B1(0, τ)dτ

≤|(φ, ψ, φx)(0)|2w +

∫ t

0

∫ +∞

0

w|(φ− 2ψ)F |dxdτ.

(4.8)

Here | · |2w :=
∫∞

0
w(x)| · (x)|2dx.
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It remains to estimate the boundary term B1(0, τ). Since Bu 6= 0 and H(U(0)) =
−1, we deduce from (4.4) and the boundary condition (3.8) that

B1(0, t) = a2w(U(0))
[

φx(φ− 2ψ)
]

(0, t)−H(U(0))φ2(0, t)/2

= a2wB−1u Bv

[

φφt + 2ψ2
]

(0, t) + φ2(0, t)/2

=
(

a2wB−1u Bvφ
2(0, t)/2

)

t
+ 2a2wB−1u Bvψ

2(0, t) + φ2(0, t)/2.

By substituting this into (4.8) and using the condition BuBv > 0 and the elementary
inequality |φ| ≤ ‖φ‖1, (4.1) follows from the boundedness of w. This completes the
proof. ¤

Note that if Bv = 0, then B1(0, t) = φ2(0, t)/2 ≥ 0. Thus Lemma 4.1 becomes

Lemma 4.1′. Assume the conditions of Lemma 3.3 and Bv = 0. Then there exists

a positive constant C such that

‖(φ, ψ, φx)(t)‖2 +
∫ t

0

‖(ψ, φx)(τ)‖2dτ +
∫ t

0

‖
√

|Ux|φ(τ)‖2dτ

≤ C
{

‖(φ, ψ, φx)(0)‖2 +
∫ t

0

∫ +∞

0

|(φ− 2ψ)F |dxdτ
}

for all t ∈ [0, T ].

Next we estimate the derivatives. Differentiating the equations (3.5) with respect
to x gives

(φx)t + f ′(U)(φx)x − (ψx)t − a2(φx)xx =Fx + [f ′(U), ∂x]φx,

ψx =− (φx)t,
(4.9)

where

(4.10) [f ′(U), ∂x]φx = f ′(U)∂xφx − ∂x
(

f ′(U)φx

)

is a commute term. As in obtainning (4.8), we take w = 1 and put the corresponding
term “Dφ2/2” in the right-hand side of the inequality to obtain

‖(φx, ψx, φxx)(t)‖2 +
∫ t

0

‖(ψx, φxx)(τ)‖2dτ +
∫ t

0

B2(0, τ)dτ

≤C
{

‖(φx, ψx, φxx)(0)‖2 +
∫ t

0

‖
√

|Ux|φx(τ)‖2dτ

+

∫ t

0

∫ +∞

0

∣

∣(φx − 2ψx)
(

Fx + [f ′(U), ∂x]φx

)∣

∣dxdτ
}

.

(4.11)

Here B2 = B2(x, t) = a2φxx(φx − 2ψx)− f ′(U)φ2x/2.
Now we turn to deal with the boundary term B2(0, τ). From the boundary con-

dition (3.8) and (φx, ψ)|x=0 ∈ H1(0, T ), it follows that Buφxt(0, t) = −Bvψt(0, t).
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Combining this with the equations (3.5) gives

B2(0, t) =
(

φt + f ′(U)φx − ψt − F
)

(φx − 2ψx)− f ′(U)φ2x/2

=
(

− ψ + f ′(U)φx − F
)

(φx − 2ψx)− f ′(U)φ2x/2− ψt(φx − 2ψx)

≥− C
(

φ2x + ψ2 + F 2
)

−B−1v Buψ
2
x +B−1v Buφxt(φx + 2φxt)

≥− C
(

φ2x + ψ2 + F 2
)

−B−1v Buφ
2
xt +B−1v Buφxt(φx + 2φxt)

≥− C
(

φ2x(0, t) + ψ2(0, t) + F 2(0, t)
)

+B−1v Buφ
2
xt(0, t)/2

(4.12)

for some constant C. Furthermore, since F (∞, t) = 0 = φx(∞, t), F 2 and φ2x can be
bounded as

F 2(0, t) =−
∫ +∞

0

∂F 2

∂x
(x, t)dx = −2

∫ +∞

0

F (x, t)Fx(x, t)dx

≤2
∫ +∞

0

|F (x, t)Fx(x, t)|dx,

Cφ2x(0, t) ≤
1

2
‖φxx(t)‖2 + C‖φx(t)‖2.

(4.13)

Substituting the last two inequalities for B2(0, t) into (4.11) yields

Lemma 4.2. The assumptions of Lemma 3.3 and BuBv > 0 further imply that

‖(φx, ψx, φxx)(t)‖2 +
∫ t

0

‖(ψx, φxx)(τ)‖2dτ +
∫ t

0

φ2xt(0, τ)dτ

≤ C
{

‖(φx, ψx, φxx)(0)‖2 +
∫ t

0

‖φx(τ)‖2dτ +
∫ t

0

ψ2(0, τ)dτ

+

∫ t

0

∫ +∞

0

[

|(φx − 2ψx)
(

Fx + [f ′(U), ∂x]φx

)

|+ |F (x, τ)Fx(x, τ)|
]

dxdτ
}

for t ∈ [0, T ].

Note that if Bv = 0, then Buφx(0, t) = 0 = Buφxt(0, t). Moreover, ψx(0, t) =
−φxt(0, t) = 0 and thereby B2(0, t) = 0. Thus Lemma 4.2 becomes

Lemma 4.2′. The assumptions of Lemma 3.3 and Bv = 0 further imply that

‖(φx, ψx, φxx)(t)‖2 +
∫ t

0

‖(ψx, φxx)(τ)‖2dτ

≤ C
{

‖(φx, ψx, φxx)(0)‖2 +
∫ t

0

‖φx(τ)‖2dτ

+

∫ t

0

∫ +∞

0

|(φx − 2ψx)
(

Fx + [f ′(U), ∂x]φx

)

|dxdτ
}

for t ∈ [0, T ].



Stability of relaxation boundary layers 11

Finally, we deduce from (3.6) and (4.10) that F = φ2xK(U, φx) and [f ′(U), ∂x]φx =
−f ′(U)xφx. It is not difficult to see that

∫ t

0

∫ +∞

0

|(φ− 2ψ)F |dxdτ ≤ CNN(t)

∫ t

0

‖φx(τ)‖2dτ,
∫ t

0

∫ +∞

0

{

|(φx − 2ψx)
(

Fx + [f ′(U), ∂x]φx

)

|+ |F (x, τ)Fx(x, τ)|
}

dxdτ

≤ 1

2C

∫ t

0

‖ψx(τ)‖2dτ + C

∫ t

0

‖φx(τ)‖2dτ + C

∫ t

0

∫ ∞

0

(F 2 + F 2x )dxdτ

≤ 1

2C

∫ t

0

‖ψx(τ)‖2dτ + CN

∫ t

0

‖φx(τ)‖2dτ + CNN(t)

∫ t

0

‖φxx(τ)‖2dτ.

Here CN is a generic constant depending on N(t) and remains bounded when N(t)
goes to zero. Having the last inequalities, we deduce from lemmas 4.1 and 4.2 that

‖(φ, ψ, φx)(t)‖21 + (1− CNN(T ))

∫ t

0

‖(ψ, φx)(τ)‖21dτ

+

∫ t

0

[φ2(0, τ) + φ2xt(0, τ)]dτ ≤ C‖(φ, ψ, φx)(0)‖21

and from lemmas 4.1′ and 4.2′ that

‖(φ, ψ, φx)(t)‖21 + (1− CNN(T ))

∫ t

0

‖(ψ, φx)(τ)‖21dτ ≤ C‖(φ, ψ, φx)(0)‖21.

Thus, if N(T ) is sufficiently small so that CNN(T ) < 1/2, then Lemma 3.3 follows
immediately.

5. Local Existence

This section presents a self-contained proof of the local existence result in Lemma
3.1. Consider the following slightly more general semilinear system

wt − awx =f1(w, z),

zt + azx =f2(w, z)
(5.1)

on ΩT ≡ R+×[0, T ] 3 (x, t) with initial data (w0(x), z0(x)) and boundary conditions
of the form

(5.2) z(0, t) = b(w(0, t), t).

Here (f1, f2) ∈ C1(G) with G an open set in R2, T is a given positive constant, and
b(w, t) is a given smooth function of (w, t) ∈ R×R+.

To begin with, we consider the following linear system

wt − awx =f1(x, t),

zt + azx =f2(x, t).
(5.3)
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Its solutions can be explicitly given as

w(x, t) =w0(x+ at) +

∫ t

0

f1(x+ at− aτ, τ)dτ,

z(x, t) =

{

z0(x− at) +
∫ t

0
f2(x− at+ aτ, τ)dτ, x ≥ at

z(0, t− x/a) +
∫ t

t−x/a
f2(x− at+ aτ, τ)dτ, x < at

.

(5.4)

Thus, if w0 ∈ Ck
(

R̄+

)

and f1 ∈ Ck(Ω̄T ) for some integer k ≥ 0, then it is clear that

w ∈ Ck(Ω̄T ). Similarly, we have z ∈ Ck
{

(x, t) ∈ Ω̄T : x 6= at
}

if z0 ∈ Ck
(

R̄+

)

, f2 ∈
Ck(Ω̄T ) and z(0, ·) ∈ Ck[0, T ].

Furthermore, under the 0-th consistency condition

z(0, 0) = z0(0),

it is clear that z ∈ C(Ω̄T ). For the boundary condition (5.2), this consistency
condition reads as

(5.5) b(w0(0), 0) = z0(0),

which is a constraint only on the given data. Thus, we can state

Lemma 5.1. If f1, f2, w0, z0 and b are all continuously differentiable and satisfy
the 0-th consistency condition (5.5), then (5.3)-(5.2) has a unique global continuous
solution (w, z) given in (5.4), which is piecewise continuously differentiable and the
trace (w(0, t), z(0, t)) is continuously differentiable with respect to t. Moreover, if
(f1, f2) ∈ C(0, T ;H1) and (w0, z0) ∈ H1, then (w, z) ∈ C(0, T ;H1).

Proof. In view of the discussions before this lemma, we only need to show that
(w, z) ∈ C(0, T ;H1). To this end, we extend the data as

w̃0(x) = w0(|x|), z̃0(x) = z0(|x|), f̃1(x, t) = f1(|x|, t), f̃2(x, t) = f2(|x|, t)
for x ∈ R. Since (f1, f2) ∈ C(0, T ;H1) and (w0, z0) ∈ H1, we have (f̃1, f̃2) ∈
C(0, T ;H1(R)) and (w̃0, z̃0) ∈ H1(R).

Having these extended data, we consider the following IVP

w̃t − aw̃x =f̃1(x, t),

z̃t + az̃x =f̃2(x, t),

(w(x, 0), z(x, 0)) =(w̃0(x), z̃0(x)),

where the equations are exactly those in (5.3) with f1 and f2 replaced by f̃1 and

f̃2, respectively. According to the standard existence theory (see, e.g., [17]) for
linear symmetrizable hyperbolic systems, this IVP has a unique solution (w̃, z̃) in
C(0, T ;H1(R)).

Thanks to the above extension, we have w(x, t) = w̃(x, t) for x > 0 and z(x, t) =
z̃(x, t) for x > at. Thus, it is clear that w ∈ C(0, T ;H1) and z(·, t) ∈ H1(at,+∞) for
each t ≥ 0. On the other hand, since z0, f2, b and w are continuously differentiable,
it is direct to deduce from the expression in (5.4) that both zx(x, t) and z(x, t) are
bounded on any bounded subset of ΩT . In particular, we have z(·, t) ∈ H1(0, at+a)
and therefore z(·, t) ∈ H1 by combining the fact shown above.
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Furthermore, we recall that z(x, t) is continuous and piecewise continuously dif-
ferentiable. Then zx(x, t) and z(x, t) converge respectively to zx(x, t0) and z(x, t0)
for almost every x ∈ [0, at0 + a] as t tends to t0 ∈ [0, T ]. Thus, it follows from the
bounded convergence theorem that

lim
t→t0

‖z(·, t)− z(·, t0)‖H1(0,at0+a) = 0.

Consequently, we see that

‖z(·, t)− z(·, t0)‖H1

=‖z(·, t)− z(·, t0)‖H1(0,at0+a) + ‖z(·, t)− z(·, t0)‖H1(at0+a,+∞)

=‖z(·, t)− z(·, t0)‖H1(0,at0+a) + ‖z̃(·, t)− z̃(·, t0)‖H1(at0+a,+∞)

tends to zero as t goes to t0. Hence z ∈ C(0, T ;H1) and the proof is complete. ¤

Next we use a density argument to remove the precondition in Lemma 5.1 that
w0, z0, f1 and f2 are continuously differentiable. For simplicity, we assume below
that bw(w, t) is constant.

Lemma 5.2. Suppose (f1, f2) ∈ C(0, T ;H1), (w0, z0) ∈ H1, bw is constant, and the
0-th consistency condition holds. Then (5.3)-(5.2) has a unique global solution

(w, z) ∈ Ctr(0, T ;H
1) := {(w, z) ∈ C(0, T ;H1) : (w, z)|x=0 ∈ H1(0, T )}.

Moreover, let (ŵ, ẑ) ∈ H2 satisfy ẑ(0) = b(ŵ(0), 0) (consistency condition). Then
the solution satisfies the estimate

‖
(

κ(w(t)− ŵ), z(t)− ẑ
)

‖21 ≤ et‖
(

κ(w0 − ŵ), z0 − ẑ
)

‖21+

+ (1 + 5a−1)

∫ t

0

et−τ‖
(

κ(f1(τ) + aŵx), f2(τ)− aẑx
)

‖21dτ

with κ ≥
√
5|bw|.

Proof. For n = 1, 2, · · · , choose wn
0 , z

n
0 ∈ C1(R̄+) and f

n
1 , f

n
2 ∈ C1(Ω̄T )∩C(0, T ;H1)

so that

(5.6) ‖(wn
0 − w0, z

n
0 − z0)‖1, max

t∈[0,T ]
‖
(

fn
1 (t)− f1(t), f

n
2 (t)− f2(t)

)

‖1 ≤ 2−n.

Moreover, we may assume that the perturbed data satisfy the 0-th consistency
condition

zn0 (0) = b(wn
0 (0), 0),

since so does (w0, z0) = limn→∞(wn
0 , z

n
0 ) in H1. According to Lemma 5.1, there

exists (wn, zn) ∈ C(0, T ;H1) with (w, z)(0, ·) ∈ C1[0, T ] so that

wn
t − awn

x =fn
1 (x, t),

znt + aznx =fn
2 (x, t)

with initial data (wn
0 (x), z

n
0 (x)) and boundary conditions

zn(0, t) = b(wn(0, t), t).
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We show below that (wn, zn) is a Cauchy sequence in the Banach space Ctr(0, T ;H
1)

with the norm

‖(w, z)‖∗ := max
t∈[0,T ]

‖
(

w(t), z(t)
)

‖1 + ‖(w, z)|x=0‖H1(0,T ).

To this end, set (w̃n, z̃n) = (wn+1, zn+1)− (wn, zn). Then (w̃n, z̃n) satisfies

w̃n
t − aw̃n

x =f̃n
1 ≡ fn+1

1 − fn
1 ,

z̃nt + az̃nx =f̃n
2 ≡ fn+1

2 − fn
2

(5.7)

with initial data (w̃n
0 , z̃

n
0 ) and boundary conditions

(5.8) z̃n(0, t) = bww̃
n(0, t).

Moreover, differentiating the equations (5.7) with respect to x gives

w̃n
xt − aw̃n

xx =f̃n
1x,

z̃nxt + az̃nxx =f̃n
2x.

(5.9)

Thanks to the constancy of bw, it follows from the boundary condition (5.8) that

(5.10) z̃nt (0, t) = bww̃
n
t (0, t).

Using the equations (5.7) we obtain a boundary condition for (w̃x, z̃x):

(5.11) z̃nx (0, t) = −bww̃n
x(0, t) + a−1

(

f̃n
2 (0, t)− bwf̃

n
1 (0, t)

)

.

Let κ ≥
√
5|bw| be constant and define

Eκ(t) = ‖
(

κw̃n(t), z̃n(t)
)

‖1.
By a simple calculation based on the equations in (5.7) and (5.9), we get

dE2κ(t)

dt
+ a(|κw̃n(x, 0)|2 − |z̃n(x, 0)|2) + a(|κw̃n

x(x, 0)|2 − |z̃nx (x, 0)|2)

≤E2κ(t) + ‖
(

κf̃n
1 (t), f̃

n
2 (t)

)

‖21.
(5.12)

Set ε = a−2/2. By using (5.8), (5.11), (5.10) and (5.7), the boundary terms can be
estimated as

2(|κw̃n(0, t)|2 − |z̃n(0, t)|2) + 2(|κw̃n
x(0, t)|2 − |z̃nx (0, t)|2)

≥|κw̃n(0, t)|2 + |z̃n(0, t)|2 + ε|κw̃n
t (0, t)|2 + ε|z̃nt (0, t)|2

+ (κ2 − 3b2w)|w̃n(0, t)|2 + 2(κ2 − 2b2w)|w̃n
x(0, t)|2

− ε(κ2 + b2w)|w̃n
t (0, t)|2 − 4a−2|f̃n

2 (0, t)− bwf̃
n
1 (0, t)|2

≥|κw̃n(0, t)|2 + |z̃n(0, t)|2 + ε|κw̃n
t (0, t)|2 + ε|z̃nt (0, t)|2

+ (2κ2 − 4b2w − 2a2ε(κ2 + b2w))|w̃n
x(0, t)|2

− 2ε(κ2 + b2w)|f̃n
1 (0, t)|2 − 4a−2|f̃n

2 (0, t)− bwf̃
n
1 (0, t)|2

≥|κw̃n(0, t)|2 + |z̃n(0, t)|2 + ε|κw̃n
t (0, t)|2 + ε|z̃nt (0, t)|2

− 2ε(κ2 + b2w)|f̃n
1 (0, t)|2 − 4a−2|f̃n

2 (0, t)− bwf̃
n
1 (0, t)|2.
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Thus, it follows from the inequality (5.12) that

dE2κ(t)

dt
+ c0(|κw̃n(0, t)|2 + |z̃n(0, t)|2 + |κw̃n

t (0, t)|2 + |z̃nt (0, t)|2)

≤E2κ(t) + ‖
(

κf̃n
1 (t), f̃

n
2 (t)

)

‖21 + 2a−1|f̃n
2 (0, t)− bwf̃

n
1 (0, t)|2 + a−1|κf̃n

1 (0, t)|2

≤E2κ(t) + (1 + 5a−1)‖
(

κf̃n
1 (t), f̃

n
2 (t)

)

‖21
with c0 = min{a/2, a−1/4}. Here we have used the fact that |bw| ≤ κ and the
familiar embedding inequality | · |∞ ≤ ‖ · ‖1 (see (4.13)). Thus, we obtain

E2κ(t) + c0

∫ t

0

et−τ (|κw̃n(0, τ)|2 + |z̃n(0, τ)|2 + |κw̃n
t (0, τ)|2 + |z̃nt (0, τ)|2)dτ

≤etE2κ(0) + (1 + 5a−1)

∫ t

0

et−τ‖
(

κf̃n
1 (τ), f̃

n
2 (τ)

)

‖21dτ.
(5.13)

Together with those in (5.6), the last inequality shows that (wn, zn) is a Cauchy
sequence in the Banach space Ctr(0, T ;H

1) (T < ∞) and therefore has a limit
(w, z) ∈ Ctr(0, T ;H

1). It is easy to verify that this limit is the unique solution.
Since (ŵ, ẑ) satisfies the 0-th consistency condition and (ŵx, ẑx) ∈ H1, the desired

estimate can be obtained by repeating the above argument for w̃n ≡ w − ŵ and
z̃n ≡ z − ẑ. This completes the proof. ¤

Having Lemma 5.2 with the estimate, we can use the standard contraction map-
ping argument (see, e.g., [17]) for semilinear IVPs to get the following result, whose
proof is omitted.

Theorem 5.3. Suppose fi(w, z) ∈ C1(G) satisfies fi(0, 0) = 0, (w0, z0) ∈ H1 takes
values in a bounded convex subset G0 ⊂⊂ G, bw(w, t) is constant, and the 0-th
consistency condition z0(0) = b(w0(0), 0) holds.
Then there is a positive T∗, depending only on G0 and ‖(w0, z0)‖1, such that the

problem (5.1)-(5.2) has a unique solution (w, z) ∈ Ctr(0, T∗;H
1).

Note that Remark 3.1 in Section 3 applies here.
Having Theorem 5.3, Lemma 3.1 can be proven as follows. Consider the IBVP

(3.1)-(3.3). With w := ψ̄−aφ̄ and z := ψ̄+aφ̄, (3.1) can be rewritten as the diagonal
form (5.1) with

f1(w, z) = f2(w, z) = f
(

U + (z − w)/(2a)
)

− f(U)− (z + w)/2.

Moreover, the boundary conditions have an equivalent form like that in (5.2) with

b(w, t) =
(Bu − aBv)w

Bu + aBv

.

Note that Bu + aBv 6= 0 and bw is constant. Recall (3.4) that the 0-th consistency
condition hold. According to Theorem 5.3, there is a positive constant T∗, depending
only on the boundary-layer (G0) and any upper bound of ‖

(

φ̄(0), ψ̄(0)
)

‖1, such that

the above problem has a unique solution (φ̄, ψ̄) ∈ Ctr(0, T∗;H
1). Furthermore, T∗

can be chosen so that the estimate holds (see the estimate in Lemma 5.2 with
(ŵ, ẑ) = (0, 0)).
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