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Abstract

In this paper, we study a diffusive limit of a semilinear hyperbolic
system with relaxation. For a Cauchy problem with initial data pre-
scribed around a traveling wave solution, we rigorously justify this
limit using the energy method under a rather weak characteristic con-
dition, called the diffusive subcharacteristic condition.

1 Introduction

In [5], we studied a diffusive scaling for the semilinear hyperbolic system with

relaxation S
ut U:r =Y,
(B { bt 4o — ) -,
with the initial data
(uf,v%)(x,0) = (uf, vg) () 2 (ug,ve), vi= flus). (1)

Here € > 0 is the relaxation time, the constant a > 0 will be specified later.
It is easy to see that, as € — 0, (E,) asymptotically reduces to the following
problem
(EO) { u + f(u):r = QUgyg ,
v=f(u) — aug,
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with initial data
(14,0)(,0) = (1t 00) ().

In [5], for € < 1, under the subcharacteristic condition, see [10], [16]

a> f'(u)?, (2)

we rigorously justified this asymptotic limit with the initial data prescribed
around a traveling wave solution (U, V°)(x — st) of (E.).

In order to understand condition (2), we briefly review the study on the
semilinear hyperbolic system with relaxation under the Euler scaling:

u; +vg =0,
Lot s = 2 — fa). (3)

This system was introduced by Jin and Xin [6] as a new way of regularizing
the hyperbolic conservation law

ug + f(u), = 0. (4)

The necessity of the subcharacteristic condition (2) may be seen from the
Chapman-Enskog expansion on (3), which yields

u+ f(2)e = €l(a = f'(u)")uala (5)

Clearly, (2) guarantees the dissipative nature of this convection-diffusion
equation, and the stability of (3). Indeed, under this condition, the rigorous
passage from (3) to (4) has been justified. See [4], [7], [13], [14].

Now back to the diffusive scaling (E.). Using the Chapman-Enskog ex-
pansion on (E.), one obtains

ur + f(u)z = [(a — ezflz)ux]x + aez[f(u)m + f(u)ugr]e — a2 Uy (6)

Obviously, to ensure the dissipative nature of (6), one just needs the following
weakened characteristic condition

a>eXf*. (7)

We call this condition the diffusive subcharacteristic condition. With the
diffusive scaling in (E.), this is clearly the physically more natural condition
than (2). The purpose of this paper is to justify that (Ey) is the limit of (E.)
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as € — 0 under the diffusive subcharacteristic condition. Due to technical
reason, this analysis works only for the traveling waves with suitable strength
Le., |uy —u_| < [ with § defined in (26).

The diffusive scaling introduced in (E,) is very typical in many important
physical problems, for example, in transport equation in diffusive regime [§],
[2], [15], in kinetic equations near incompressible Navier-Stokes regimes [1],
[3], and in hyperbolic balance laws [11]. In particular, similar diffusive limits
have been studied for rather general hyperbolic systems with relaxation and
discrete-velocity kinetic models by using L' compactness tools (compensated-
compactness or BV estimates )[12], [9], which are in general not working
for the system case (i.e. when the reduced equation is not a scalar one).
Although the results stated in this article could also be established under
possibly weaker assumptions by these approaches, nevertheless, due to the
restriction of these delicated techniques, it is always worthwhile to explore
the applicability of the more general energy method, which is capable of
generalizations to system case. Moreover, our arguments provide a clear
picture of the large time behavior of solutions for both original system and
the reduced equation.

2 Review and Main Results

We first decompose the solution of (E,) and (1) into
(uv%) = (U, V)(2) + (u,0°) (2, 1),

where (U(z), V(z)) is the traveling wave solution of (E.) in a moving coor-
dinate z = x — st + xg with possible space shift xg, and x¢ can be uniquely
determined by the relation

Jr(up — U)(y)dy

Uy —U-

Tog =

Without loss of generality, we may take zo = 0 hereafter. As shown in [5],
this traveling wave exists as long as Rankine-Hugoniot condition

H(uy) =0, where H(u)=—s(u—u_)+ f(u)— f(u-) (8)
and the Lax shock condition

filug) <s < flu-) (9)



are satisfied. In fact, the U—component of this traveling wave satisfies the
following equation

H{U")

a— €e2s

(L) U; = z=x — st, (10)

and decays exponentially to uy at far fields + = foo. The traveling wave U°
of the relaxed equation (Ep) solves the above equation with e = 0. Moreover,
one can establish the following result:

U = U°||gn — 0, as € —= 0, (11)

provided [(U® — U®)dz = 0. Hereafter H™ denotes the usual Sobolev space
on R of order m with norm || - || g=. With this, one may naturally expect the
solution of (Ey) to be of the form

(u,v)(z,t) = (U, VO)(2) + (u,v)(z,t), 2=z — st.

With (11), the investigation of limiting behavior of (u,v®) can be reduced
to the study of the convergence of the family {u®, v°}, as € | 0, in L?.

To obtain such a result, we make the following assumptions on initial
data:

(Hy) uy generate a traveling wave (U, V*) of (E.),

(H2) 2o (u = U )(y)dyllms + [le(vs = V)(@) |2 < e,

(Hs) (v =V = s(ug — U)||g> < ¢ and

1
"o — £(u8) + bl < cs.

(Hq) Jrp(u§ — uo)(z)dz = 0 and, as e — 0,
ug — U — o —U°, vi— V= vg— VO, in H? as e—0.

In these assumptions, ¢y, ¢z, c3 are positive constants independent of e.
Under these conditions, we proved [5]

Theorem 1 (Jin-Liu) Assume 0 < € < 1, f is a smooth convezx function

satisfying
a>f?* for u€ (uy,u_), (12)
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and (Hy) — (Hy) hold, then there ezists an u € C'([0,T] x R) for any T >0
such that
ut — U — u(z,t) —U® in C°([0,T); Hz_él) for any &1 > 0,

loc

v = V= v(z,t) -V in C’O([O,T];Hz_(sl),

loc

and the limit function (u,v) solves the relazed parabolic problem:

{ Ut + f(u)e = Uy,

u|t:0 = u0($)7

and
v = f(u) — au,.

As mentioned in the introduction section, our goal of the paper is to es-
tablish the same conclusion as in Theorem 1, but with the diffusive subchar-
acteristic condition (7). Our new result is stated in the following theorem.

Theorem 2 Assume that there exists a constant e > 0 such that
0<e< e, a>ef? for u€ (uy,u_), (13)

and (Hy) — (Hy) hold, then the convergence result in Theorem 1 still holds if
luy —u_| < B with B defined in (26).

Note that the stability condition a > €?f"? is not restricted and is auto-
matically satisfied for € < g with suitable small 3. This reflects the case in
the diffusion limit.

The proof of Theorem 1 in [5] consists of three steps. First, under the
subcharacteristic condition (12) and the assumption (H;), we established the
global existence and uniform estimates for (E.). Secondly, the regularity in
time was established for (u®, v°). Finally, under assumption (Hj), we proved
the convergence to the local equilibrium and furthermore, under assumption
(H,), the compactness of the solution sequence was established. Since the
stability condition (12) was essentially used only in constructing the energy
function in the first step, to prove Theorem 2, it suffices to show that one
can establish similar global existence results under the mild diffusive sub-
characteristic condition (13). In the next section, we introduce a new energy
function that allows us to establish the global existence under (13). Since
the other two steps do not involve explicitly the characteristic condition, they
still hold in the present setting. Interested readers may consult [5] for details.



3 A New Energy Function and the Global
Existence

In this section, under the diffusive subcharacteristic condition (13), we shall
establish the global existence for the solutions (u¢, v) of the Cauchy problem
(E.) with the initial data (1). The main result is included in the following
theorem.

Theorem 3 Assume that there exists e < 1 and ¢; > 0 independent of €
such that (13) and (Hy) — (Hy) hold. Let (U, V)(x — st), f'(uy) < s <
f'(u_), be a traveling wave solution generated by uy with uf — U® being inte-
grable on R. Then there exists a unique global solution (u,v°) to (E.), with
ingtial condition (1) where |uy — u_| is small, such that

(ut — U 0" — V) € C°([0,00); H*) N L*([0, 00); H).
Moreover,
[(u = U 0" = V)| 2((0,00):12) < C,
||(u€ — UE, (—Z(’UE — VE))”CO([O,oo);HQ) S C
Let
(u0%)(z, 1) = (U, V)(2) + (u(z,1), 0°(2, 1)) , (14)
where (U€, V) is the solution of traveling wave equation

(Srvon

—SGZV; _I_ CLUZE — f(UE) _ VE. (15)

Combination of equation (E.) and this equation (dropping the index e for
notational convenience) gives

{ i +v, = 0,

o+ ai, = fU+a) — f(U) - o (16)

By the assumption (H;) and the conservative form of the first equation in

(16), for t > 0,
/ W(z,t)dz =0,  o(+oc0,t) = 0.

Let



Applying these variables in (16) and combining the resulting two equations,
one gets

L(¢,¢) = € {thy — st} — ad. + ¢ — 5. + Ap. = F (17)
with ¢ = ¢ — s¢., A = f/(U°) and
F=—{f(U"+¢:) = f(U) = (U )b:} = O(1)¢% (18)

being the higher order term.
We introduce the solution space of the problem (17) with initial data

(6.9)(2.0) = (o, vo)(2) 1= (|~ U)Y)dy, V¥(2) ~w5(=)) (19
as follows

X(0,T) ={(¢,¢) : (¢,4) € C0,T); H?) x C°([0,T); H?),
(¢.,9) € L*([0,T); H)?}, 0<T < +oo.

One can conclude Theorem 3 from the following proposition.

Proposition 1 Let N(t) = supoc < {[|&(7)l[s + e (7)l2}. Under the as-
sumptions in Theorem 3, the problem (17), (19) admits a unique solution
(¢,%) € X(0,+00) satisfying

1/2

96 sy + et ey + [ [ N 60 lBede| < N @), (20)

where C is a positive constant independent of €.

To prove this proposition, we need to establish the following key a priori
estimate.

Lemma 1 If the assumptions of Theorem 3 hold, and N(T) < 6 for some
0 >0, then

62 + el + [ 1w el + [ [ velddr
< Cfldnll + ol 1)
fort e [0,T].



Proof. As was done in [5], we multiply (17) by ¢ + 2¢ to get
E1(¢7¢7¢2)t+E2(¢7¢7¢2) —I_{}Z = F{¢+2¢}7 (22)

where
Bi(g66:) = 0P+ @opt 8 +adl,

Ez(qb? ?7/}7 ¢Z) = (2 - 62)¢2 + 2/\¢z¢ + CK/f - )‘Z (%) 3

and {---}. denotes the term which will disappear after integration over RR.
It is easy to see that, to ensure the positivity of the energy functions E;
and F,, one needs
<2, f?<(2-¢€)a
which is ensured by the condition (12). This was the condition used in [5].
To relax this stability condition, we need to introduce a new energy func-
tion. For this purpose, we use a new multiplier of the form w(z)¢,, with
w(z) a smooth function to be determined.
Multiplying the equation (17) by w(z)¢., one gets
w 2
wh.Llo0) = € |(wpss) + 2 — sl
a , ‘
+5w' 0]+ wipd. + Awdl + {1
=  Fuw(z)¢,,

where A = f/(U®). Addition of this to the identity (22) gives us the following
new energy relation

El(qba ¢7 ¢Z)t + E2(¢7 ¢7 qbz) + { ' '}Z = F{qb + 2?7/) + w¢2}7 (23)
where
Bi(6f,6:) = 64 Egpt 107+ adh + g

= ((pa 77Z)7 qbz)TAl(Qb, 77/), ¢Z),
Ey(d,p,¢:) = (2= € 4w’ + 2 + 2w + 26" w's|p ¢

+la 4 2w + aw]qﬁz -\ (%)

= —)\Z (%) + (¢7¢2)TA2(¢7¢2)7
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and Aj(j = 1,2) are the matrices defined as

12 &/2 0
A= /2 &  w/2
0 €w/2 a
and
2— e+ N+ w4+ setw

Az = A+ w + se2w  a+ 20w + aw’

Since the convexity of f and the monotonicity of U¢(z) imply that there
exists a constant ¢ > 0 such that

Ey(¢. %, dy) 2 c|UL|6" + (¢, 6.)" Aa(4), 62)

it remains to choose a suitable w such that the matrices A;(; = 1,2) are
both positive definite.
It is easy to see that A; is positive definite if and only if

€ <2, we <da and w’ < a(2- 2.
This is possible if we choose w such that € < ¢y = 1/\/5 and
cfw’ <a . (24)
To ensure the positive definiteness of A,, one needs to choose w such that
24w >0, a+ 2 w4aw >0
and
D:=A4w+sew) —(2— €+ w')(a+ 2 w + aw') < 0.
Further calculation shows that
D = (A—w)’+2se’w' (w+A)+e's*w? + 2 (1w )wh—a(l+w') (2— e+ ).
For e sufficiently small, the requirement that D < 0 may be replaced by

(/\—w)2 <a(1+w’)(2—62) and 14w >0. (25)



Next, we show the existence of w satisfying the above requirements. If
the strength of traveling wave is suitably bounded, say |u; — u_| < § with
a

— 26
P = e P ) = S (26)

we can take
w=\.

Then (25) is satisfied using (10),
l+w =14 fU =1+ fHU)(a—es’)>1 -3 uy —u_| >0

for € < ¢y with ¢ = min{l/ﬂ,a/%z}. We may take smaller ¢y such that
D < 0 is also satisfied for € < ¢y. From (24) the new stability condition is

XN <a fore<e.

After the integration with respect to ¢ and z, (23) gives

[ + e+ [ 108 s)@lPdr + [ [ |sléaar
0 0 JR
< Cfllgoll + ol + [ [ 11161+ [9hdzary (27
for ¢ € [0,T)]. By recalling the definition of F in (18), we have
F| = 0(1)]¢.[*

Since sup,{|¢|, |¢.],|¥|} < CN(T), the integral on the right hand side of (27)
is dominated by

CN(T) [ N, 60)

Therefore, if N(T') < 35, we obtain the desired estimate (21) for ¢t € [0,T]. O

Based on this basic estimate we can get the higher order estimates in the
same way as in [5] to close the energy estimate (20). The details are omitted
here.
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