Chapter 1

THE FOREBODY SIMULATOR
PROBLEM

1.1 Introduction

In this chapter, we introduce an engineering problem that is an inspiration for our mathe-
matical work. The forebody simulator problem seeks a simple obstacle that can be placed in

a small wind tunnel so as to disturb the air flow in the same way that a given aircraft would.

Engineers can seek answers to this question by experiment and measurement. But new and
general insights may be found by applying mathematical analysis to this problem. For a
mathematician, the first step in studying a physical problem involves creating a model, that
is, an abstract version of the problem that is simple enough to analyze, but which retains

the important features of the original.

The modeling process begins with questions about how the geometry of the physical problem
will be simplified and represented in the abstract problem. For the forebody simulator
problem, we will replace the complicated three-dimensional geometry of the wind tunnel by
a simple two-dimensional channel. The obstacle to be placed in the flow will be represented

by a mathematical curve, which itself will be describable by just a few numbers. After we



have specified the geometry of our abstract problem, we will be ready for the question of

how to determine the behavior of the fluid as it moves inside the region.

1.2 The Physical Problem: A Forebody Simulator

A motivating problem for this work comes from the field of aircraft engine development.
Before attaching an experimental engine to an aircraft and testing it in flight, it is vital to
gain some idea of how the engine will perform, by placing it in a wind tunnel and subjecting
it to a variety of wind conditions. Wind tunnels cannot be built large enough to hold an
entire aircraft, but for studies of engine performance, it is enough if the wind tunnel can hold
the “forebody”, that is, the portion of the aircraft up to and including the engine. However,

there are aircraft so large that even the forebody cannot fit into a wind tunnel.

Out of this necessity, engineers have designed forebody simulators, which are typically short,
stubby shapes that fit within the wind tunnel and roughly reproduce the flow disturbances
of the larger forebody. The design of these simulators is generally done by trial and error.
A mockup is constructed out of plywood or steel, attached to the engine and placed in the
wind tunnel, as shown in Figure 1.1. Measurements of the flow going into the engine are
compared with rough data for the true forebody. If these measurements are found to be close
enough, then the wind tunnel tests of the engine may proceed. Otherwise, a new mockup
is designed, with modifications made according to the intuition of the engineers as to what

would reduce the discrepancies with the desired flow profile.

Naturally, this method of designing a forebody simulator is crude, tedious, and expensive.
Engine designers want to build and test their preliminary forebody simulators on a computer.
However, while there is much experience with computing the behavior of air flow in a given,

fixed region, it is a much more difficult matter to attempt to analyze the flow over every



Figure 1.1 An engine and forebody simulator, in a wind tunnel.

possible region, in order to find the design with the best properties.

We will be particularly interested in considering the difficulties and problems that can occur
in the various stages of modeling this problem, discretizing it, and constructing a suitable

computational algorithm for its solution.

A complete description of the forebody simulator problem is available in Huddleston 1

and in Borggaard, Burns, 1i and unzburger 2.

1. An Abstract odel o the Forebody Simulator

We don t want to try to solve the engineer s original problem. We are interested in making a
much simplified version that can be formulated mathematically, and solved computationally.

We hope that we retain enough of the “interesting” features so that our results are still



applicable.

We simplify the geometry of the problem by moving to two dimensions. We replace the
complicated structure of the wind tunnel by a simple channel with parallel sides. We assume
that there is a small bump or obstruction placed somewhere along the bottom of the channel.
The shape and size of this bump will be determined by the values of a few numbers, which
we will call “bump parameters”. In particular, if the bump parameters are all zero, there

will be no bump.

As for the fluid flowing in this channel, we will assume that it is incompressible, has a nonzero

viscosity, and flows in a steady fashion.

We must now consider the boundary conditions for this flow, that is, its behavior along the
walls and openings of the flow region. The top and bottom of the channel will be impermeable
walls. Immediately next to walls, there is no fluid motion at all. We will assume that the
fluid enters the region on the left hand side, and that the fluid velocities along this boundary
are completely specified by some “inflow function”. This inflow function, in turn, should be
describable by the values of a few “inflow parameters”. Again, we assume the convention
that if all the inflow parameters are zero, no fluid enters the region. The right side of the
region, where the flow exits, is called the “outflow” side. For mathematical reasons, we
will need to assume that the flow has “settled down” at this point, which will allow us to
specify that the vertical velocity is zero, and the horizontal velocity does not change along

the horizontal direction. The simplified model of our problem is shown in Figure 1.2.

We haven t specified the number of bump and inflow parameters, their values, or the exact
nature of their influence on the bump shape and inflow function. In fact, we intend to leave
these quantities unspecified for now. Our original problem required us to find the shape,

from among all possible shapes, which had the best behavior. In our framework, instead of
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Figure 1.2 An abstract model of the forebody simulator problem.

considering all possible shapes, we restrict ourselves to some particular spa e or family of
parameterizable curves to represent our bump. Any curve which is an element of this space

may then be specified by giving the values for the bump parameters.

Once we have chosen values for the bump and inflow parameters and for the eynolds
number, to be discussed in the next chapter , the flow problem is fully described. As long as
the inflow velocities are not too large relative to the size of the region and the fluid viscosity,
there will be exactly one corresponding flow solution, that is, just one way that the fluid will

move through the region.

This solution can be represented by horizontal and vertical velocities and , and a pressure

These quantities are called the “state variables”. For our problem, we expect these
quantities to vary continuously, and in fact, di erentiably with position throughout the flow
region. Because we have specified steady flow, however, the flow quantities will ot depend

on time.

In the interior of the region, usually right behind the bump, we will place a “profile line”,
along which we will assume that measurements of all the flow quantities can be made. This
profile line corresponds to the engine inlet in the original free jet problem. We may assume
that we have been given a set of ideal or “target” values for the flow variables along this
line, and that we are seeking a flow whose measurements along the profile line reproduce, or

approximate, those target measurements.



The total discrepancy between the target measurements and the measurements correspond-
ing to any particular bump will be summarized in a single number which is called the “cost
functional”. In particular, if we are able to achieve a perfect match, the corresponding cost
would be zero. We can thus describe our e ort more abstractly, as seeking to minimize the

cost functional, given that we are allowed to vary the parameters.

Our method of producing the flow which best matches the given profile will be contained
in a separate optimi atio algorithm. We will give this algorithm an initial guess for the
best set of parameters, and it will give us a new set of parameters to investigate. The
algorithm then expects us to evaluate the cost for the fluid flow that corresponds to this
set of parameters. The optimization algorithm will usually also need derivative information
about the cost functional, that is, information about the partial derivatives of the cost with
respect to the parameters. We will see that producing such information accurately and

efficiently is a difficult task.

In order to evaluate the cost, of course, we must solve the fluid flow problem determined by
the given parameters. It should be clear, then, that we will need to be able to solve many
fluid flow problems. In fact, we will find that the underlying fluid flow solutions are the

overwhelming expense of our algorithm.

We shall now consider the form of the equations involved in the fluid flow problem, and

practical methods of representing and solving such a problem.



