Chapter 7

SENSITIVITIES FOR AN IMPLICIT
PARAMETER

7.1 Introduction

In Chapter 6, we found that we could derive the sensitivity equations for an explicit variable
by simple differentiation of the state equations. But if our parameter is implicit, that is, does
not show up directly in the state equations, then simply formally differentiating the state
equations will produce a homogeneous sensitivity system with zero solution, which can’t be

correct if the parameter does actually have some influence on the solution.

To derive the correct approach for computing such sensitivities, we need to return to the
definition of a sensitivity as a change in the solution caused by changes in the parameter. In
our examples, the influence of the parameter will show up in a nonzero source term in the

boundary conditions.

The implicit parameters we will consider affect the geometry of the region. This means that
we may have to make special adjustments when computing a partial derivative or making a
finite difference quotient, at a fixed point in space. Special difficulties occur for points on the

boundary, since even for small perturbations of the parameter, such a point is likely to move
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to the interior or exterior of the region. Moreover, the very structure of the discretization
method will change, including the location of nodes, the shape of elements, and the definition

of basis functions.

7.2 The Continuous «a-Sensitivity Equations

We consider our standard problem of fluid flow in a channel with a bump, and attempt to
derive the continuous sensitivity equations for a parameter that affects the shape of that
bump. As usual, we denote this shape parameter by «, and note that while there might
actually be several shape parameters in a particular problem, we will restrict our attention

to a single one.

Let us suppose, then, that we have a particular parameter value ag and a solution (u, v, p)(ao)
to the corresponding flow problem. We will first consider the case of a point (z,y) lying in
the interior of the flow region. We will do so by computing a second flow solution at a
slightly altered parameter value, ap+ A and comparing the two solutions at (z,y). As long
as the influence of the parameter o on the shape of the region is at least continuous, then
because the point is contained strictly in the interior of the region, for all sufficiently small
values of Aa, the point will remain in the interior. Therefore, for both the unperturbed
and perturbed parameter values, there will be a flow solution defined at the point. Hence,
at such a point (z,y), we can define difference quotients of the flow solutions, and hence

functions u,, v, and p, which are the limits of those difference quotients. That is:

o ulog+ Aa) —ula
wolaoy) = i, "I

(7.1)

These limit functions, the continuous sensitivities, will satisfy the homogeneous Oseen equa-
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tions:

Pu,  0%u, du du,, Ju  Ouy  Opo,
_(821?2 82)+Re(uaﬁ_x+u@x —I_va@_y—'_vay—l_@x)_o (72)
v, 0%, v v, v Ove  Opa,
_(awz—l'@2)+Re(u08_x+u8x+va8_y+vay+ay)_o (7:3)
Oug vy
P + 3y 0 (7.4)

To complete the specification of our continuous sensitivity system, we have only to determine

the form of the boundary conditions.

The pressure condition is easily disposed of. For every value of «, we require that p(zmaz, ymaz) =
0. Note that the values of xmaz and ymaz do not depend on the parameter; hence there is
little doubt about how to take a difference quotient of this condition, and the limit operation
results in the condition:

pa(xmaz, ymaz) = 0. (7.5)

Now let us consider a point on a stationary wall. Both the horizontal and vertical velocities
are zero here, for every value of o, and no pressure condition is applied. Hence the parameter

can exert no influence whatsoever, and the appropriate boundary conditions are

Uy = vy = 0 along the fixed walls. (7.6)

For similar reasons, we also easily determine the boundary condition:

Jug,
ox

= v, = 0 on the outflow boundary. (7.7)

The fact that the inflow velocity specification is always the same, regardless of the value of

o means that we can also conclude that

Uy = vy = 0 on the inflow boundary. (7.8)
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At this point, we have almost specified a homogeneous problem. If the boundary condition
along the bump were zero, then the solution to the Oseen problem would be the zero flow.
Since apparently, this boundary condition will be the only way for the solution to be nonzero,

the correct computation and accurate evaluation of this condition is crucial.

Recall that we have a function that defines the surface of the bump, of the form y =
Bump(z, ). We now consider a fixed point (z,y) which, for the value a = aq lies on the
bump surface. We want to analyze how the horizontal velocity at that point must be affected
by changes in . That means we must look at the value of u(z,y) for solutions at nearby
values of a. Of course, for any nearby value of «, the point (z,y) is probably no longer
lying on the bump surface, and instead will probably lie outside the region, where we have
no solution information, or in the interior, where we do. We much prefer the latter case. It
seems reasonable to demand that our Bump function be specified so that, if a point (z,y) lies
on the bump surface for the parameter value ag, then it either remains on the bump surface
for all values of a (the endpoints of the bump), or else, we can always find a perturbation
Aa such that (z,y) lies strictly within Q(«) for every a strictly between ag and ag + Aa.

Here, the perturbation Aa may in fact be negative.

Now we must try to compute an estimate for the value u(x,y, ag+ Aa) so that we can make
our comparison. Since (z,y) was on the bump surface for @ = a9, and we have only changed
a a small amount, it is reasonable to try to estimate the value of u at (z,y) by referring to
its value at the nearby point (z, Bump(z, o + Ac)). Since this reference point lies on the

bump, we know that the value of u there is exactly zero:

u(x, Bump(z, a0 + Aa), a9 + Aa) = 0. (7.9)

Using this information, we can use a Taylor estimate to deduce the value of u at (z,y):

u(z,y, a0 + Aa) = u(x, Bump(z, ap + Aa), ag + Aa) (7.10)
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Figure 7.1: Estimating the solution at a moving point.
The original solution u(x,y, ag) is the solid curve.
The perturbed solution u(z,y, ap + Aa) is the dashed curve.
A two-term Taylor estimate approximates u(x, ag, o + Aar).

0
g eba0t 8a) (y = Bump(r,c0+ Ae)), (T11)

where & lies between Bump(z,ap + Aa) and y. Using Equation (7.9) and the fact that
y = Bump(z, ag), our equation becomes:

Ou

u(a.y.00-+ Aa) = 3

($7 57 o + AOé) (Bump(:z;, Oéo) - Bump(:t, oo + AO()), (712)

and if we assume that wu is, at least locally, twice continuously differentiable in y, we can

make an estimate using known quantities, with an error term:
u(z,y, 00+ Aar) = g—u(m, Y, a0 + Aar) (Bump(z, ap) — Bump(z, ap + Aav))
Yy
+O((Bump(z, ap) — Bump(z, ag + Aa))?). (7.13)

Figure 7.1 suggests how we are going to estimate the value of u,.
We now set up our difference quotient estimate, using the fact that u(z,y, ag) = 0:
Ju
ua($7y7a0) = a_a('r?y)aO) (714)
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u(z,y, a0 + Aa) — u(z,y, ap)

= Aim, A (7.15)
) g_Z(l’v y, a0+ Aa)(Bump(z, ag) — Bump(z, ap + Aar)

= A, A (7.16)
du 0Bum

= _a_y(xayvao)an(xyao)- (717)

A second, and quicker, way to derive this same formula works by considering a point that
moves with the surface of the bump. Such a point would have a varying y coordinate
y(a) = Bump(z, ). Then, for every value of «, the point lies on the bump and so the value

of its horizontal velocity is zero. Therefore, we may assert:
—(z, Bump(z,a),a) = —————— + — =0, (7.18)
!

which immediately yields Equation (7.17).

Similar manipulations allow us to conclude that

_@Bump(x, a)
dy Ja

Vo, Bump(z,a),a) =

. (7.19)

These two equations may be regarded as boundary conditions that are to replace the usual
conditions on u and v on the bump. Our continuous a-sensitivity boundary conditions

therefore have the form:

uo(0,y) = 0 on the inflow and walls;
v,(0,y) = 0 on the inflow, outflow and walls;
Ou 0 Bum, /
un(z,y) = _@_ZW on the bump;
dv dB
va(z,y) = _@_ZW on the bump;
g
x
po(xmaz,ymazx) = 0.
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These boundary conditions, together with the homogeneous Oseen equations, make up our

continuous sensitivity system for the implicit parameter a.

7.3 The Discrete a-Sensitivity Equations

To derive the discrete a-sensitivity equations, we begin by writing out the discrete state
equations (4.10), (4.11), and (4.12). We intend to differentiate these with respect to the
shape parameter . However, we cannot proceed by simply bringing the differentiation
operator inside the integral; the case of « is special, because the domain of integration
depends on o. We will try to emphasize that point in this section by dutifully designating

the region as Q(a).

Thus, instead of the general rule:

9 _ [ 9f(=,y,P)
%/Qf(%yﬁ) dzdy = /Q T dzdy, (7.20)

which holds for differentiable f and a domain of integration which does not depend on 3,

we must use the rule:

d f (z,y,a)

= dedy = [ dud 7.21

5o Joy T dndy = [ S dady (7.21)

b [ fas)ts)e P g (7.22)

z(s),y(s), s. .
T() ) da
. dn(s } .
Here, the expression y refers to changes in the outward unit normal vector along the
e!

boundary I'(a). This formula tells us that a change in  causes changes to the original
integral in two ways: the integrand f changes in the original integration region, and the

region of integration itself 2 changes. We suggest this situation in Figure 7.2.

Note that this extra term comes about because of the fact that the finite element method
uses an integral. If our discrete state equations had been derived from the finite difference

method, no such extra term would arise.
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Figure 7.2: How an integral changes when the integrand and region both vary.
We compare changes in u over the original region.
We must also account for changes where the region expands.
With this formula as our guide, we may now proceed to derive the discrete a-sensitivity
equations for the discretized finite element state equations. In this set of equations, we have

suppressed the indexing of the basis functions w; and ¢;, since we are going to need to take

partial derivatives of these functions:

/ %ufg_: + a@f% + Re(u@%i + uh%ug + viiaauy + vhaazg + aa]f)w) 0 =

_ /Q(a)(aa”‘;h a@ia + a(;;h 95’;“ + Re(uh%— +u 8;; + Uh%—i 1w aaiy + a@%)w ) dQ
e o ol a0l

(7.23)
L
B _/Q(a) aaqj: a;;a ! aavyh aau;a + Re(u’ %Urh tut a(?lj: + Uh%Uyh T a@% ! %Ly)w ) dQ
e

(7.24)
[ 5o+ Goman == [ (G Goaan— [ (G G
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(7.25)

The complicated form of these equations may be something of a surprise. Notice, though,
that the left hand side, involving the unknowns, has the same form as the discrete sensitivity
systems for Re and A. The complications show up only on the right hand side. Aside from the
new boundary integral over I', something else has entered the equations: partial derivatives
of basis functions w and ¢ with respect to the parameter. This is a peculiarly unwelcome
development since it will require a careful analysis of the dependence of the basis functions

upon the node locations, and their dependence, in turn, on the value of a.

The boundary conditions are derived in the usual way, that is, by differentiating them, except
that the condition on the bump must be deduced as described earlier for the continuous

sensitivity equation. The result is:

u'(z,y) = 0 at inflow and wall velocity nodes;
v"(z,y) = 0 at inflow, outflow and wall velocity nodes;
ou" OBump(zx. o ]
ul(z,y) = — p(z,0) at bump velocity nodes;
dy Oa
" 0B :
o'z, y) = — v ump(z, ) at bump velocity nodes;
dy Oa
po(xmaz,ymaz) = 0 at the upper right pressure node.

For comparison, we will now discretize the continuous sensitivity equation, that is, reverse
the order of the operations of discretization and differentiation. We will see that the resulting

equations are significantly different.
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7.4 The Discretized a-Sensitivity Equations

To derive the discretized sensitivity equations, we must refer to the continuous

equations, (7.2), (7.3), and (7.4), and apply the finite element discretization:

/ (a(ua)h@wi_l_@(ua)h ow;
Qa) Oz Oz Jdy Oy

h O(uy)" ou” O(us)®  9(pa)t
h » I\ Ua h O\ Ua o ' _
+Re((uq) 90 T 2 + (va) 99 + v 9y +— Jw;) dS
/ (a(va)h ow; N A(va)" Ow;
Q) Oz Oz dy Jy
L)t 0w | )
h h OV h h OV o ' _
+Re((ua) 9 T T, + (va) 50 v 9y + Iy Jw;) dS

sensitivity

0
(7.26)

0
(7.27)

0
(7.28)

The boundary conditions are straightforwardly derived, except that the conditions on the

bump are in terms of spatial derivatives of the exact solution u, which we do not know.

Therefore, we must approximate those conditions using spatial derivatives of the discretized

solution u”:

(ua)"(z,y) = 0 at inflow and wall velocity nodes;
(va)"(z,y) = 0 at inflow, outflow and wall velocity nodes;
Ju dBump(z, a)
h - _ -7 P\
N Ou™ d Bump(x, a)
- dy da

at bump velocity nodes;

(va)*(z,y) = 9v 0Bump(z, @)

Ay da
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B Ov" O Bump(z, @)
dy Oa

(po)"(xmaz,ymaz) = 0 at the upper right pressure node.

&

at bump velocity nodes;

This discretized sensitivity system contrasts strongly with the discrete sensitivity system.
In particular, the right hand sides are zero, whereas the right hand sides of the discrete

sensitivity system exhibited many terms that will require extensive calculations.

Nonetheless, note that both systems have the same form on the left hand side. Thus, we

might say that two systems agree on the operator, but differ on the right hand side.

Finally we note that, for the discretized sensitivity equations, the boundary conditions along
the bump are a primary source of error. To apply the boundary condition exactly, we need
to know the partial derivatives of the true solution u and v. In fact, we only have knowledge
of the discretized solution variables u” and v", and our approximation is made worse by the
fact that we are working at points on the boundary, and because we are approximating a
spatial derivative rather than a state variable. Roughly speaking, we have seen that the true
velocities u are approximated by the Taylor Hood finite element method with an error which

du

we estimate to be of order O(h?). We said that this meant that a spatial derivative like 0
Y

would be approximated with an error of O(h). This means that there is an error of order

h

a*

O(h) in our specification of the boundary condition for the discretized shape sensitivities u

These problems do not occur for the discrete sensitivity equations, because there the bound-

ary conditions are given in terms of the discrete solution, which is known exactly.

7.5 Exact Example: Shape Sensitivity of Poiseuille Flow

Let us try to get our bearings by working with the simple case of Poiseuille flow.

Since we can only produce exact solutions of the Poiseuille flow when the channel is rectan-
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gular, we don’t want to insert a curved bump into the channel. Instead, our parameter o will
move the upper wall up and down, as a whole. Thus, the value of a will be the coordinate

of the upper wall.
We assume an inflow profile of the form:
Inflow(y,a,A) = Ay(a —y). (7.29)

For any 0 < a, we can write out the exact continuous state solution at every point in the

domain:

u(z,y,a) = Ay(la—y) (7.30)
v(z,y,a) = 0 (7.31)
plz,y,a) = 2X xmazr —x)/Re (7.32)

and we can write the sensitivities with respect to the implicit shape parameter a:

us(r,y, ) = =Xy (7.33)
valz,y, ) = 0 (7.34)
Pa(z,y,0) = 0 (7.35)

Note that, for this special problem, the In flow function also has a dependence on «, and
that we will make use of the fact that for this simple problem,

dBump
da

1. (7.36)

The continuous a-sensitivity equations for this problem are:

_(82ua+82ua) L Re( 8_u_|_ %—I- 8_u_|_ (?ua_l_(?pCY
Ox? dy? Weoge T "5z va@y U@y oz

0*v, 0%, v v v Ovy N Opa

)=0  (7.37)

~(Gar T ) T Relwagy Fugtbvag fug it Hn) =0 (7.38)
Oug v,
5oty =0 (7.39)
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with the boundary conditions:

ua(0,y)

va(0,y)

Ua(z,Y)

va(2,y)

Us(,Y)
Oy,
ox

va(zmaz,y)

(rmaz,y)

pa(rmaz, ymazx)

dlnflow(y,a, \)

Jo
AY;
0;
Ju
dy
— Ay on the upper wall;
_@ = 0 on the upper wall;
dy

va(z,y) = 0 on the lower wall;
0 on the outflow;

0 on the outflow;

0.

We can easily verify that this system is satisfied by the sensitivities that we would get by

differentiating the exact solution:

Uo(z,y,0) = Ay
vz, y, ) = 0

pa(r,y,0) = 0

(7.40)
(7.41)

(7.42)

Thus, we have shown that we can derive the continuous sensitivity equations for the Poiseuille

flow with a moving wall, and compute values for the sensitivities which are equal to the

known, exact values.

We should note that the shape parameter required us not only to add a new boundary

condition along the moving shape, but also had an effect on the form of the inflow boundary

condition. This happened because the shape parameter affected the region where the inflow
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Figure 7.3: Discretized velocity a-sensitivity.

boundary condition was specified. Such secondary effects of a shape parameter may be hard

to foresee or calculate in general.

7.6 Computational Example: Flow Past a Bump

If we return to the three-parameter problem already discussed in section 6.6, we may now
compute the discretized flow sensitivities with respect to the parameter o that affects the
flow variables implicitly by determining the shape of the bump that intrudes into the flow

region.

Now we can, if we wish, plot the discretized velocity sensitivity field as though it were a
physical quantity, as in Figure 7.3. In this case, a plot vector drawn at a particular point
represents the relative change that would apply to the current velocity at that point, with
a unit change in a. The discretized sensitivity velocity vectors don’t behave like a physical
flow: they satisfy the Oseen equations rather than the Navier Stokes equations. However,
the same continuity equation appears in both sets of equations, and we can see directly from
the plot that the continuity equation seems to be satisfied: the vector quantity represented

by the plotted arrows seems to satisfy the rule that “what comes in goes out”.
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Table 7.1: Finite difference check of discretized a-sensitivities.

Variable ||(us)"|lc  [[A(W")/A(a)]|oe || Difference]| .
U 0.6541 0.8046 1.5E-01
A% 0.2709 0.2702 1.2E-01
P 0.4709 0.4378 2.3E-01

We can glean other useful information from this figure. The plot shows that the influence of
the shape parameter is restricted to the area near the bump, generating a sort of “whorl”.
Further downstream, the influence is negligible. This means that, unlike the inflow param-
eter, measurements of the effect of the shape parameter should be made near to the bump.
We will see the importance of this fact later, when we try to use a profile line that is too far

downstream from the bump.

7.7 Comparison of Finite Differences and Discretized
Sensitivities

We return to the three-parameter problem discussed in Section 6.7. We would like to make a
similar comparison, between the discretized sensitivities (u,)" and estimates of the influence
of @ made using finite differences. As in the previous table, we will simply compare the vector

b with the vector of differences in the finite element

of finite element coefficients for (u,)
coefficients for v at « and at a + A«, divided by Aa. Table 7.1 reports the maximum norm
of these two vectors, and of their difference. As in the previous Tables 6.1 and 6.2, our mesh

parameter is o = 0.25. The perturbation A(a) was computed using a formula similar to

Equation (6.46).

The discrepancy here is startling, particularly when compared to the near perfect agreement
obtained for the A and Re sensitivities. There are actually several factors to investigate.

First, we should already be aware that we are using discretized sensitivities, rather than
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discrete sensitivities. Secondly, as we will discover, our finite difference results are comparing
the same coefficient at different values of a. If a were not a shape variable, then the two
values of the coefficient would both be associated with the same fixed spatial value. But
because we regrid the region when we compute the solution at o + Aa, our two coefficient
values are actually associated with different positions, which is not a proper approximation

to the partial derivative of u"(z,y, o), which holds z and y fixed.

The proper computation of finite difference estimates of the sensitivities, and their compar-
ison to discretized sensitivities, is a complicated matter that we will analyze carefully in
the next chapter. At the end of that chapter, we will again make a comparison chart like

Table 7.1, but we will have better agreement, and be able to explain what is going on.
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