Bases for subspaces and how to find them.

Definition. Let S be a subspace of R™. A set B of vectors is a basis for
S if
1. Span(B) = S,
2. B is linearly independent.

Fact 1. A basis of S is a largest collection of linearly independent vec-
tors in S.

Fact 2. A basis of S is a smallest collection of vectors spanning S.

Fact 3. All bases of S have the same number of vectors.

Row-reduction method to find a basis.
Let S = Span({u1,uz,...,ux}).
-Arrange u;s as rows of a matrix, call it A.
-Find rref(A).
-The set of nonzero rows of rref(A) forms a basis of S.

Column selection method to find a basis.
Let S = Span({u1,uz,...,ux}).
-Arrange u;s as columns of a matrix, call it A.
-Find rref(A).
-Identify pivot columns of rref(A).
-Select corresponding columns of A as a basis for S.

Enlarging a given set of vectors to a basis of S.

Let S = Span({uy,uz,...,ux}). Let vi,va,...,viy € S be a given set
of linearly independent vectors.

Find a basis of S containing vq,va, ..., vpy.
-Arrange vq,va,...,Vp, U, Us,..., Uy as columns of a matrix in THIS or-
der.
-Apply column selection method to find a basis.
-Since u;s are linearly independent, they will correspond to pivot columns
and thus will be selected in a basis.



Examples
Row-reduction Let S = Span{(1,2,3,4),(0,—1,2,1),(1,0,0,5)}. Find a
basis for S.

1 0 0 5 1 0 0 5 1 0 0 5 1 0 0 5
12 3 4|{—-(0 2 3 1|—]0 -1 2 1]—=1]0 -1 21
0 -1 2 1 0 -1 2 1 0 0 7 1 0 0 7 1

Answer: A basis of S is B =1{(1,0,0,5),(0,—1,2,1),(0,0,7,1)}.

Column-selection Let S = Span{(1,2,3,4),(1,1,5,5),(0,—1,2,1),(1,0,0,5)}.

Find a basis for S.

1 1 0 1 11 0 1 1 1 0 1 1 1 0 1
2 1 -1 0 0 -1 -1 -2 01 1 2 01 1 2
352 0| o2 2 3| looo-5| ]0o0o01
4 5 1 5 0o 1 1 1 0 0 0 -1 0 0 00
Now, the column selection method chooses columns number 1,2,4 from
the original matrix.
Answer: A basis of S'is B =1{(1,2,3,4),(1,1,5,5),(1,0,0,5)}.
Enlarging a given set of vectors to a basis.
Let S = Span{(1,2,3,4),(0,-1,2,1),(1,0,0,5)}. Let v; = (1,1,5,5), vy =
(0,2,—4,—2). Find a basis of S containing vy and vs.
1 0 1 0 1 1 0 1 0 1 1 01 0 1
12 2 -1 0 0 2 1 -1 -1 0 2 1 -1 -1
5 4 32 0| |0 -4-22 5| ]0oo0o00 7|
5 -2 4 1 5 0 -2 -1 1 0 0 00 0 -1

Thus, the column selection method chooses columns number 1,2, 5.
Answer: A basis of S'is B = {(1,1,5,5),(0,2,—4,-2),(1,0,0,5)}.
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