2.8. Direct products. Of the three basic ways of constructing new X'-algebras from old
ones, the direct product is the only one that increases complexity, or at least the size of the
algebras. It is also distinct in that it is a way of combining system of many algebras into a
single one.

Let I be a set (possibly empty) and let ( A; : i € I') be an I-indexed system of nonempty
sets. We recall that the direct or Cartesian product of the system is

[[a={a:a1r—|JA.viel(at)eA)}

iel icl
Intuitively, [[;c; A is the set of all “I-dimensional vectors”, that is I-indexed systems of
elements, such that the i-component is a member of A; for each ¢ € I. We will often write
a; for the i-th component of @, i.e., a; = d@(i), so that @ = (a; : 1 € I'),
Definition 2.42. Let be a set (possibly empty) and let (A; : i € I > e an [-indexed

system of X-algebras. By the direct or Cartesian product of (A; : i € I) we mean the
J-algebra

HAZ = <H Aia UHiAi>o—€Z17

icl icl
where ollidi(@y, ... a@,) = <0Ai(61(i),...,6n(i)) D€ I> for each ¢ € X, and all

ai,...,0n € [[;c7 Ai- The algebras A; are called (direct) factors of [[;.; A

By the I-th direct, or I-th Cartesian, product of a X-algebra A we mean Al = II
were A; = A for every i € I.

i€l A;

Remarks:
(1) We normally write A; x --- x A, for Hi€{1,2
(2) If the index set I is empty, then

[Tai={a:a1— ) viel(at)eA)}={a:a0—0}={0},
icl icl
where () is the empty function, the function with empty domain. Thus [[,.; A; is a one-

element X-algebra. All one-element X-algebras are isomorphic; they are called trivial .-
algebras. They all have the form ( {a},04),c5, where 04 (a,---,a) = a for all o € X.

Let A= (A,vA A404,14) and B = (B, v, AP 0B 18) be bounded lattices.
Ax B= <A % B, \/AXB’ /\AXB’OAXB’ 1A><B>’
where (a,b) VAXB (a/ V) = (a VA d', b VB b) and (a,b) AA*B (a' V) = (a AM* d/, b AB V)
and 04*B = (04, oB> and 14%B = <1A 1B).
We note that
(a,b) <A*B (o b) iff a<Ad and b <BV.
This follows from the following simple computation. (a,b) <AXB (a’ ) iff (a,b) AA*B
(a',b) = {a,b) iff (an?a, bABY) = (a/,VV)iff a AN a' =aand bAB Y = b iff a <2 o’ and
b <B V. See Figure 17.
In general, for any system (L; : i € I) of lattices, @ < b iff, for all i € I, @(i) < b(i)
(exercise).
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(1,1)
1
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(0.0)
BQ X Bl = Bg
FIGURE 17

Theorem 2.43 (Generalized Communitive Law). Let (A; : i € I) be a system of X-
algebras and let h: I>—» I be a bijection between I and itself, i.e., a permutation. Then

Hie] A= Hie] Ah(i)'

Proof. The map @ — (d(h(i)) : i € I) is an isomorphism. This is left as an exercise. O

Corollary 2.44. (i) Ax B2 Bx A.
(i) AXBXxC2AXCXxBYBxAxC=2BxCxAYCxAxB=ZCxBxA.

Proof. For example: Let D; = A, Dy = B, and D3 = C, and let h(1) = 2, h(2) = 3, and

Theorem 2.45 (Generalized Associative Law). Let (A; i€ 1), and let {I;:j € J} be

a partition of I then
[1(IT 4) = [T 4.

jeJ iel; i€l
Proof. The map @ — ( (@(i) :i € I;): j € J ) is an isomorphism (exercise). O
Corollary 2.46. (AxB)xC=Ax (BxC)=ZAxBxC. O

In the sequel, unless explicitly stated otherwise, ( A; : ¢ € I) will be an I-indexed system

of Y-algebras, and d@, b, ¢ will represent arbitrary elements of [[,.; Ai. [[;c; A: will often

be written in the simpler form [, A; or, even more simply, [ A;.
Definition 2.47. For each i € I, 7: [[;c; Ai — A is defined by m;(@) = a(i) for each i € I.
p; is called the i-th projection.

Special case: m: Ax B — A and m: A x B — B.

Note that @ = b iff, for all i € I, m;(@) = m;(b).

i€l

i€l
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(&

I, hi.
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J k
Aj 114 A,
el
FIGURE 18

it [L;e; Ai = A; is an epimorphism. We check this. 7; (JHiAi((i’l, .. .,&’n)) =
7Tz(< UAj(al(j), .. ,an(j)) : j € J>) = UAi (51(1), .. ,an(z) = UAi (m(&}), Ceey Wz((_in))
Theorem 2.48 (Categorical Product Property). Let (A; : i € I) be a system of X-
algebras. For every X-algebra C and every system h = (hi:iel)e]],c;Hom(C, A;) of
homomorphisms of C into the A;, there exists a unique h € Hom(C’, [Lcs Ai) such that
h; =m;oh for every i € I, i.e., such that the diagram in Figure 18 is commutative.

Proof. Define h by h(c) = (hi(c):i € 1I).
B(Jc(cl, .. .,cn)) = <hi(ac(cl, .. .,cn)) ciel)

So h is a homomorphism. - B
For every ¢ € C and every j € I, (mj o h)(c) = mj(h(c)) = m;({hi(c) : i € I)) = hj(c).

So m; o h = h; for each i € I. O
Corollary 2.49. C = ; C [[;c; Ai iff, for everyie I, C = ; C A,.
Proof.

Viel(C»3;CA)<—=Vicldh;:C— A;)
= 3h(h:C - [[A)
iel
= C ;][] A
iel
U
Corollary 2.50. Let j € I. Then A; =5 C [[;c; Ai iff, for each i € I\{j}, Aj =3 C A;.

h
Proof. = Assume A; = B C [[,.; Ai. Then m;0h: A; — A; for each i € I'\ {j}.
<= Assume hj: Aj — A; for each i € I\ {j}. Let hj = As;:A; = A;. By the

Categorical Product Property, there is a h: Aj — [];e; Ai such that m; o h = h; for each

i€l
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i € I. For every a € Aj, mj(h(a)) = (mj o h)(a) = h;(a) = a. Thus h is injective and hence
ho_

A;j = h(Aj) C [lier Ai- So Aj =5 C [licr Ai- O

In particular, if every A; has a trivial subalgebra, then, for every j € I, A; is isomorphic
to a subalgebra of [[,.; A;. This is so because the function that maps all of A; to the
unique element of the trivial subalgebra of A; for each i € I'\ {j} is a homomorphism. For
this reason every group is isomorphic to a subgroup of any direct product of groups which
includes it as one of its direct factors.

Definition 2.51. Let A be a Y-algebra. A system & = («; : i € I') of congruence relations
of A is called a factor congruence system (FAC) for A if

() Mieroi = A, and,
(i) for every @ = (a;: i € I) € A, ;o (ai/ci) # 0.
Notice that b € (;c;a;/c; iff b is a solution of the system of congruence equations
(25) Viel(z=a; (modq;)).

Notice further that condition (i) implies that any solution of this system of congruence
equations is unique.

Thus condition (ii) in the above definition is equivalent to the requirement that the
system (25) of congruence equations has a solution. For this reason condition (ii) is called
the Chinese Remainder Property, the CRP for short. If (ni,...,n) is a finite system of
pairwise relatively prime integers, and if for each ¢ < k, «; is the congruence on the ring
of integers Z defined by (a,b) € o; if a = b(mod n;), then the classical Chinese Remainder
Theorem says that (aq, ..., ax) has the CRP.

The following theorem characterizes those X-algebras B that are isomorphic to a given
direct product in terms of the congruences of B.

Theorem 2.52. B =[], ; A; iff there exists a factor congruence system & = (o :i € 1)
such that, for alli € I, A; = B/a.

Proof. Suppose that h: B =~ C and & = (a; : i € I) is a FCS for C such that C/«a; = A;
for each i € I. Then we claim that h=!(&) := (h™'(q;) : i € I') is a FCS for B such that
B/h7(a;) =2 A; for each i € I. (Recall that h=!(ay) = { (b, ') € B> : (h(b), h(V)) € oy }.)
By set theory, (;c;ai/ai = h1(N;eyu) = b1 (Ac) = Ap (since h is a bijection). Also,
consider any (b; : 4 € I) € B!, and let ¢ € C such that ¢ = h(b;) (mod «;) for each i € I,
i.e., hh=1(c) = h(b;) (mod «;) for each i € I. Thus h~!(c) is a solution of the system of
congruence equations x = b; (mod h~'(«;)), i € I. Finally, the mapping from B to A/«;
such that b — h(b)/«; is a surjective homomorphism with relation kernel h~!(c;). Thus
B/h7(a;) = A; by the First Isomorphism Theorem. This establishes the claim.
We now verify the conclusion of the theorem.

— Assume B = [],_; A;. By the above claim we can assume without loss of generality
that B = [[,c; Ai. Let oy = rker(m;) for each i € I. Note that,for each i € I, da;b iff
(@) = mi(b) iff @(i) = b(i). So @ Mey biff Vi€ I (@a;b) iff Vi € I (a(i) = b(i) iff @ = b.
So niefai = AA.
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Consider any (d@; : i € I) € ([[;c; 4i), and let b= (ay(i):ieI). Then @l(i) = b(i) for
alli € I. So @; ;b for alli € I, ie., b= V;c;di/ai. And ([[;c; Ai)/ci = A; by the First
Isomorphism Theorem.

<= Assume « is a factor congruence system for B such that B/a; = A; for all i € I.
Let h;j: B —- A; such that a; = rker(h;). By the Categorical Product Property there exists
a unique h: B — [[,.; A; such that m; 0 h = h; for all 4 € I, i.e., h(b)(i) = h;(b) for each
be B and alli € I. Thus, for all b,b" € B,

h(b) =h(t) iff Viel (hi(b) = hi(b’))
iff Viel(bab)

iff b ﬂai b
el
it b=10.

So h is injective. Consider any @ = (a; : i € I) € [],c; Ai. For eachi € I choose b; € B such
that h;(b;) = a;. By the Chinese Remainder Property, there is a b € B such that, for every
i€1,b=,, a;,ie., hi(b)=a; forevery i € I. So h(b) = (hi(b):i €)= (a;:i € 1) =a.
Thus h is surjective. 0

Theorem 2.53. let & = («; : @ € I) be a factor congruence system for A, and let
{I;:j€J} bea partition of I. Let [3; :ﬁigj%‘; for allj € J. Then = (Bj:jed)is
also a factor congruence system for A. In particular, for each j € I, let & = ﬂig\{j} Q.
Then (o, &) is a factor congruence system for A.

Proof. (e, 8; = njeJﬂite o =Njey i = Aa. Let (a; :j € J) € A/, By the CRP for
@ there is a b € A such that Vj € JVi € I; (b =g, a;j). Thus Vj e J (b =Nics, o aj). Le.,

b =g, aj. So, 5 has the Chinese Remainder Property. O

Definition 2.54. a € Co(A) is a factor congruence of A if there exists a factor congruence
system (3; : ¢ € I') with |I| > 2 such that o = (3; for some i € I.

Equivalently, by Thm. 2.53, « is a factor congruence if there is a & € Co(A) such that
(o, @) is a factor congruence. o and & are complementary factor congruences of A.

Theorem 2.55. Let a,& € CoA. «a and & are complementary factor congruences iff
aNad=A4A4 anda ;& =Vyu.

Proof.
aj;a=Vy iff V(al,a2>€A2(a1(a;d)a2)
iff V(al,a2>€A23beA(baa1 and b & as)
iff (a, @) has the CRP.
O

Definition 2.56. A X algebra A is directly indecomposable or directly irreducible (DI) if,
for every system of Y-algebras (B; :i € I), A = [],.; B; implies By, is nontrivial for at
exactly one k € I.

week 9



51

If A is directly indecomposable, then A = [],., By implies that A is isomorphic to
one of the B;, namely the one such that all the other direct factors are trivial. We see in
Cor. 2.58 below that this is also a sufficient condition for direct idecomposability if A is
finite.

Theorem 2.57. Let A be a nontrivial X'-algebra. The following three conditions are equiv-
alent.

(i) A is directly indecomposable.
(i) A= B x C implies either B or C' is trivial.
(iii) A has exactly two factor congruence relations, more precisely, the only two factor
congruences of A are Ax and V 4.

Proof. (i) = (ii): trivial

(i) = (iii). Let o and & be complementary congruences of A. Then A = A/ax A/a.
By assumption A/a or A/d& is trivial. In the first case we have o = V4 and hence
a=Vaina=anda=A4. If A/& is trivial, then & = V4 and o = Ay. So Ay and V4
are the only factor congruences of A.

(iii) = (i). Suppose A = [[,.;B;. Let (a4 : i € I) be a factor congruence system
such that B; = A/«; for each ¢ € I. By assumption each «; is either Ay or V4. They all
cannot be V 4 since otherwise each B; is trivial which is impossible since A is nontrivial.
So ap, = Ay for at least one k € I. For each i € I let &; = ﬂjg\{i} a;. Note that, for
each i € I\ {k}, & C ap, = A4 and hence &; = Ay. But by Thm. 2.53 o; and &; are
complementary congruences. So o; = V4 and hence B; is trivial for all ¢ € I'\ {k}. O

Every simple algebra is directly indecomposable. An example of a nonsimple algebra
that is directly indecomposable is the Abelian group Z,» = Z/ = (mod p") for each prime
p and positive integer n. The only (normal) subgroups are kapn for £ < n and hence
the only congruence relations are = (mod p¥)/ = (mod p") for k < n. So the lattice of
congruence relations is linearly ordered and hence the only factor congruences are

Az, = = (mod p")/ = (modp") and Vgz, = = (mod ")/ = (mod p").

The fact that the Z,» are directly indecomposable, and in fact the only directly inde-
composable finitely generated Abelian groups, can also be obtained from the Fundamental
Theorem of Abelian Groups.

Corollary 2.58. Let A be a finite, nontrivial X-algebra. The following three conditions
are equivalent.

(i) A is directly indecomposable.
(i) For every system of X-algebras (B; : i € 1), A = [[,.; B; implies By, = A for
some k € 1.
(iii) A = B x C implies either B>~ A or C = A.

Proof. Suppose A = [[..; B;. If A= By, for some k € I, then |By| = |A| and hence, since
A is finite, |B;| = 1 for all i € I\ {k}. Conversely, if |B;| = 1 for all i € I\ {k}, then
| Br| = |A|, and hence the projection function 7 is an isomorphism between A and By, by
the pigeon-hole principle, because A is finite. So the conditions (i) and (ii) are equivalent.

By essentially the same argument, if A = B x C, then B is trivial iff A =2 C, and C is
trivial iff A = B. So condition (iii) is equivalent to Thm 2.57(ii). O
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Neither of the conditions (ii) or (iii) of the corollary is equivalen to direct indecompos-
ability for arbitrary X-algebras. In particular, it follows from the remarks at the end of the
chapter that every countably infinite left-trivial semigroup satisfies both (ii) and (iii), but
none of these algebras is directly irreducible.

We prove in Thm. 2.61 below that every finite X-algebra is a direct product of directly
indecomposable algebras. But it is shown in subsequent remarks that this is not the case
for all infinite X-algebras.

For any class K of X-algebras define
PK):={B:3(A;:icl)eK (B=]]A)}
i€l

We show that P is a closure operator on Alg(X). For each A € K, A = [],_; A; where
I ={0} and Ap = A. So K C P(K). By the generalized associative law

H(H Aij) - I1 A,
jEJ i€l; (1.3) €U, e s (I; {5}
So P P(K) = P(K). Finally, it is obvious that K C L implies P(K) C P(L). P is not algebraic
(exercise).
Theorem 2.59. Let K be any class of X'-algebras.
(i) PH(K) CHP(K).
(ii) PS(K) € SP(K).

(iii) HP, SP, and HS P are closure operators on Alg(X).

Proof. (i) Assume A € PH(K). Then thereis a (B; : i € I') € H(K)! such that A =
[Lic;Bi- Let (Ci:iel) e K! such that C; = B, for alli € I. For each i € I let h;: C; —
B;. Then hjom;: [[,c; Ci - B; for each i € I. By the Categorical Product Property there
is a unique homomorphism h: [[,.; C; — [[;c; Bi such that mjoh = hjom;: [[,c; Ci — B;
for every i € I. We denote h by [];.; hi and refer to it as the natural map.

Let b = (bij:ie€I)€][lie;Bi- Choose €= (¢;j:ieI)e]],c;Cisuch that hi(c;) =b;
for every i € I. Then ([[;c; hi)(@) = (hi(c):i € I) = b. Hence [Lics hi is surjective and
thus A € IHP(K) = HP(K).

(ii) Assume A € PS(K). Thereisa (B;:i€I)e Kl anda (C;:i¢€I) e S(K)! such
that, for every i € I, C; € B; and A = [[,.; C;. But [[,.;C; C [[;c; Bs (exercise). So
Ac1SP(K) =SP(K).

(iii) For every K C Alg(X),
implies that K C H(K) C HS(K

HS

i€l

P(K), which implies K C §(K) C S P(K), which in turn
S P( ). Thus
P(K

)CHSHPSP(K

KC
)CH
PH (K)
—HSHPSP(K)
CHHSPSP(K)
=HHSPSP(K)

(K)

—HHSSPP(K
= HSP(K).
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So HSPHS P(K) C HS P(K); the inclusion in the opposite direction is immediate.
Clearly K C L implies HS P(K) € HS P(K). O
Corollary 2.60. Let K be any class of X/-algebras. The following conditions are equivalent.
(i) H(K) C K, S(K) C K, P(K) CK, i.e., K is closed under the formation of homomor-
phic images, subalgebras, and isomorphic images of direct products.
(i) HSP(K) =K.
Proof. (i) = (ii). HSP(K) € HS(K) € H(K) C K; K € HS P(K) always holds.
(ii) = (i). H(K) = HHSP(K) = HSP(K) = K. S(K) = SHSP(K) CHSSP(K) =
JCHSPP(K)=HSP(K) =K. O
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