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1. (10 points) Let LUA =  be the LU factorization of an nn ×  matrix A  with 1|| , ≤jil . Let ia  

and iu  denote the ith row of A  and U , respectively. Verify the equation 
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and show that ∞
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∞ ≤ ||||2|||| 1 AU n , where ∑=∞ j jii aA ||max|||| , . 

 
2. (10 points) Let nRx ∈0  be a starting point and n

n Rppp ∈−110 ,,, K  be a set of conjugate 
directions of a symmetric positive definite matrix A . Show that the following iteration 
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solves the equation bAx =  in at most n steps. 
 
3. (10 points) Let RRf →:  be a function with a simple zero *x . Assume that f  is twice 

continuously differentiable for all x  in a neighborhood of *x , }||:{)( ** rxxxxU ≤−= . 
Show that the following iteration 
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converges to *x  locally at least cubically. 
 
4. (10 points) The Bernstein polynomial of degree n  for ]1,0[Cf ∈  is given by 
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. These polynomials can be used to approximate f  (Weierstrass 

approximation) since )()(lim xfxBnn =∞→ , for ]1,0[∈x . 
 

(a). Show for any integer 0>n , )(xBn  provides faithful approximation to 1)( =xf  

and xxf =)( , i.e., )()( xfxBn = . 
 
(b). Use part (a) to show that, for 2)( xxf = , nxxxxBn /)1()( 2 −+= . 
 
(c). Use part (b) to estimate the value of n  necessary for 62 10|)(| −≤− xxBn  to hold for 

all ]1,0[∈x . 
 

5. (10 points) The basic trapezoid rule to compute the finite integral ∫=
b

a
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 (a). Show for any polynomial of degree 1, BAxxpf +== )(1 , ).()( 1 fTfI =  



 
 (b). Use (a) and Taylor’s theorem to show the identity 
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and the error estimate 
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 [Hint: Use Taylor’s expression ∫ −+−+=
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 (c). Give the formula for the composite trapezoid rule )( fTn  with n-subintervals, and 
decide whether the above error estimate is still valid. 

 
6. (10 points) Consider the general linear multi-step method 
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having k-steps. 
 
 (a). Show that if )(xy  is analytic then the linear difference operator associated with the 
method 
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 (b). Construct a one-parameter family of implicit linear 2-step methods, of greatest 
possible order. In addition to the order, determine the error constant. Use the coefficient 1α  as the 

parameter to determine 2100 ,,, βββα  and the error constant in terms of 1α . Use the 

normalization 12 =α . 


