3.3. Reduced Products and Ultraproducts. Let I be a nonempty set. Let
P(I) = (P(I),u,n, ,0,I),

where, for every X C I, X = I\ X is the complement of X relative to I. P(I) is the
Boolean algebra of all subsets of I. F C P(I) is a filter on or over I if F is a dual ideal of
the lattice (P(I),U,N, 0, 1), i.e.,

(i) F is nonempty;

(ii) F is an upper segment, i.e., X € F and X C Y implies Y € F;

(iii) F is closed under intersection, i.e., X,Y € F implies X NY € F.
The set of filters of I is an algebraic closed-set system, since the set of ideals of any lattice
forms one. Because of (ii), the condition (i) is equivalent to I € F. A filter F is proper if
F # P(I). Because of (ii), F is proper iff () ¢ F. Thus the union of any chain of proper
filters is a proper filter, and consequently Zorn’s lemma can be applied to show that every
proper filter F is included in a maximal proper filter, that is, a proper filter &/ such that
there is no filter G such that & C G C P(I). Maximal proper filters are called ultrafilters.

Examples:

(1) For J C I, P()[J) ={X : J C X C I} is the principal filter generated by J; for
simplicity we normally write [J) for P(I)[J). A filter F is principal iff F (= ({F: F €
F}) € F, in which case F = [[|F). Thus, if I is finite, every filter F on I is principal.
The smallest filter is [I) = {I} and the largest filter, the improper filter, is [#) = P(I).

(2) Every nonprincipal filter must be over an infinite set. A subset X of I is cofinite if X
is finite. Let Cf be the set of all cofinite subsets of I. Clearly [ is cofinite, and any superset
of a cofinite set is cofinite. If X and Y are cofinite, then X NY = X UY is finite, and
hence Cf is closed under intersection. So Cf is a filter. () is cofinite iff I is finite. So Cf is
proper iff T is infinite. For each i € I, {i} is obviously cofinite. Thus (\Cf C Nic i} =0.
Hence Cf is nonprincipal if I is infinite.

Lemma 3.31. Let I be a set, and let K be an arbitrary set of subsets of I. Let F be the
filter generated by K, i.e., F := ﬂ{ G : G a filter such that K C G } Then

F={X:InewlK,, ... K, eKEK . N---NK,CX)}.

Proof. Let H = {X cdn€ewiKy,...,. K, e K(K1N---NK, C X)} If K is empty, then
the only sequence Kj,..., K, of members of K is the empty sequence (n=0). Then, by
definition of the intersection of an empty sequence, K1 N---NK,, = 1. Thus I € H, and in
fact H = [I) = {I}, the smallest filter. And F = {I}, being in this case the intersection of
all filters.

Now suppose K is nonempty. We first verify that H is a filter that includes K. For each
K, e K, K1 C Ky, and hence K1 € H. Thus K C F. If K is nonempty, so is H. Suppose
XeH;say Kin---NK, C X with Ky,...,K,, € K. Then K1N---N K, CY, and hence
Y € H, for every Y such that X C Y. So H is an upper segment. Suppose X,Y € H.
Then K1N---NK,CXand LyN---NL,, CY with Ky,...,K,,L1,...,L, € K. Then
Kin---nK,NLiNn---NL, CXNY. So XNY € H, and hence H is closed under
intersection. Thus H is a filter.
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We have seen that I C H. Let G be a filter such that  C G. Then K1N---NK,, €§G
for all K1,...,K, € K, and hence X € G for every X such that K1 N---N K, C X, since
G is an upper segment. So H C G. Thus H = F. O

Corollary 3.32. Let F is a filter over I, and let X € P(I). Let G be the smallest filter
including F that contains X, i.e., the filter generated by KK = F U{X}. Then

G={YCI:3FeF(FNXCY)}
Proof. Let H={Y CI:3F € F(FNX CY)}. By thelemma, G ={Y CI:3n¢
wiIKiy,..., K, e FU{X}(KinN---NK, CY)}. Clearly H C G. Let Y € G. Then
(26) Kin--nNnK,CY,

for some K,..., K, € FU{X}. Suppose X = K for some ¢ < n; without loss of generality
assume X = K,,. Then

Kin---nK,=Kin---NK,,_.1NXCY.

FeF

SoY e H. If X # K, for all i <n, then K;N---NK, =F € F, and hence (26) implies
FNXCY. SoagainY € H. So G CH. O

Corollary 3.33. Let K C P(I). Then K is included in a proper filter and hence an
ultrafilter iff, for alln € w and all Ky,..., K, e K, K1N---NK, # 0.

Proof. Exercise. O

A set K of subsets of a nonempty set I is said to have the finite intersection property if
the intersection of every finite subset of I is nonempty. By the above corollary, every set
of subsets of I with this property is included in a proper filter.

The following gives a convenient characterization of ultrafilters.
Theorem 3.34. Let F be a filter over a set I. F is an ultrafilter iff

(27) for every X C I, either X € F or X € F, but not both.

Proof. <= Assume (27) holds. Then () ¢ F since I € F and () = I. So F is proper.
Let G be a filter such that F € G. Let X € G\ F. Then by (27) X € FCG. Thus
f=XNXecg,ie,G=P(). Thus F is an ultrafilter.

—> Suppose F is an ultrafilter and X ¢ F. Since F is maximal and proper, P([)
is smallest filter including F that contains X. By Cor. 3.32 P(I) = {Y C I : IF €
F(FNX CY)}. Thus there is an F' € F such that FNX = 0. So FF C X, and hence

XeF. (]

Ezercises:
(1) A principal filter [X) is an ultrafilter iff | X| = 1.
The filter Cf of cofinite sets is never an ultrafilter. If [ is finite, Cf is the improper filter.

If I'if infinite, then I includes a set X such that neither X nor X is finite, and hence neither
X nor X is cofinite.

(2) Let I be infinite. Then Cf is the smallest nonprincipal filter on I, i.e., for any filter
F on I, F is nonprincipal iff Cf C F.
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Let (A; :i € I) be a system of Y-algebras, and let F be a filter on I. Define ®(F) C
(ITies Ai)2 by the condition that
({aj:iel), (bij:iel))yed(F) iff {icl:a;=b}eF,

-~
-

a b EQ(a.b)

where EQ(d, 5) = {i € I :a; = b} is called the equality set of @ and b. Note that
(d,b) € O(Cf) iff EQ(d,b) is cofinite, i.e., iff {i € I : a; # b; } is finite. It is traditional to
say that @ and b are equal “almost everywhere” in this case.

Lemma 3.35. &(F) € Co([[;c; Ai) for every filter F on I.

Proof. EQ(d@,@) = I € F. So ®(F) is reflexive, and it is symmetric because EQ(a,b) =
EQ(b, @).

=, —

i € EQ(a,b) and i€ EQ(b,¢) implies i€ EQ(a,?).
a;=b; bi=c; a;=c¢;
Le., EQ(@,b) N EQ(b,7) C EQ(@,&). So if EQ(a@,b) and EQ(b, &) are both in F, then so is
EQ(@, ). This means that ¢(F) is transitive.
Leto e X, and dy,... ,Ein,l;h .. .,l;n € [[;c; Ai such that EQ(EL’l,I;l), . ,EQ(&’n,gn) e F.
Then as in the proof of transitivity it can be shown that EQ(aq, 51) N---NEQ(d,, En) -

EQ (JH Ai(dy, ..., dy),oll A (b, .. ,En)) € F. So &(F) has the substitution property. [
&(F) is called the filter congruence defined by F.
Definition 3.36. Let A = (A; : i € I) be a system of X-algebras. A Y-algebra B is
a reduced product of A if B = ([,c; Ai)/®(F) for some filter F on I. B is called an
ultraproduct ofﬁ if F is an ultrafilter.
Note that B < [[;c; As, ie., B is a homomorphic image of [[;.; A;, but it is a very
special kind of homomorphic image as we shall see. For any Y-algebra C, we write C <y
[I;c; Ai if C is isomorphic to a reduced product of A; by the First Isomorphism Theorem,

C < Hie 1 A; iff C'is a homomorphic image of Hie 1 A; by a homomorphism whose relation
kernel is a filter congruence. We write C <y [[;.; Ai if C is isomorphic to a ultraproduct

of A.
For any class K of X-algebras,
Pu(K):={B:3I13AcK (B [[4)}.
i€l

el

Py(K) is similarly defined with “<y” in place of “<y”.
Let I be a set and F a filter on I. Let J C I and define
FlJ:={FnJ:FeF}

F1J is a filter on J: we verify the three defining properties of a filter.

J=INnJeF[J. Suppose X € F|Jand X CY C J. Let F' € F such that X = FnJ.
Then FUY e FandY = XUY =(FnJ)u(YnJ)=(FUY)NJ € F|J. Finally,
suppose X,Y € F|J, and let F,G € F such that X = FNJ and Y = GNJ. Then
XNY=(FnG)nJ e F|J.
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It is easy to see that, if J € F, then
FIlJ=P)NF(={XCJ: X eF}).
The inclusion from right to left holds for all J C I, without the assumption that J € F.
Assume, X € F|J,ie, X = FNJ for some F € F. Then X € F since J € F.
The following will prove useful in the sequel.
(28) IfJeF, thenVX CI(XeF iff XNnJeFI|J).

X € F implies X NJ € F[J by the definition of F[J. For the implication in the other
direction, assume XNJ € F[J. Then, since J € F, XNJ € F by the above characterization
of F[J when J € F. Hence X € F since F is an upper segment.

Lemma 3.37. Let (A; :i € I) be a system of X-algebras and F a filter on I. Then, for

each J € F,
(H Ai)/qs(f) ~ (H Aj) JB(FIT
jed

i€l

Proof. Consider the epimorphisms

. gP(f

14 =T 4 (H A ) JB(F

el jeJ jeJ
where m;((a;:i€1)) = (aj:j€J). myis the J-projection function, and it is easily

— —

a alJ
checked that it is an epimorphism; it generalizes the ordinary projection function ;, which
can be identified with mg;. Agzyy) is of course the natural map.

Let h = Agryy o mr: [Lies Ai = (I1 e A;)/P(FIJ). Let @ = (a; : i € I) and
b=(bj:iel).

(@,b) € rker(h) iff Ap(F1r
it (@J,blJ
it EQ(alJ,b]
iff BQ@,b) (=

J)(={jeJ:a;=0b}) € FIJ
{iel:a;=b;})€F;
this last equivalence holds by (28) since EQ(@]J,b].J) = EQ(@, b) N
iff  (@,b) € B(F).
So rker(h) = @(F). Now apply the First Isomorphism Theorem. O

By the next lemma, a product [[,.; A; that is reduced by the filter congruence defined
by the filter of cofinite sets is a model of a given identity iff the factor A; is a model of the
identity for “almost all” ¢

Lemma 3.38. Let (A; :i € 1) be a system of X-algebras, and let F be a filter on I. Let
€ be an arbitrary X -equation. Then

(HAi)/qb(}")hs iff {icl:A;Fe}eF

i€l
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Proof. Let J ={iel:A;jFe}.
& Assume J € F. Then by Lem. 3.37, ([Tic; Ai)/P(F) = ([1jes As)/P(F1J
HP{A,:je€ J}) C HP(Mod(e)) = Mod(¢); the last equality holds by Thm. 3.20. Thus

(s A7) [#(F

= Suppose J QE F. Let € = t(zg,...,Tn-1) = s(wo,...,xn_l). For each i € I\ J,
choose ag(i),...,an—1(i) € A; such that tA (ao(@), ..., an—1(i)) # s4(ao(i), ..., an—1()).
This is possﬂale since A; ¥ . For each i € J, let ap(: ) ,an—1() be arbltrary elements of

A;. Let do = (do(i):i€l),...,0,—1 = <Ein_1(z') RS > Recall, that
A (G, .. @p1) = (29 (@p(4), -+ ,dn-1(i)) :i € T ) and

s Gy, .. @pr) = (2o (i), -+, @n1(i)) i € T).

Thus
EQ(H14(dy, ..., @n1), sl14(do,...,an1))

={i €It (do(i), - ,@n1(i)) = s (Ao(i), - ,Tn_1(3)) }

cJ
So EQ(tH 4 (dy, . .., an—1), sl14(d,...,dn—1)) & F since J ¢ F. Hence

),

T4/ 25 o @(F), .. s 0(F)) # 542D @/ 0(F), .. s 0(F)).

and hence (I;c; )/@(.7—" O
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