Math 589, Spring 2002 Problem Set 4 (Addtional Hints)

1. (a) Use the following exercise that was given after Lemma 5.14 and eventually proved in
class: For any epimorphism h: A — B and any X C A2,
h*(0a(X)) = Op(h(X)).

You will also have to use part (3) of Lemma 5.14 (I said 5.15 in the original hint,

but this was a mistake) 5.14(3) says that for any epimorphism h: A — B and every
a € Co(A),
h='h*(a) = a V rker(h).

(b) This part is proved by induction on n, but it is not a straightforward induction. First
of all you do have to prove the stronger result

Oalc,d) € \/ Oalai,bi)ve implies Oa(c,d)NOale, f) C \/ (Oalai,bi)NOa(e, f)) Ve
i<n i<n
By the induction hypothesis we get
Oalc,d) S \/ Oalaibi)V (Oalan,by)Va)
i<n—1
implies Oa(c,d)NBOale, f) C \/ (©a(a;,bi)NOAale, f)) V (Oalan,bn) Va).
i<n—1

Now consider any set X C A% such that ©(X) = O a(c,d) NOa(e, f) (can take X to
be all of © a(c,d) NOale, f)). Use part (a) to prove that, for each (z,y) € X,

Ox,y) € \/ (Oalai,bi)NOale, f)) V ((Oalan bn) NOale, )V a).
i<n—1
Finally, use this to get
Oalc,d)NOale, f) € \/ (Oalai,bi) NOale, f)).

i<n

3. (b) By Birkhoff’s Subdirect Product Theorem, for every X-algebra A we have A & ; Cg
[Lic; Bi where the B; are subdirectly irreducible (SDI). The algebras Bj, i € I, are
called the SDI factors of A. For any class K of Y-algebras, let Fgp(K) be the class of
SDI factors of all A € K. Prove that, for any class K is X-algebras,

HSP(K) = HS P Fspi(K).

The following facts were all either established in the lectures at various places, or they
are easy consequences of results that were established. You may use them in the proof
of part (b) without justifying them.

FSDI(Modprim(sﬁ) N V) C Mod(®) NV

HS(Mod(®)) € Mod(®)

PSD(Mod(sP) N V) C Modpim (@) N V.
Use the the above facts together with Jonsson’s Lemma to show that HS P (Modprim(@)ﬂ
V) € Modpyim (@) N K. Part (b) now follows as in the proof of Thm. 6.4.



