GENERAL THEORY OF ALGEBRAS

DON PIGOZZI

1. LATTICES

A notion of “order” plays an important role in the theory of algebraic structures. Many of
the key results of the theory relate important properties of algebraic structures and classes
of such strutures to questions of order, e.g., the ordering of substructures, congruence
relations, etc. Order also plays an important role in the computational part of the theory;
for example, recursion can conveniently be defined as the least fixed point of an interative
procedure. The most important kind of ordering in the general theory of algebras is a lattice
ordering, which turns out to be definable by identities in terms of of the least-upper-bound
(the join) and greatest-lower-bound (the meet) operations.

Definition 1.1. A lattice is a nonempty set A with two binary operations V:A x A — A
(join) and A: A x A — A (meet) satisfying the following identities.

(L1) xVy=yVaz TANYy=yAzx (commutative laws)
(L2) (xVy)Vz=zV(yVz) (@Ay)Az=xA(yAz) (transitive laws)
(L3) xVr=zx TANx=2x (idempotent laws)
(L4) zV(zAy) ==z zA(zVy) =z (absorption laws)

Examples. (1) (2-element) Boolean algebra: A = {T,F}.

a b aVvdb anbd
T|T| T T
TIF| T F
F|T| T F
FIF| F F

(2) Natural numbers: A = w = {0,1,2,...}. a Vb = LCM(a,b), the least common
multiple of a and b; a AN b = GCD(a, b), the greatest common divisor of a and b.

1.1. Some Set Theory. Sets will normally be represented by uppercase Roman letters:
A, B,C, ... and elements of sets by lowercase Roman letters a, b, ¢, .. .. The set of all subsets
of a set A is denoted by P(A).

f: A — B: a function with domain A and codomain B. f(A) ={f(a):a€ A} C B is
the range of f.

(a1, ...,an): ordered n-tuple, for n € w. (a1, ...,a,) = (b1, ..., by) iff (if and only if), for
all © < n, a; = b;.
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Ay x - x Ay ={{a1,...,ay): foralli <n, a; € A; }: Cartesian (or direct) product.

Ay x - x A, = A" if A; = A for all i < n: n-th Cartesian power of A.

An n-ary operation on A is a function f from the n-th Cartesian power of A to itself,
ie, f: A" — A. We write f(ai,...,ay) for f({a1,...,an)). fis binary if n = 2. If f is
binary we often write a f b instead of f(a, b); this is infiz notation.

An n-ary relation on A is a subset R of the n-th Cartesian power of A, i.e., RC A". R
is binary if n = 2. In this case a Ra’ means the same as (a,d’) € R.

Definition 1.2. A partially ordered set (poset) is a nonempty set A with a binary relation
< C A x A satisfying the following conditions

(P1) r<uwx (reflexive law)
(P2) x<yandy < zimpliesx < z (transitive law)
(P3) x <yandy <zimplieszx =y. (antisymmetric law)

A is a linearly ordered set or a chain if it satisfies
r<yory<cz

a<b<cmeansa <bandb<c a<bmeansa <banda#b a~<0bmeansa <b
and, for all ¢ € A, a < ¢ < b implies a = ¢ or ¢ = b; we say that b covers a in this case,
and < is called the covering relation. Note that, if A is finite, then a < b iff there exist
Coy---,Cn € A such that a = cg < ¢1 < --- < ¢, = b. So every finite poset is completely
determined by its covering relation.

The Hasse diagram of a finite poset is a graphical representation of of its covering relation,
where a < b if there is a edge that goes up from a to b. Here are the Hasse diagrams of
some posets. The set of natural numbers w with the natural ordering, although infinite, is

OB R

also determined by its covering relation. But the set of real numbers R with the natural
ordering is not; the covering relation is empty.

Let A be a poset with partial ordering <. Let X be a subset of elements of A. UB(X) =
{ye€ A:z <y for every x € X }; the set of upper bounds of X. The least-upper-bound of
X, in symbols LUB(X), is the smallest element of UB(X), if it exists, i.e., LUB(X) is the
unique element a of UB(X) such that a < y for all y € UB(X). The set of lower bounds,
LB(X) and the greatest-lower-bound, GLB(X) are defined by interchanging < and >.
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Definition 1.3. A poset A is a lattice ordered set (a loset) if every pair of elements has a
least-upper-bound (LUB) and a greatest-lower-bound (GLB).

Among the posets displayed above only the third fails to be a loset.

The lattice (A, V,A) will be denoted by A; in general boldface letters will be used to
denote lattices and posets and the corresponding lowercase letter will denote the underlying
set of the lattice or poset. The underlying set is also called the universe or carrier of the
lattice or poset.

Theorem 1.4. (i) If (A, <) is a loset, then (A, LUB, GLB) is a lattice.
(ii) Conversely, if (A,V, ) is a lattice, then (A, <) is a loset where a < b ifaVb=10b
(equivalently, a N'b = a).

Proof. (i). The axioms (L1)—(L4) of lattices must be verified. (L4) says that LUB(a, GLB(a, b)) =
a. But GLB(a, b) < a by definition so the above equality is obvious.
(L2). We must show that

(1) LUB(a, LUB(b, ¢)) = LUB(LUB(a, b), ¢).

Let d be the left-hand side of this equation. d > a and d > LUB(b, ¢). The second inequality
implies d > b, d > ¢. From d > a and d > b we get d > LUB(a,b), which together with
d > c gives d > LUB(LUB(a, b), ¢)). This gives one of the two inclusions of (1). The proof
of the other is similar. The verification of the remaining lattice axioms is left as an exercise.

(ii). We note first of all that, if a Vb =1b, then a Ab=aA (aV b) = a by (L4). Similarly,
aAb=aimpliesaVb=(aAb)Vb=">bby (L1)and (L4). We verify (P1)—(P4).

(Pl). a<aiff aNa=a.

(P2). We must verify that aVb=>band bVc=cimplissaVe=c. aVec=aV (bVc) =
(aVb)Ve=bVce=c.

(P3). Suppose aVb=">band bV a = a. Then a = b by the commutativity of V. O

For any set A, (P(A), C) is clearly a loset with LUB(X,Y) = X UY and GLB(X,Y) =
X NY. Thus by the theorem (P,U,N) is a lattice.

If (A, <) is a loset, then a < b iff LUB(a,b) = b (equivalently, GLB(a,b) = a). Thus, if
we start with a loset (4, <) and form a lattice (A, LUB, GLB) by (i) and then a loset by
(ii) we get back the original loset. Conversely, the following lemma shows that if we start
with a lattice, form a loset by (ii) and then a lattice by (i), we get back the original lattice.

Lemma 1.5. Let (A,V,A) be a lattice, and define a < b and as in part (ii) of the theorem.
Then, for all a,b € A, LUB(a,b) = a Vb and GLB(a,b) = a Ab.

Proof. a N (aVb)=a. Soa<aVb bA(aVb)=bA(bVc)=b Sob<aVb. Suppose
a,b<c. ThenaVe=candbVe=c Thus (aVb)Vec=aV(bVec)=aVec=c So
aV b < c. Hence LUB(a,b) = a V b. The proof that GLB(a,b) = a V b is obtain from the
above by interchanging “<” and “>” and interchanging “V” and “A”. O

So the mappings between lattices and losets given in Theorem 1.4 are inverses on one
another; the lattice (A, V, A) and the loset (A, <) are essentially the same and we normally
will not distinguish between them in the sequel.

Definition 1.6. An isomorphism between lattices A = (A,V,A) and B = (B, V,A) is a
bijection (i.e., a one-one correspondence) h: A < B such that, for all a,a’ € A, h(aV a') =
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h(a)V h(a') and h(a) Aa’) = h(a) A h(a'). A and B are isomorphic, in symbols A = B, if
there is an isomorphism A between them. We write h: A = B.
Definition 1.7. An order-preserving map between posets A = (A, <) and B = (B, <) is
a function h: A — B such that, for all a,a’ € A, a < a’ implies h(a) < h(a’). A mapping h
is strictly order-preserving if a < o’ iff h(a) < h(a).

A mapping h is (strictly) order-preserving map between two lattices if it (strictly) pre-
serves that lattice orderings.
Theorem 1.8. Let A = (A,V,A\) and B = (B,V, A) be lattices and Let h: A — B. Then
h: A = B iff h is a strictly order-preserving bijection, i.e., h is a bijection and h and h™*
are both order-preserving.

Proof. =>: Let a,a’ € A. We must show that h(LUB(a,da’)) = LUB(h(a),h(a’)) and
h(GLB(a,a’)) = GLB(h(a), h(a')). Let o’/ = LUB(a,d’). a,a’ < a”. So h(a), h(a’) < h(d").
Suppose h(a), h(a’) < b€ B. Then a = h~'(h(a)),b=h1(h(a’)) < h71(b). Soa” < h1(b)
and h(a”) < h=Y(h71(b)) = b. The proof for GLB is similar.

+=: Exercise. (]

Definition 1.9. Let A = (A, vA, A1), B = (B,VB AB) be lattices. A is a sublattice of
Bif ACBandaVBd =aVvAd and aABd =a A2 d forall a,d € A.

1 1

0

The lattice on the left is a sublattice of Bs (the three-atom Boolean algebra).

Let A = (A, <), B = (B, <B) be posets. B is a subposet of A if B C A and, for all
b€ B, b<BViff b <AV,

Suppose A and B are losets. In general it is not true that B is a sublattice of A if B is
a subposet of A. For example, the second lattice in the above figure is a subposet of Bg
but not a sublattice.

Let G = (G,-,!¢e) be a group, and let Sub(G) = {H : H < G} be the set of
(underlying sets of) all subgroups of G. (Sub(G), C) is a loset, where H A K = HN K and
HVK=({L<G:HK<G} (Sub(G),C) is a subposet of (P(G),C) but is not a
sublattice. HVK =HUK it HC K or K C H.
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Definition 1.10. A lattice A = (A, V, A) is distributive each of join and meet distributives
over the other, i.e.,

(D1) xA(yVz)=(xAy)V(zAz),
(D2) xV(yAz)=(xVy) A(zVz).
Theorem 1.11. FEither one of the two distributive laws is sufficient, i.e., in any lattice A,
(D1) implies (D2) and (D2) implies (D1).
Also, in every lattice A, the following inidenitities hold
(2) cA(yVz)z(@Ay)V(zAz),
(3) zV(ynz)<(zVy)A(zVz).
Thus either of the two opposite inidentities is sufficient for distributivity.

Proof. (D1) = (D2).

(xVy)AN(zVz)=(xzVy Az)V((xVy) Az), (DI1)
=zV((xAz)V(yAz)), (L1), (L4) and (D1)
=(@V(EANz)V(yAz), (L2)
=z V(yAz), (L4).

The proof of (D1) = (D2) is obtained from the above by interchanging “v” and “A”.
Proof of (2). x Ay < x and z A z < z together imply
(4) (xAy)V(zAz) <z
xAy<y<yVzandz Az <z<yV z together imply
(5) (xAy)V(zANz)<yVz.
(4) and (5) together together imply (2).
The proof of (3) is obtained by interchanging “v” and “A” and “<” and “>”. 0
In every lattice, z < y and z < w together imply both x Az <yAwand zV 2z <yVw.
To see this we note that A 2z < x <y and z A 2z < z < w together imply x Az < y A w.
Proof of the other implication is obtained by the usual interchanges.
As an special case, we get that x < y implies each of x Az < y Az, zAz < 2 Ay,

xVz<yVz and zVzx < zVy. Thus, for every lattice A and every a € A, the mappings
r—xAa,aNx,xVa,aV x are all order preserving.
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